
9/9/2020 PHY 711  Fall 2020 -- Lecture 7 1

PHY 711 Classical Mechanics and 
Mathematical Methods

10-10:50 AM  MWF Online or (occasionally) in 
Olin103

Discussion for Lecture 7 
Chapter 3.17 of F&W 

Introduction to the calculus of variations

1. Mathematical construction

2. Practical use

3. Examples
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Colloquium on Thursday --

Thursday, Sept. 10, 2020
4 PM
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Your questions –
From Tim
1. When you say a well-defined function in slide 11, what does that mean? Also 

why does the first term in slide 12 go to zero when the second term does 
not? Aren't both terms in that equation equivalent?

From Gao
1. About lecture 7, Why use caculus of variations to find the function y(x)? I 

think it is abstract.

From Nick
1.  Can you explain what we mean by a well-defined function?
2.  I'm getting lost in the notation starting around slide 9. Hopefully we can go 
over that tomorrow. In particular, I'm not sure I'm following the \delta notation. 
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In Chapter 3, the notion of Lagrangian dynamics is developed; 
reformulating Newton’s laws in terms of minimization of related 
functions.  In preparation, we need to develop a mathematical 
tool known as “the calculus of variation”.

Minimization of a simple function

0=
dx
dV

local 
minimum

global 
minimum
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Minimization of a simple function

0=
dx
dV

local 
minimum

global 
minimum

0    :conditionNecessary 

.maximized)(or  minimized is )(for which 
 of  value(s) thefind ,)(function  aGiven 

=
dx
dV

xV
xxV
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Functional minimization
Consider a family of functions ( ), with fixed end points

( )  and ( )  and a function ( ), , .

Find the function ( ) which extremizes ( ), , .

Necessary condi

i i f f

y x

dyy x y y x y L y x x
dx

dyy x L y x x
dx

  = =     
  
    

tion:    0Lδ =

( ) ( )
( )
∫ +=
1,1

0,0

22

:Example

dydxL
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Difference between minimization of a function V(x) and 
the minimization in the calculus of variation.

Minimization of a function
Know V(x)      Find x0 such that V(x0) is a minimum.

Calculus of variation
For  want to find a function ( )
that minimizes an integral that depends on ( ).
The analysis involves deriving and solving a differential
equation for  ( ).

i fx x x y x
y x

y x

≤ ≤
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Functional minimization
Consider a family of functions ( ), with fixed end points

( )  and ( )  and a function ( ), , .

Find the function ( ) which extremizes ( ), , .

Necessary condi

i i f f

y x

dyy x y y x y L y x x
dx

dyy x L y x x
dx

  = =     
  
    

tion:    0Lδ =

( ) ( )
( )
∫ +=
1,1

0,0

22

:Example

dydxL
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( ) ( )
( )

(1,1)
2 2

0,0

21

0

Example:

   1

L dx dy

dy dx
dx

= +

 = +  
 

∫

∫

4789.141           )(

4142.1211            )(

4789.1
4
11            )(

:functions Sample

1

0

22
2

1

0
2

1

0
1

=+==

==+==

=+==

∫

∫

∫

dxxL xxy

dxL xxy

dx
x

L xxy
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Calculus of variation example for a pure integral functions

0     :conditionNecessary 
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Comment about notation concerning functional dependence 
and partial derivatives
Suppose , ,  represent independent variables that determine a function :
We write ( , , ).  A partial derivative with respect to  implies that we
hold ,  fixed and infinitessimally change 

x y z f
f x y z x

y z x
f
x

 ∂

 ∂ 0,

, , ) ( , ,( )lim
z xy

x y z f x y z
x

f x
→∆

+ =  ∆
∆ −
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After some derivations, we find

( )

( )

( ) fi
yx

dx
dyx

fi

x

x yx
dx
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x

x yx
dx
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xxx
dxdy
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d
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xxxdxy
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Note that this is a
“total” derivative
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“Some” derivations --

( )

( ) ( )

