PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWF in Olin 103

Discussion of Lecture 11-- Chap. 3 & 6 (F &W)

Details and extensions of Lagrangian mechanics
1. Constants of the motion
2. Conserved quantities

3. Legendre transformations
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Presenter
Presentation Notes
In this lecture we will continue to explore the mathematical and physical properties of the Lagrangian formalism.


Course schedule

(Preliminary schedule -- subject to frequent adjustment.)

Date F&W Reading |Topic Assignment Due

1 |Mon, 8/23/2021 [Chap. 1 Introduction #1 8/27/2021

2 (Wed, 8/25/2021 |Chap. 1 Scattering theory #2 8/30/2021

3 |Fri, 8/27/2021 |Chap. 1 Scattering theory

4 |Mon, 8/30/2021 |Chap. 1 Scattering theory #3 9/01/2021

5 |Wed, 9/01/2021 |Chap. 1 Summary of scattering theory  [#4 9/03/2021

6 |(Fri, 9/03/2021 |Chap. 2 Non-inertial coordinate systems |#5 9/06/2021

7 [Mon, 9/06/2021 |Chap. 3 Calculus of Variation #6 9/10/2021

8 |Wed, 9/08/2021 [Chap. 3 Calculus of Variation

9 |Fri, 9/10/2021 |[Chap.3 & 6 |Lagrangian Mechanics #7 9/13/2021

10 Mon, 9/13/2021 |Chap. 3 & 6  |Lagrangian Mechanics #8 9/17/2021
- 11 |Wed, 9/15/2021 [Chap. 3 & 6  |Constants of the motion

12 |Fr1, 9/17/2021 |[Chap.3 & 6 |Hamiltonian equations of motion
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Presenter
Presentation Notes
Updated schedule.     Home work from Lecture 10 due Monday.


PHYSICS THURSDAY

CO |_|_O Q WJIU)\Y|  SEPTEMBER 16,2021

Part | Wake Forest University
Experimental Projects Physics Department
Research Opportunities

This colloquium is designed to give a snapshot of
the physics experimental research projects currently
in progress at Wake Forest University.

The hope is that these presentations will foster 4 PM In OI In 1 O 1 and

collaborations between groups, inspire beginning by Zoom
students to think about physics research and

possibly become engaged in it themselves, and
inform more senior students about how their
mentors and other mentors approach physics
research.

9/15/2__.



More details about HW 7

1. Consider an arbitrary function of the form f = f(g.q.t), where it is assumed that ¢ = g(t)
and g = dq/dt.

(a) Evaluate
oy _dos
dgdt dtdq’

(b) Evaluate
ddf dof

dgdt dt dq

(¢) Evaluate

df
m .

(d) Now suppose that

f(*?- f}s"(} = ffszl‘(z. where q(f} — {r_”"r‘

Here 7 is a constant. Evaluate df /dt using the expression you just derived. Now find the
expression for f as an explicit function of t (f(f)) and take its time derivative directly
to check your previous results.
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More details about HW 7

Suppose that we have a generalized coordinate g(7) that varies with time ¢ and a
function that has the dependences  f (q(t),%(t); tj = f(q(1),4(0);¢).

Further comment --

The point of this problem i1s to fully understand total and partial derivatives

, dW _oW . oW .. oW
For W (q(2),4(0),1), =9 t——4*

oqg = o = o
oW oW W oW
0qdg 0Goq  Oqor  Otdq
o dw d ow
oG dt dt og

Also note that etc.

But 1t may NOT be the case that



More details about HW 7

Consider W(q,q,t)=q’q> and suppose that g(¢) =t

Simple equation: W (¢) = 32¢’ dVZt(t) = 288¢°
Partial derivatives: dW(Z; 41) =2q¢° +5q°¢*G="?

Note that: dW—an an w

dt 0Oq oq ot




Summary of Lagrangian formalism (without constraints)

For independent generalized coordinates g_(%):

L=L({q,0}{4,)}.7)

d oL OL _ 0
dt 0q, 0q_
Note that if oL =0, then i&_L =0
0q.. dt 0q_
oL
— —— = (constant)

0q.
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Presentation Notes
Review of the Euler-Lagrange equations with a focus on finding constants of the motion.


