PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWF in Olin 103

Discussion for Lecture 18: Chap. 7 (F&W)

Mechanical motion of a continuous string

1. Comments on linear vs. non-linear differential
equations — considering beyond harmonic
oscillations

2. Back to linear analyses -- masses coupled by
springs €=>mass continuum coupled by string

3. Mechanics one-dimensional continuous system

4. The wave equation
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The one dimensional motion of a large number masses interconnected with springs
provides a model of longitudinal motions of a continuous elastic spring and related topics
covered in Chapter 7 of your textbook



Course schedule
(Preliminary schedule -- subject to frequent adjustment.)
Date F&W Reading | Topic Assignment | Due
1 |Mon, 8/23/2021 |Chap. 1 Introduction #1 8/27/2021
2 |Wed, 8/25/2021 [Chap. 1 Scattering theory #2 8/30/2021
3 ||Fri, 8/27/2021 |[Chap. 1 Scattering theory
4 |Mon, 8/30/2021 |[Chap. 1 Scattering theory #3 9/01/2021
5 |Wed, 9/01/2021 [Chap. 1 Summary of scattering theory #4 9/03/2021
6 ||Fri, 9/03/2021 |[Chap. 2 Non-inertial coordinate systems #5 9/06/2021
7 |Mon, 9/06/2021 |[Chap. 3 Calculus of Variation #6 9/10/2021
8 |Wed, 9/08/2021 [Chap. 3 Calculus of Variation
9 ||Fri, 9/10/2021 |[Chap.3 & 6  |Lagrangian Mechanics #7 9/13/2021
10 |Mon, 9/13/2021 |Chap. 3 & 6  |Lagrangian Mechanics #8 9/17/2021
11 |Wed, 9/15/2021 |Chap. 3 & 6  |Constants of the motion
12|Fri, 9/17/2021 |Chap.3 & 6  Hamiltonian equations of motion #9 9/20/2021
13 |Mon, 9/20/2021 |Chap. 3 & 6 Liouville theorm #10 9/22/2021
14 |Wed, 9/22/2021 |Chap. 3 & 6  |Canonical transformations
15Fri, 9/24/2021 |Chap. 4 Small oscillations about equilibrium #11 9/27/2021
16 Mon, 9/27/2021 |Chap. 4 Normal modes of vibration #12 9/29/2021
17 |Wed, 9/29/2021 |Chap. 4 Normal modes of more complicated systems|#13 10/04/2021
-‘18 Fri, 10/01/2021 |Chap. 7 Motion of strings #14 10/06/2021
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Start reading Chapter 7. The homework problem concerns one dimensional wave motion
using methods discussed in this lecture.



PHY 711 — Assignment #14
10/01 /2021

Start reading Chapter 7 in Fetter and Walecka.

Consider a one-dimensional wave characterized by displacement p(z,t) as a function of position
x and time f is described by the wave equation:

9 L0
a7 —Caa =
ot? dx?
where ¢ denotes the wave speed. Find the functional form of u(x,f) for each of these initial condi-
tions.

0, (1)

1L Ati=0,
y dp(x,0)
and =0, 2
cosh(x) e At (2)

wlz,0) =

where A is a given amplitude.

2. Attt =0,
du(x,0) Asinh(z)
p(z,0)=0 and . ( = .,( . (3)
ot cosh™(x)
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Homework problem is due Wednesday.
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Digression — comment on linear vs non-linear equations

Linear oscillator equations (ODE example from one dimension)

1 dv
V(x) ~ V(xeq)+§(x—xeq )2 1

xeq

= lkx2 = lma)zx2
2 2

1 1
L(x,)'c) =—mx’ ——mao’x’
2 2
Euler-Lagrange equations: ¥=-w'x
Superposition property of linear equations: --

Suppose that the functions x, (¢) and x, (¢) are solutions

= Ax, (t)+ Bx, (t) are also solutions (all 4, B)
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Digression on the special properties of linear equations in contrast to complications for
non-linear equations.



