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PHY 711 Classical Mechanics and 
Mathematical Methods

10-10:50 AM  MWF in Olin 103

Discussion on Lecture 19 – Chap. 7 (F&W) 

Solutions of differential equations
1. The wave equation – traveling wave solutions

2. The wave equation – standing wave solutions

3. The Sturm-Liouville equation

Presenter Notes
Presentation Notes
In this lecture, we follow the textbook to use the example of the one-dimensional wave equation to discuss ordinary differential equations more generally and develop some solution methods.
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Presenter Notes
Presentation Notes
Expected schedule for the next weeks…
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Presenter Notes
Presentation Notes
This homework can most easily be done using D’Alembert’s approach.
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For the displacement function, ,   the wave equation has the form:

     0

Note that for any function  or :
        ( ) ( )
   satisfies the wave equation.  

μ(x,t)  

  c
t x

f(q) g(q)
μ(x,t) f x ct g x ct

µ µ∂ ∂
− =

∂ ∂

= − + +

One-dimensional wave equation 
representing longitudinal or transverse displacements 
as a function of  x and t , an example of a partial 
differential equation --

Traveling wave solutions thanks to D’Alembert --

Presenter Notes
Presentation Notes
Review of wave equation.
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Initial value  traveling wave solutions  to the wave equation; 
attributed to D'Alembert:

     0        where 0 ( ) and 0 ( ) 

Assume:
        ( )

μ(x,t)

      
μ  c μ(x, ) x (x, ) x
tt x

μ(x,t) f x ct g

µ µ ϕ ψ∂ ∂ ∂
− = = =

∂∂ ∂

= − + ( )
 then:     0 ( ) ( ) ( )

             0 ( )

1             ( ) ( ) ( ') '

              

x

x ct
μ(x, ) x f x g x
μ df(x) dg(x)(x, ) x c
t dx dx

f x g x x dx
c

ϕ

ψ

ψ

+
= = +

∂  = = − − ∂  

⇒ − = − ∫

These functions 
would be given

Presenter Notes
Presentation Notes
This method by D’Alembert is based on the special property of the wave equation.
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c

ctxctxtx
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g(x)f(x)x
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xgxf
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μ
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: and  find ,each For 

')'(1)()(             

)(0             

)()()(0     : then
)()(           :continued --Solution 

ψφφµ
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ψ
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Presenter Notes
Presentation Notes
D’Alembert’s method continued.
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Checking that D'Alembert's solution solves the wave equation:

     0  c
t x
µ µ∂ ∂
− =

∂ ∂

( )

( ) ( )

( ) ( )

( ) ( )

2

2

2

1 1( , ) ( ) ( ) ( ') '
2 2

( , ) 1 1'( ) '( ) ( ) ( )
2 2

( , ) 1 1''( ) ''( ) '( ) '( )
2 2

( , ) '( ) '( ) ( ) ( )
2 2

x ct

x ct

x t x ct x ct x dx
c

x t x ct x ct x ct x ct
c

x t x ct x ct x ct x ct
c

x t c cx ct x ct x ct c

x

t
x t

c

x

µ

µ

ψ ψ

ψ ψ

ϕ ϕ ψ

µ ϕ ϕ

µ ϕ ϕ

µ ψ ψϕ ϕ

+

−

= − + + +

∂
= − + + + − + +

∂
= − + + + − +

−

∂

∂

−
∂

+

∂
= − − + + + + +

∂

∫

( ) ( )
2 2

2

.

( , ) ''( ) ''( ) '( ) '( )
2 2

Here we have assum ( ) and ( ) are co ded th
(

at ntinuous functions an
)'( )

t
u

x t c cx ct x ct x c

u

t x

d uu

ct
c

du

ψ ψ

ϕ ψ
ϕϕ

ϕ ϕ
∂

= − + + + − + +

≡
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Presenter Notes
Presentation Notes
An example.    (Use slide show to see animation.)
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Presenter Notes
Presentation Notes
Another example.   Use slide show to see animation.
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Other types of solutions to the wave equation:

     0

Note that because of the way that the equation is written,
it is possible to find "separable" solutions of the form
  ( , )   ( x t X x

  c
t x
µ

µ

µ∂ ∂
−

=

=
∂ ∂

) ( )
or more generally, a linear combination of separable solutions:

