PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWEF in Olin 103

Notes for Lecture 23: Chap. 7
& App. A-D (F&W)

Generalization of the one dimensional wave equation =

various mathematical problems and techniques including:
1. Fourier transforms

2. Laplace transforms
3. Complex variables

:> 4. Contour integrals
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In this lecture, we will focus on the mathematics of complex variables.
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Fri, 9/17/2021  ||Chap. 3 & 6  [Hamiltonian equations of motion #9 9/20/2021
Mon, 9/20/2021 |Chap.3 & 6  [Liouville theorm #10 0/22/2021
Wed, 9/22/2021 |Chap.3 & 6  |Canonical transformations

Fri, 9/24/2021 |Chap. 4 Small oscillations about equilibrium #11 9/27/2021
Mon, 9/27/2021 |Chap. 4 INormal modes of vibration #12 9/29/2021
Wed, 9/29/2021 ||Chap. 4 Normal modes of more complicated systems [#13 10/04/2021
Fri, 10/01/2021 |Chap. 7 Motion of strings #14 10/06/2021
Mon, 10/04/2021 Chap. 7 Sturm-Liouville equations

'Wed, 10/06/2021 |Chap.1-7 Review

Fri, 10/08/2021 |No class Fall break

Mon, 10/11/2021/No class Take home exam

'Wed, 10/13/2021[No class Take home exam

Fri, 10/15/2021 |Chap. 7 Sturm-Liouville equations -- exam due

Mon, 10/18/2021 |Chap. 7 Fourier and other transform methods #15 10/22/2021
'Wed, 10/20/2021 |Chap. 7 Complex variables and contour integration [#16 10/22/2021
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No new homework while working on mid term exam.




10/20,/2021
PHY 711 — Homework # 16
Read Appendix A of Fetter and Walecka.

1. Assume that a > 0 and b > 0; use contour integration methods to evaluate the
integral:

50 Piu.r
[ ﬁ(].r.
—o 2+ b

Note that you may use Maple, Mathematica, or other software to evaluate this
integral, but full credit will be earned by using the contour integration methods.
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Schedule for Thursday 10/21/2021 --

Thurs. Oct. 21,2021 - Yan Li, WFU graduate student — Ph. D. Defense: “First Principles Investigations of Electrolytes
Materials in All-Solid-State Batteries” — 9AM-10AM (note special time) — mentor: Professor Natalie Holzwarth

ZSR auditorium and via zoom
(reception following defense ~ 11:15 AM in Olin Lobby)

Thurs. Oct. 21, 2021 - Professor Jarrett Lancaster, High Point University, NC - “Simulating Quantum Dynamics with
Quantum Computers” (host: D. Kim-Shapiro)

4 PM in Olin 101 and via zoom
(reception prior to colloquium at 3:30 PM in Olin Lobby)
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Introduction to complex variables

Basic properties

Notion of an analytic complex function

Cauchy integral theory

Analytic functions and functions with poles
Evaluating integrals of functions in the complex
plane

abhwn -~
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We will review/introduce the basic ideas associated with complex variables.



Complex numbers
P =<1

it =-1
Define z=x+iy

|Z|2 =zz¥=(x+iy)(x—iy)=x"+)’
Polar representation
z=p(cosg+ising)=p e

Functions of complex variables

f(z) = iR(f(z)) + lS(f(z)) =u(x,y)+iv(x,y)

Derivatives: Cauchy-Riemann equations

6f(z) _ au(z) +i6v(z) 6f(z) _ au(z) +i6v(z) _ av(z) _iau(z)

Ox ox Ox ioy ioy ioy oy oy
izaf(z) _ o (2) = 6u(z) _ ov(z) and _
dz  Ox ioy Ox oy Ox
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Argue that

ov(z)  ou(z)

oy

First we consider the basic definitions and representations of a complex number.

Then

we consider a function of complex numbers. The Cauchy relationships follow from the
notion that a function that is differentiable in the complex plane must have consistent

partial derivatives along the real and imaginary axes.



Analytic function

f(z) is analytic if it is:
o continuous

osingle valued

o its first derivative satisfies Cauchy-Rieman conditions

Examples of analytic functions

e’ =e"™ =e"cos(y) +ie*sin(y)
a—u:ex cos(y)zﬁ @=€x sin(y) :_a_u J
ox oy Ox ay

z :(eriy)2 :(x2 —y2)+2ixy

oy o vy a f
ox ox
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Notion of an analytic function and an example that satisfies the conditions.



= pe

n _ing

95 d_J-pezd¢
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Examples of non-analytic functions

Note that z = pe” = pe

=>Inz=Inp+i(¢+27n)

1a¢ i2rna

. 1 :
Behavior of f(z) =— about the pointz=0:
z

For an integer n, consider

2r
_ e J‘ ei(l—n)¢id¢:{ 0 n=#l
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ig+i2zn

for any integer n

Inz is not analytic because it is multivalued

a

z“ 1s not analytic for non-integer &

because it is multivalued

27i n=1

0

Examples of non-analytic functions.

with a simple “pole”.