Non - linear oscillator equations (example from one dimension)

d’ d*
V(x)z V(xeq)-l_%(x_xeq)z dxlz/ +i(x_xeq)4 dxlzt/ )

eq eq

:lmwz(x2+lex4j

2 2

L(x,ic):lm)'c2 Lot e Lo
2 2 2

Euler - Lagrange equations :

= (x +ax’ )
Superposition-- no longer applies
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An example of the effects of non-linearity.



>0
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Plot of nonlinear potentials.



Non - linear example - - continued
N T 1
L(x, %)= —mi* ——mae*| x* +—ax*
2 2 2

Euler - Lagrange equations :
)'c'+a)2(x+gx3): 0
Perturbation expansion :
x(t)=x,(¢)+ &x,(£)+ ...
Euler - Lagrange equations :
zeroorder: ¥, +w’x, =0

firstorder: ¥ +@’x, +w’x) =0
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Approximate solution to example non-linear equation.



Non - linear example - - continued
ito’ (X +&x’ ) =0 Initial conditions :
Perturbation expansion : x(0)=X, x(0)=0
x(t) = xo(t)—i- &x, (t)+ ‘.-
Euler - Lagrange equations :
zeroorder: ¥, +w’x, =0 = x(t) = X, cos(wr)
first order: X, +@’x, +@’x, =0

3
= X,(1)+ @’x,(1) = =X cos’ (o1 ) = —%(3cos(wt)+cos(3wt))

3

= xl(t)z—;i;’z {3wt sin(wt)+%[cos(wt)—cos(3wt)]}

3

x(t)= X, cos(wt)—& X, {3a)t sin(w?)+ %[cos(wt) —~ cos(3a)t)}} + 0(82)

8w*
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Non-linear equation continued.



Non - linear example - - continued
ito’ (X +ex’ ) =0 Initial conditions :
x(0)=X, x(0)=0

Perturbation expansion:
x(t) =X, (t) +&X, (t) +...

Previous result (blows up at large ¢):
3

x(t)= X, cos(wt)—& 8X° {?mot sin(wt) +%[cos(a)t) — cos(3a)t)]} + 0(6‘2)

2
@

By rearranging terms (allowing effective frequency to vary):

xt) =X, cos(a)(l +& 3;(0)02 jt} .y 32(5)2 {cos(a)t) - cos(3a)t)} + 0(82)
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More details.



For w =1,

X,=1, €=0.5
Regrouped expansion

x;*\ A v

~~ expansion

V 15

| Original perturbatlon

Numerical solution according to Maple

N /NN N

ERve

10/01/2021

NN T
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\/0

Plot of results.
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Back to linear equations —
Longltudlnal case: a system of masses and springs:

l

L=T- V——mZx —%ki( )

= mX, = k( —2x+xll)

H—l

Now imagine the continuum version of this system:
2

o
ot’

x(t)= ulx,t) X =

2
X, —2X + X, = %(M)z
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k

S

Showing how the case of the infinite mass and spring system approximates the continuous

elastic string.
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Discrete equation :  m¥, = k(x,,, —2x, +x,_, )

i+1

2 2
Continuum equation : m 0 él = k(Ax)z 2 /j
Ot ox

82;1_( kAx j@z,u
or’ m/ Ax ) ox*

system parameter with
units of (velocity)?

For transverse oscillations on a string

with tension 7 and mass/length o

(kij T
—:_
m/ Ax o

10/01/2021 PHY 711 Fall 2021 -- Lecture 18 13

Regrouping constants in terms of spring constant times increment of length and mass per
unit length which combine to give a squared velocity for the longitudinal case.  For the
transverse case, string tension is involved.