,

, ,

Consider the term

:
/

If ( ) is a well-defined function, then  

/ /

f

i

f

i

x

x x y

x

x x y x y

f dy dx
dy dx dx

dy dy x y
dx dx

f dy f ddx y
dy dx dx dy dx dx

δ

δ δ

δ δ

  ∂       ∂     
  = 
 

      ∂ ∂    =       ∂ ∂          

∫

∫

( ) ( )
, ,

                                              

      = 
/ /

f

i

f

i

x

x

x

x x y x y

dx

d f d fy y dx
dx dy dx dx dy dx

δ δ
     ∂ ∂   −      ∂ ∂       

∫

∫

*
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Your question -- what is the meaning of the following statement:

  

Up to now, the operator   is not well defined and meant to be general.
Now let us suppose that it implies an infinite

dy d y
dx dx

δ δ

δ

  = 
 

( ) 1

)  are indepe
s

ndent 
e

such
 

 a
simal differ nce to its function.

As an example,  suppose that ( , where  and 
( ,      1       

s
) 0,  and 0

)

r

) n

 Fo

1

 

( ( l (, ),

x
d

y

d

y x x
x

d d d x x
d dx x d

x

y x y x

η

η

η η

η η

η η η
η η

−

= > ≤ ≤

= = +

*

Note that the construction of this system is that
, ) has the same value for all  and
, ) has the same value for all . 

Example ( , )  for 0 and 1
(0, ) 0    and    (1, ) 1

(
(

i

i f

f

f

i

y

y x x x x
y y y

x
y x

y

η

η η
η η

η

η η

= = =

= = = =

assume  0η >
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Note that the     notation is meant to imply a general
 infinitessimal variation of the function ( )

y
y x

δ
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“Some” derivations (continued)--

( ) ( )

( ) ( )
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Euler-Lagrange equation:
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y dx dy dx
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( ) ( )
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Your question – Why does this term go to zero?

Answer --
By construction ( ) ( ) 0i fy x y xδ δ= =
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Recap --
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Here we conclude that the integrand has to vanish at every 
argument in order for the integral to be zero
a. Necessary?
b. Overkill?
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( )
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y
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2

2 3( ) ln
1

y x
x x

 +
=  

+ − 

2

1
1 1

2 2

General form of solution --

( ) ln 1x xy x K K
K K

 
= − + −  

 

1 2  1  S anduppose  2 3 KK = +=
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2

2 3( ) ln
1

y x
x x

 +
=  

+ − 

22

1

2 1 15.02014144

                                            (according to Maple)

dyA x dx
dx

π  = + = 
 ∫
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Another example:
(Courtesy of F. B. Hildebrand, Methods of Applied Mathematics)
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equation
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Brachistochrone problem:   (solved by Newton in 1696)
http://mathworld.wolfram.com/BrachistochroneProblem.html

A particle of weight 
mg travels 
frictionlessly down a 
path of shape y(x). 
What is the shape of 
the path y(x) that 
minimizes the  travel 
time from
y(0)=0 to y(π)=-2 ? 

http://mathworld.wolfram.com/BrachistochroneProblem.html
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Parametric equations for Brachistochrone:

( )
( )1cos

sin
−=

−=
θ

θθ
ay
ax
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dx
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plot([theta-sin(theta), cos(theta)-1, theta = 0 .. Pi])
Parametric plot --

y

x


	Slide Number 1
	Slide Number 2
	Slide Number 3
	Slide Number 4
	Slide Number 5
	Slide Number 6
	Slide Number 7
	Slide Number 8
	Slide Number 9
	Slide Number 10
	Slide Number 11
	Slide Number 12
	Slide Number 13
	Slide Number 14
	Slide Number 15
	Slide Number 16
	Slide Number 17
	Slide Number 18
	Slide Number 19
	Slide Number 20
	Slide Number 21
	Slide Number 22
	Slide Number 23
	Slide Number 24
	Slide Number 25
	Slide Number 26
	Slide Number 27
	Slide Number 28
	Slide Number 29
	Slide Number 30
	Slide Number 31