( , ) (   ) ( )  n n
n

T t

x t X x T tµ = ∑
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For example, suppose the time function is harmonic in time with
fr

Other types of solutions to the wave equation:

     0          for     x t X x T t

d X x d t
X x dx c T

x

t d

  c
t

T
t

µµ µ∂

⇒ =

∂
− =

∂
=

∂

2 2

2 2

equency :     ( ) cos( )
Then the spacial function must statisfy the ordinary differential equation:

( )     ( )

       ( ) sin( )    where       

T t t

d X x X x
dx c

X x A kx k
c

ω ω η

ω

ων

= +

= −

⇒ = + =
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It is often the case, there are boundary values specified for
X(x).

For example, suppose (0) 0 and ( ) 0   

( ) sin    and x c
a a

X X a
n nX x A π πω

= = − −

 



=⇒ = 

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( , ) sin cos   cn nx t A x t
a a
π πµ    =    

   
Standing wave --
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How are the traveling wave and standing wave solutions to 
the wave equations related?

A. They are exactly the same
B. They are not related
C. ???
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One dimensional wave equation for :

     0      where  

Generalization for spacially dependent tension and mass density plus
   an extra potential energy density:

    

μ(x,t)

      c c
t x

    

τ
σ

µ µ∂ ∂
− = =

∂ ∂

2

2

( , ) ( , )  ( ) ( , ) 0 

Factoring time and spatial variables:
        

( ) ( )

( , ) ( ) cos( )
Sturm-Liouville equation for spatial function ( ):

           

 

  

  

( )

x t x t  v x x t
t x x

x

x x

x t x t
x

xd d 
d

σ τ µ

µ φ ω α
φ

φ

µ

τ

µ∂ ∂ ∂ − + = ∂ ∂ ∂ 

−

= +

2 )( )( ) ( ) ( ) (v x
dx

x x x xφ ω σ φ  + 


=

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The wave equation and related linear PDE’s

Presenter Notes
Presentation Notes
Generalization of the wave equation.   Equations in this class are separable in the time variables and the spatial variable satisfies  a generalized eigenvalue problem of this form.
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Linear second-order ordinary differential equations
Sturm-Liouville equations

Inhomogenous problem:   ( ) ( ) ( ) ( ) ( )d dx v x x x F x
dx dx
τ λσ ϕ − + − = 

 

applied 
force

given functions

solution to be 
determined

Homogenous problem:  F(x)=0

When applicable, it is 
assumed that the form of 
the applied force is known.

Presenter Notes
Presentation Notes
We will sometimes want to generalize even further with an “inhomogeneous” term such as an applied force.
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Examples of Sturm-Liouville eigenvalue equations --

( )

2

2

( ) ( ) ( ) ( ) 0

Bessel functions:   0
1       ( )      ( )             ( )

  1 1

( ) 1     ( ) 0    1       (

( ) ( )

Legendre functions: 

       ) (   1)

d dx v x x x
dx dx

x

x x v x x x J
x

x

x x

x l lx x v x

ν

τ λσ ϕ

τ λ ϕ

τ λ ϕ

σ ν

σ

= =

 − + − = 
 

≤ ≤

= = = +

∞

= − = =

− ≤ ≤

= − −

2 2

( )  

Fourier functions:    0 1
( ) 1   ( ) 0    1        ( ) sin(  

( )

       ( ) )

lx P

x
x v x n x n

x

x xτ λσ ϕπ π

=

≤ ≤

= == ==

Presenter Notes
Presentation Notes
For now, we will focus on eigenvalues of the homogeneous equations.
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Solution methods  of Sturm-Liouville equations  
(assume all functions and constants are real):

)()()()()(

:ionsEigenfunct

)()()()()(   :problem usInhomogeno

0)()()()(   :problem Homogenous 0

xfxxfxv
dx
dx

dx
d

xFxxxv
dx
dx

dx
d

xxxv
dx
dx

dx
d

nnn σλτ

φλστ

φλστ

=





 +−

=





 −+−

=





 −+−

2

Orthogonality of eigenfunctions:  ( ) ( ) ( ) ,

                                where  ( )( ( )) .