Special property of contour integrals about a function



Behavior of f(z)= in about the pointz =0
z

For an integer n, consider

¢ dz _jpen ’Z;? 1‘”2fe"“‘”)¢id¢={ 0. n#l
0

) 27i n=1

This observation helps us to focus on a special kind
of singularity called a "pole"
. . o g(z,)
For f(z) inthevicinityofz=z, f(z )~
P

Therefore: 36 f(2)dz=0 or gﬁ f(2)dz = g(zp)3{>$ =27ig(z,)

Integration does Integration does
not include z, include z,
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gS f(2)dz =27y Res(f(z,))
C p R (Z) =y
—
z, @ f(2) z?
R(z)
(]
z p

(]

C “p
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Contributions to a closed contour from various contributions.
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General formula for determining residue:

hz) — Res(f(z,))

m —

Suppose that in the neighborhood of z , f'(z) »

zZ— Zp) 7251z, z— Zp
. m . . .
Since h(z) = (z - zp) f(2) is analytic near z,, we can make a Taylor exansion

m—1 _
dh(z”)+...+(z_2p) i lh(fp)+
dz (m-1)! dz"

about z, : h(z)= h(zp)+(z—zp)

am (Z—Zp)mf(Z)
= Res( f (zp))zlzi}zn (ml—l)! ( = )

In the following examples m=1
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Residue theorem
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0

Example: I
S l+x

2
4dx=j

0

1+ x*
/\Im()

/0

¢1+ dz = 27[1(Res(
Z

ir/4

Res(zp:ei”/4): .
4i
2 em/4 317[/4

d} —dz =27i
1+z* 4

1+Z4 :(Z_em/4)(z_e3m/4)(z_

Res(z _ e3m/4)

e—m/4 )(Z _ e—sm/4 ) Re(z)
’”/4)+Res(z _eam/4)) I’;{’C:(?Z
3iz/4

e

)l )%
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Example of a contour integral using the residue theorem.
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Some details: ~ _
I Note that: " =—-1=¢"”

2

z Sinl4 _ imld—ir _ in/4
f(Z):1+Z4 e =e =—e
(eizr/4 )2
Res(f(z=ei”/4)= 4 . 4 4 4 :
(em/4 e )(em/4 _ il )(emm _ e—3m/4)
B eiﬂ/z
( P e—m/4)( P e—m/4)( P em/4)
B eiﬂ/4 eiiz/4
2(i—(-i)) 4
Question — Could we have chosen the contour in the lower half
plane?
a. Yes b. No
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Some details.
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cos(ax)
Another example: :0 4334 + 53;,2 s 1
T T et
) 4xt +5x7 +1 ' 4x* + 5% +1 4z +52° +1
4+ 557 4124 i i Note:
z +5z°+ (z )(Z )(Z+l)( ) m=1
Tlm(z)
Re(z)
I =27zi(Res(zp :i)+Res(Zp =7

Another example.
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iaz

T 1
[ —fos(a’? dr=————d
o 4xT +5x" +1 274z +5z7 +1

=2m'(Res(zp = i) + Res(zp - é))

2%(—e_a + 26_“/2)

Question — Could we have chosen the contour in the lower half
plane?
a. Yes b. No

Note that fora >0 and z, >0

in the lower half plane: e = e “*e®
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Some details.
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= IxSIHkxdx fork>0anda>0

Another example: JENpE)

F XSIHIDC 1 % xe 1 Zeikz
dz
'[Ox +a’ 1-[0)524_61 zgf)zz+a2
2 +a’ =(z—ia)(z+ia)
11m(z)
/ O ia \
Re(z)

1 :27zi(Res(zp =ia)) g
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Another example
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Some details --

F xsmkx 17 xe™ 1o ze™
[t f o g
Oox +a? i° X"+ 1Yz +a
z +a? ( —za)(z+za)
1 Zezkz 1 eikz
~p———dz =27i~lim| (z-ia)5—
z°+a [ z—ia z°+a
1 ige™ _
=27i—— =&
I 2ia
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More details.
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From the Drude model of dielectric response --

2 —iot
w e .-
G(r)=—2% _[ do———— where @,, @,, and y are positive constants
2r s, oy -0 —iyo
Upper hemisphere:
A Im(Z) z=x+ ly e—i(ur — e—ierryr
/ = Converges for 7 <0
‘ 7
l 1y
5o o7 _—FRe)
Lower hemisphere:
z=x— ly e—ia)r — e—ixr—yr
= Converges for 7 >0
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From the Drude model of dielectric response -- continued --

—iot
e

5 where @,, @,, and y are positive constants

a)Z 0
G(r)=—2 [ do— :
2r s, o) -0 —iyo

( 0 for 7 <0

G(t)=w*{ . sinv.r
()=, e for >0

Vo
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Another example from the Drude model.



