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Recently, there has been significant interest in developing solid-state lithium ion electrolytes for use in
batteries and related technologies. We have used first-principles modeling techniques based on density-
functional theory and the nudged elastic band method to examine possible Li ion diffusion mechanisms in
idealized crystals of the electrolyte material Li3PO4 in both the � and � crystalline forms, considering both
vacancy and interstitial processes to find the migration energies Em. We find that interstitial diffusion via an
interstitialcy mechanism involving the concerted motion of an interstitial Li ion and a neighboring lattice Li ion
may provide the most efficient ion transport in Li3PO4. Ion transport in undoped crystals depends on the
formation of vacancy-interstitial pairs requiring an additional energy Ef, which results in a thermal activation
energy EA=Em+Ef /2. The calculated values of EA are in excellent agreement with single crystal measurements
on �-Li3PO4. Our results examine the similarities and differences between the diffusion processes in the � and
� crystal structures. In addition, we analyze the zone center phonon modes in both crystals in order to further
validate our calculations with experimental measurements and to determine the range of vibrational frequencies
associated with Li ion motions which might contribute to the diffusion processes.
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I. INTRODUCTION

In batteries and related technologies, electrolyte materials
must be permeable to Li ions �Li+� and impermeable to elec-
trons. Because of their advantages,1 solid electrolytes are be-
ing developed to replace liquid and polymer electrolytes and
for new applications such as microelectronic devices. In par-
ticular, the LiPON electrolyte material based on Li3PO4 was
developed at Oak Ridge National Laboratory.2–5 Because of
its chemical and physical stability, it can be reliably made
into very thin films for a variety of applications.1

There has been considerable experimental work focused
on measuring the ionic conductivity in crystalline Li3PO4
�Refs. 4 and 6–8� and in thin film Li3PO4.4,9 On the other
hand, experiment alone cannot determine the detailed atom-
istic mechanisms of Li ion diffusion in these materials. In
our previous work,10 we used first-principles modeling tech-
niques to examine diffusion processes for Li ions in idealized
crystals of �-Li3PO4, finding quantitative and qualitative
agreement with some of the experimental measurements. In
this work, we present details of these simulations, extending
our study to include the �-Li3PO4 crystalline form. In addi-
tion, we consider the effects of the form of the exchange-
correlation functional on the simulation results, and also use
comparison with experimental phonon measurements to as-
sess the physical validity of our modeling methods.

The outline of the paper is as follows. Section II details
the calculational methods used in this work. Section III de-
scribes the crystal structures of �-Li3PO4 and �-Li3PO4. Re-
sults of the computed lattice parameters, electron densities of
states, and the Raman spectra are presented in this section. In
Sec. IV, ion diffusion via vacancy mechanisms is considered,
while interstitial mechanisms are considered in Sec. V. The
formation energy for vacancy-interstitial pairs is presented in
Sec. VI, allowing us to compare our results with experimen-
tal studies on single crystals. In Sec. VII, our results are
summarized and compared with the literature. Additional de-

tails of our phonon analyses are presented in the Appendix.

II. CALCULATIONAL METHODS

The calculations performed in this study were based on
density-functional theory11,12 and were primarily carried out
using the QUANTUM ESPRESSO �PWSCF� package13 and the
ultrasoft pseudopotential formalism of Vanderbilt.14 The
pseudopotentials for Li, P, and O were constructed using the
USPP code14 and tested for agreement with calculations using
other methods and codes.15,16 For most of the calculations,
the form of the exchange-correlation functional was chosen
to be the local density approximation �LDA�,17 although
some calculations were performed using the generalized gra-
dient approximation �GGA�.18