b

n m nm na
b

n na

x f x f x dx N

N x f x dx

σ δ

σ

=

≡

∫
∫

( ) ( )

Completeness of eigenfunctions:
( ) ( ') 'n n

n n

f x f xx x x
N

σ δ= −∑

Presenter Notes
Presentation Notes
The eigenfunctions of these equations have very useful properties such as completeness.
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Why all of the fuss about eigenvalues and eigenvectors?
a. They are sometimes useful in finding solutions to 

differential equations
b. Not all eigenfunctions have analytic forms.
c. It is possible to solve a differential equation without 

the use of eigenfunctions.
d. Eigenfunctions have some useful properties.
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Comment on orthogonality of eigenfunctions

( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

                    = (

( ) ( )

( )

(

 ( ) )  

) ( )

n n n
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n n

m

m

n n

m

m

m

m

x

d dx v x f x x f x
dx dx
d dx v x f x x f x
dx dx

d d d df x v x f x f x v x f x
dx dx dx dx

x f x f

d dff
d

x

x x
x

x

τ λ σ

τ λ σ

τ τ

λ σ

τ

λ

 − + = 
 
 − + = 
 

   − + − − +   
   

−

− ( )((( ) )( ) = ( ) ( )   ) (  )n m
n mn nm

x df xf x x f xx f
x dx

x
d

τ λ σλ − − 
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Presenter Notes
Presentation Notes
Orthogonality of eigenfunctions.
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Comment on orthogonality of eigenfunctions -- continued

( )

( )

( ) ( )( ) ( ) = ( ) ( )  

Now consider integrating both sides of the equation in the interval
         

( ) ( )( ) (

( ) ( ) ( )

:

( ) )( )

n m
n n n

b
n m

m m

n

m

m n
a

m

d df x df xf x f x x f x f
dx dx dx
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df x df xf x f x dx

x x x

x b

x x
dx dx

τ τ λ σ

τ

λ

τ λ λ

 − − − 
 

 − − =

≤

−


≤




)) (( ( )
b

n
a

mx f xx fσ∫

Vanishes for various boundary conditions 
at x=a and x=b

Presenter Notes
Presentation Notes
Orthogonality continued.
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Comment on orthogonality of eigenfunctions -- continued

( )( ) ( ) ( )

Possibl

(

e boundary values for Sturm-Liouville equations:
1.  ( ) ( ) 0

2. 

( ) ( )  an

( ) ( )( ) ( ) ( ) ( )

( ) )( ) ( ) 0

(3. d   

m

b b
n m

n n nm
aa

m

m m

m

a

m m

b

m

m

df x df xf x f x dx x f x f
dx dx

df x df xx x
dx dx

df a

x x x

f a f b

f a f b

τ τ λ σ

τ

λ

τ

 − − = − 
 

=

=

=

=

=

∫

) ( )

In any of these cases, we can conclude that

(( ) 0 for 

:

) ( ) m n m

m

b

n
a

df b
dx dx

x xd x f x fσ λ λ=

=

≠∫

Presenter Notes
Presentation Notes
Orthogonality continued.
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Comment on “completeness”
It can be shown that for any reasonable function h(x), 
defined within the interval a < x <b, we can expand that 
function as a linear combination of the eigenfunctions fn(x)

( ) ( ),

1where  ' '  ( ) ( ) '( ) '.

n n
n

b

n na
n

x x

h x C f x

C h f x
N

x dσ

≈

=

∑

∫
These ideas lead to the notion that the set of 
eigenfunctions fn(x) form a ``complete'' set in the sense 
of ``spanning'' the space of all functions in the interval 
a < x <b, as summarized by the statement:

( ) ( )' '( ) ( ).n n

n n

xf x fx x
N

xσ δ= −∑

Presenter Notes
Presentation Notes
Notion of completeness.
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Comment on “completeness” -- continued

2
2

2

2

( ) ( ),

1where    ( ) ( ) ( ) '.

Consider the squared err

1

or of the expansion:

( ) ( ) ( )

( )

i

( ) (2 ) ( )

' ' '
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n
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≈
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 
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 

∂  
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⇒
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=

∑

∫
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




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dx
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Presenter Notes
Presentation Notes
Notion of completeness and practical applications.      Next time, we will extend this idea of completeness to develop important relationships.
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