Examples of constants of the motion:

Example 1: one-dimensional potential:
L =%m()'cz + 37 +Z'2)—V(Z)
d

— = mx =0 — mx = p_ (constant)
[
d . .
= Emy =0 — my = p, (constant)
d . oV
= —MmzZ=——

dt 0z
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Simple example.


Examples of constants of the motion:

Example 2: Motion 1n a central potential

L= lm(fz + rngz)— V(r)

2

— %mrng =0 = mr’p = p, (constant)
d L, oV p,S. oV

= —mr=mry ———= ——
dt v or mr>  Or
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Presentation Notes
Another example using different coordinates.


Recéalaghegnative form of Euler-Lagrange equations:
L=L({g,0}.{4,(®)}.1)

d oL OL 0
dt 0q. 0q_
dL oL .
Also note that: — = ——_ + il
dt Z @qa Z oq,
B Z d 8L oL .. N 6_L
dt aq ~0q_ 1o Ot
_d oL . 8L
dt ~0oq. ° 6t

d oL .\ oL
=
a’t[ 23, q"] ar

o o
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Reviewing “alternative” form of Euler-Lagrange equations.


Additional constant of the motion:

i 9L o
ot
d oL . 8L
then: —|L—-)> —q_ =(
a’t( > 0q_ j o

= L — Z—qa =—F (constant)

Examplel: one- dlmensional potential :
L= %m(icz + 97+ 22)— V(z)
d

:dt( (x +y +Z) V(Z)—m)'cz—mj/z—mz'z)zO

= —(3 m()'c2 +y° +2° )+ V(z))z —E (constant)
For this case, we also have mx=p_andmy= p,

2

2
—~E=Pe B +imz* +V(z)
2m  2m
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New constant of the motion found from the Lagrangian analysis.


Summary from previous slide

L= %m()'cz + 37+ 22)— V(z) =>» 3 variable functions
2

2
E=2Lr Py +imz*+V(z) p.,p,,E constant
2m  2m g

=» 1 variable function

Why might this be useful?



Additional constant of the motion -- continued:

If oL _ 0;
Ot
then : a L—Za—an oL =0
dt oq,, o

= L - Za—qa =—F (constant)

Example 2: Motion in a central potential

L=1m(i + 2§ )-v () -2 variable functions

2
d
e G
l

y (%m(fz + g’ )— V(r)—mi* — mr2¢2): 0
= —(%m(fz + ¢’ )+ V(r)): —E (constant)
For this case, we also have mr’¢=p,

2

= E=_"t-+1mi" +V(r) 21 variable function
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Another example.


@Other examples
L :%m(icz + 37 +z‘2)+
oL _
Oz
oL
E = ] — L
25,

:m(fc2+)'/2-|-2'2)+

q

2C

q

2c

B, (—xy + yx)

0 —> mz = p_ (constant)

B, (—)'cy + )'/x)
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Presentation Notes
Non-trivial example with constant magnetic field.


%ther examples

L=%m(x2+j/2+zz)—gB0xy
c
L
a—:0 —> mz = p_ (constant)
Oz
L .
6—= 0 = mx = p_ (constant)
Ox
L
E = 5—.q'0—L
> 04,
_ (-2 2 .2\ 9
=m(x " +)y +z )——Boxy
c
—%m(x2+j/2+z'2)+%Boxy
>, P, P
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Presentation Notes
Another example with a constant magnetic field.


@_agrangian picture

For independent generalized coordinates g _(7):

L=L({g,0}.{4,0)}.1)
d oL oL
dt Oq. Oq

= Second order differential equations for g_(¢)

=0

(o}

Switching variables — Legendre transformation
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Presentation Notes
Noting that the Lagrangian analysis generally results in second order differential equations.      We now explore the possibility of alternative formulations.


Mathematical transformations for continuous functions of
several variables & Legendre transforms:

Simple change of variables:
z(x,y) < x(y,2)777?

2(x,y) = dz—(ﬁzj dx (azj dy

00 = ar=| & gy 2
<
<

0z /0y).
0z /0x),

/ax\
\f%

Assuming dz=0.