Cauchy integral theorem for analytic function f(z):

L g &),

2mi Jo 2 — 2z

f(z)
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20

Another useful theorem from Cauchy.
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Example

4

' Im(2)

Suppose sz‘ —> oo): 0 and forz=x:
f(x)=a(x)+ib(x)

_—

N
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>

Re(z)

21

Considering real and imaginary parts.
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Example -- continued

f(z):i@@dz' where 1(x) = a(x)+ib(x)
2w z'-z

A

Im(z)

il _

>

Re(z)

0 ' o '
a(x)+ib(x)= l,j“(x)“b(")dxwo
2ri = x'—=x
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Real and imaginary parts for Cauchy’s integral relation.
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Example -- continued

—00

10/20/2021

Tim(z)
X Re(z)
If'(X') ao= | SO gy i SO gy i SO g
X=X X=X e XX oL X=X

A '(—x)'c) dx'+virr f(x)

ZPLx

PHY 711 Fall 2021 -- Lecture 23

23

Detail of how to evaluate the point x=x" in terms of the principal parts integral.
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N Im(Z’)
/ ‘\>
) Re(z’)
let u=x'-x
let x> x+in —
@
X+€ & & u +l77
j dx ~ f(x)lim du =f (x)lim | ——Ldu
n—0 u— "7 77—)0 u + 77
—-&
: : : n :
=iz f(x)  since lim———~ind(u)
=>0y”+n
10/20/2021 PHY 711 Fall 2021 -- Lecture 23 24

Some details.
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More details -- . n
lim———— =~ 76 (u)
>0y +n
100
80
60
40
2 -
-1 -0.5 0 0.5 1
u
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Justification of the delta function result.
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Example -- continued

[EAC PRI ACY PR ACY PR A CY N
__[Ogdx —__[O o dx-l—f . dx+j N dx

x+& xX—=&

= PT@CI’X'-H'E f(x)
S ox'—x

alw)rible)= - [V o 7 (o) (o)

x'—x 27

= a(x)= L T bl) dx' b(x)= _£ T alx) dx'

Kramers-Kronig relationships
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Final result relating real and imaginary parts of complex function.
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Comment on evaluating principal parts integrals

x'—x T

—0 x+e

x'—x e—>0\ 7

—00

J

y
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x'—x

a(x)ngde'= lim (lxjeﬂdx#l T de'}

27

Some details.
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b(x'):

Example:

forx'<-2L, —L<x'<L, x'>2L

for L<x'<2L
for —2L<x'<-L
b(x’)

-2L -L l

10/20/2021
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Simple example for complex function.
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Example:

0 forx'<-2L, —L<x'<L, x'>2L
b(x')=1 B, for L<x'<2L
-B, for —2L<x'<-L
< b(x' lim s *b(x'
a(.X'):B (x)dxv: (1“‘ ( )d' lj‘ﬂdX'}
e ox'-x e—>0\7 7 x'-x T X=X
Forx<-2L or x>2L —-L<x<L:
-B, todx! dx'
a(x)= —I
Ty, X=X

x> =41
x> =17

|

29

:—Boln x+L| 1 x—2L\\_ B,
V4 x+2L‘ x—L T
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For given imaginary function, this is the form of the real function.



(-2 [rf () go 1 <x')dx.

T 6—)0 T x'—x —-X

—00 x+e

417 — x*

For our example: a(x) = 0 —1n L2
— x

T
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Summary of results.



Summary

For a function f'(x), analytic along the real line:

f(x)= iR(f(x)) + iS(f(x)) = a(x) + ib(x)

:>a(x)=§jwdx' b(x)z—f?wdx'

'

cox'-x cox'-x

Example:

1 X 1
SO =7 alx)=— b(x) =——

xX+i x +1 x +1
Check:
o0 o0 ?
P 7 b(x") P 1 ‘x
— | ——dx'=—— dx'= =a(x
ﬂ'[ox'—x ﬂJ;O(x'—x)(x'2+1) x*+1 )
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Summary.
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a(w)

o-10

(0-10)" +1

b(w) =

(0-10)"+1

10/20/2021
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Continued:

;Tb(x')d :

Sy X'=
P o0
—J dx'=limIn
V4 OC X—>wo
P o0
ﬁ;[c Pl
10/20/202

‘iih

X
Note that: J. ';dx' =1In(X —x)—In(e) = ln[
e X X

f |

° ¥ —x? NS
[(x x)(x'2+1)(x2 +1)]dx (x2 +1) ﬁ;[cx'—x

X+x g 1 E.T 1 x'
x'2+1)(x2+1) (x +l)7r X=

X—xj
€

—dx'=~In(~X ) +In(-c) = —ln(X ”j
€

X—x —0 EI 21 dy'=
X+x T x"+1

0

=a(x)
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