More details

Longitudinal case
Consider Taylor's series (focussing on x-dependence)

dul 1 2d’u|l 1 sd’u 1 ad'u
Ax) = Ax——| +—(Ax —(Ax —(Ax
e ) = )+ dxy ) o (A ) () 5 g ()
du| 1 2diu| 1 sd’u 1 ad'u
—AY) = pu(x) - A (A 2 S (ax) 2 1 —(ax) 2L
Hlx )= ) dxx+2( ) dxzx 6( ) dx3x+24( ) dx*
2 4
Therefore (Ax)2 cjjx/; ) = ,u(x+Ax)+y(x—Ax)—2y(x)—é(Ax)4 c;xil )

dp| e+ A0+ plx = &)~ 2uu(x)
(Ax)
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More details
Transverse case 7,

Net vertical force on increment of string:
7,5inf, — 7,8in6, ~ 7,tand, — r,tand,

N 3 )
dx dx|,

X+Ax
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Transverse displacement:

T
(X, t)
o’ u T o’ u
o’ o ox’
Wave equation:
Oy _ 20H
ot ox’
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The diagram shows how the y component of the net tension contributes to the transverse

motion.
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10/01/2021

Lagrangian for continuous system :

Denote the generalized displacement by u(x,¢):

L=L(ﬂ,a—ﬂ,8—ﬂ;x,tj
ox Ot

Hamilton's principle :

tr o xs ou 6/1
5J‘dtJ.de(,u,a—,5,x,t =0

X

oL 0o oL 0 oL

ou ox o(ou/ox) ot o(oul o)
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It is possible to adapt the Lagrangian formalism to this continuous system.
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Euler - Lagrange equations for continuous system :
oL 0 oL 0 oL
ou ox 0(0uldx) ot 6(oulor)

Example:
L_z(a_ujz_ z(a_uf
2\ ot 2\ ox
2 2
:>aa'§l - 2_6 él =0
ot ox

2 2
8_,21 —cza—’?:O for ¢’ =—
ot ox o
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The continuum version of the Euler-Lagrange equations result in the wave equation for this
example.



Note that this is an example of a partial differential equation

General solutions u(x,¢) to the wave equation :

O’u L0
- c
o’ ox’
Note that for any function f(g) or g(g):
uxy) = f(x—ct)+g(x+ct)

satisfies the wave equation.

=0
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In the next several slides we will discuss solutions to the wave equation. Note that the
one dimensional wave equation has some special properties.
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Initial value solutions u(x,¢) to the wave equation;

attributed to D' Alembert : These functions

lwould be given

2 2
Ol _ ‘2 2_0  where 1(x0) = @(x)and %(x,o ) 2w (x)

Assume:
puxt)= f(x—ct)+g(x+ct)
then: u(x0)=¢(x)=f(x)+g(x)

% 0) =y = - L0 )

dx dx

= £ - g0 = [y ()
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This method by D’Alembert is based on the special property of the wave equation.
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Solution - - continued : wx,t)= f(x—ct)+g(x+ct)
then:  u(x0)=¢(x)= f(x)+g(x)

B0 o 4 deo
or )=V = C( dx  dx )
= £(x)-g(¥) = — [w(x')dv
C
For each x, find f(x)and g(x):

fx)= %(qzs(x) ~Lwar

¢(®) —%{gzﬁ(x)%fw(x’)dx'

X+ct

= u(x,t) = %(qﬁ(x —ct)+g(x + cz))+2ic [y (e
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D’Alembert’s method continued.
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Example:

du
or* ox*
= ux,t)= %(e_(““)z 10 | grlxmer)/o? )

2
— 2 a_’u =0 where u(x,0) = ¢ " and %—/;(xao) =0

-4 =2 o
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An example. (Use slide show to see animation.)
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Example:

2x
e

o’ ox?

= ,u(x,t) = L(e_(x+ct)2 Vs _ e—(X—Ct)Z o )
2c

Note that o g; Y = —Lz ((x + ct)e’(’”“)2 L (x — cz‘)e’(“’)2 /o? )
o

t=0.
11

0.5

10 -5 0 5 10
0.5

—1-
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2 2
8_‘[1 — cZ a H :0 Where Iu(x’()):() and 68_‘;1()‘:,0):__2 —X
O

2/02
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Another example. Use slide show to see animation.
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