But :
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Digression on relationships between alternative coordinate formulations.


Note on notation for partial derivatives

z(x,y) = dz= oz
OxX

A

y

dx

Oz

hold y fixed.
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hold x fixed.
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Simple change of variables -- continued:

z(x,y) = dz= (%j dx + (%j dy
Y X

OX

Oy

@) dz
0z
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Relationships for changing variables   of  general functionsl


®
Simple change of variables -- continued:

EX&IIlplCZ Z(X, y) — dz = (%j dx + [%j dy
Y

2(x,y) =€ o >
x(n2)=(Inz=»)"  x(.2) = dx:(g—;ldyn{%jydz
( ] ? (éz/0y), (8xj 2 1
oy (82 / @x)y 0z ), (ﬁz / @x)y
1 VAR S 1 v o1

_ ) 1/2 2

2(Inz - y)l/2 2xe’ " 2z(Inz-y) 2xe"
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Some examples.


Now that we see that these transformations are
possible, we should ask the question why we
might want to do this?

An example comes from thermodynamics where
we have various interdependent variables such
as temperature T, pressure P, volume V, etc.
etc.  Often a measurable property can be
specified as a function of two of those, while the
other variables are also dependent on those two.
For example we might specify T and P while the
volume will be V(T,P). Or we might specify T
and V while the pressure will be P(T,V).



Other examples from thermo --
For thermodynamic functions:

Internalenergy: U =U(S,V)
dU =TdS — PdV

dU:(@_Uj d5+(@_Uj av
oS ), oV ).

:,T:(@_U) P:_(@_Uj
oS ), ov ).

Enthalpy: H=H(S,P)=U+PV

dH:dU+PdV+VdP:TdS+VdP=(Z—I;j dS+(a—Hj dP
P S

oP
os ), oP ).
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Examples from thermodynamic functions


Name Potential Differential Form
Internal energy E(S,V.N) dE =TdS — PdV + udN
S ' 1 P
Entropy S(E,V,N) ds = TdE—F ?dlf — Td_-\
Enthalpy H(S.P,N) = + PV | dH =TdS + VdP + pudN
Helmholtz free energy | F(T.V.N)=FE —TS | dF = —SdT — PdV + udN
Gibbs free energy G(T.P,N) = F + PV | dG = —SdT + VdP + pdN
Landau potential UT,.V,u)=F —uN | dQ=—-SdT — PdV — Ndu
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Common thermodynamic energy functiosn.


Mathematical transformations for continuous functions of

several variables & LegendrE trajnsforms continued:

z(x,y) = dz = cz dx + cz dy

Ox oy ).

Let uz(%j and vz[%j
ox ), oy ).

Define new function

dw=dz — udx xdu = A +vdy — 74 xdu
(awj ((’Mj (azj
— e — = —X e — = | — =YV
ou ), oy ), \ay ).

9/15/2021 PHY 711 Fall 2021 -- Lecture 11 24


Presenter
Presentation Notes
Relationships between the old and new variables.


Lagrangian picture
For independent generalized coordinates g_(%):

L=L({g, O}, ®)}t)
d oL oL
dt 0q. 0Oq

= Second order differential equations for g_(¢)

=0

o)

Switching variables — Legendre transformation

Define:  H =H({g,(0)}{p, ()} 1)

oL
H:Zq'apa—L Wherepazg

oL oL oL
dH =S d.dp +p di —2dg - a5 |-La
;(% p + pddq, ” q, 5 qaj >
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Presentation Notes
Applying the ideas of variable change to the Lagrangian formulation.


Hamiltonian picture — continued

H=H({g, 0O} {p,)}t)

H:Z%Pa—L where paza—.L
. oq.,
oL oL oL
dH =S¢ dv +p di - dg - ds |-ZLar
;[qa Pt Podds = ~dd = qaj >
— (a—qua+a—HdpG]+a—Hdt
~\ 0q_ P ot
. _0H oL d oL . _ 8H oL _ oH
T o, oq. di 0g. ° oq. o o


Presenter
Presentation Notes
Transforming from the Lagrangian to Hamiltonian formulation of mechanics.      We will continue this discussion on Friday.
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