The calculations for single unit cells of the perfect crys-
tals were performed using plane wave expansions for
pseudo-wave-functions with wave vectors �k+G�2�64 Ry.
The Brillouin zone integrals were performed using a
Monkhorst-Pack19 sampling scheme within partitions of
length 0.16 bohr−1 or smaller in each direction. Lattice pa-
rameters and atomic positions were optimized using variable
cell optimization techniques20 as implemented in the PWSCF
code. The zone center phonon frequencies and their corre-
sponding vibrational modes were obtained by calculating the
dynamical matrix using density-functional perturbation
theory21 as implemented in the PWSCF code. Convergence
tests show that the lattice constants are converged to ±0.02 Å
and that the computed phonon frequencies are converged
within ±5 cm−1. For convenience, the partial densities of
states were evaluated using the PWPAW code,22,23 which is
based on the projector augmented wave formalism developed
by Blöchl.24 The evaluation of the partial densities of states
uses a Gaussian shape function to replace the delta function:

Na�E� �
2

���
�
nk

fnk
a Wke−�E − Enk�2/�2

. �1�

Here, the factor of 2 is due to spin degeneracy, the factor Wk
denotes the Brillouin zone weighting factor, and the smear-
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ing parameter was chosen to be �=0.1 eV. The factor fnk
a

denotes the charge within a sphere about atom a, with the
radius taken to be 1.6, 1.5, and 1.4 bohr for Li, P, and O,
respectively, for each state of band index n and wave vector
k. Comparing the PWSCF and PWPAW results, we found the
total energy differences between perfect crystal structures to
be within 0.002 eV.

Li ion migration simulations were carried out using the
fixed volume supercells shown in Fig. 1 for the � and �
structures. For these large supercell simulations, the plane
wave cutoff was chosen to be �k+G�2�30 Ry and a single k
point at the corner � 1

2 , 1
2 , 1

2
� was used to approximate the Bril-

louin zone integrals. Convergence tests show that the relative
energies are accurate within 0.01 eV. Interstitial �vacancy�
defects were simulated by adding �removing� a Li ion from
the 128 atom supercell. The resulting supercells containing
+1 �−1� excess electrons were compensated with a uniform
background charge for the purpose of calculating the Cou-
lomb interactions.

In this work, estimates for the migration energies Em for
Li ion diffusion were calculated using the “nudged elastic

band”25–27 method �NEB� as implemented in the PWSCF

code. The basic assumptions of this approach26 are that the
diffusion is slow enough so that the processes are well de-
scribed by Boltzmann statistics and so that the diffusion rate
is controlled by processes which pass through harmonic re-
gions of the potential energy surface near minima and saddle
points, which represent transition states of the system. The
computational effort is, thus, focused on finding the saddle
points of the potential energy surfaces between local mini-
mum energy configurations. For each of the diffusion paths
considered, we find a series of steps characterized by pairs of
local minimum energy configurations. The search for the
saddle point is implemented by assuming several intermedi-
ate “images” between each pair of local minima. Each of the
images is relaxed until the forces perpendicular to the mini-
mum energy path are less than 0.03 eV/Å. The energies be-
tween each pair of local minima determined by interpolating
between the energies of the images. We estimate that the
accuracy of this interpolation allows us to estimate the saddle
point energy barrier between each pair of local minima
within 0.05 eV.

For example, consider an isolated ionic hopping step from
a quasiequilibrium state q over a saddle point barrier b at
temperature T. The conductivity contribution �qb from this
process can be described by an Arrhenius equation28,29

�qbT = Kqbnqe−�Eb−Eq�/kBT where nq = ne−Eq/kBT, �2�

where kB denotes the Boltzmann constant and Kqb denotes a
temperature independent constant. Here, Eq represents the
quasiequilibrium energy and Eb represents the barrier height
for the saddle point, both measured relative to the lowest
energy configuration of the path whose ion concentration is
denoted by n. This expression assumes that a Boltzmann
distribution of ions in the quasiequilibrium state q is devel-
oped due to hops from and to adjacent local minima. The
conductivity contribution for this step, described by Eq. �2�,
thus reduces to the simple exponential form

�qbT = Kqbne−Eb/kBT. �3�

The observed macroscopic ionic conductivity within the
crystal will, in general, involve one or more steps such as
described in Eq. �3�. It is reasonable to argue that the mac-
roscopic ionic conductivity is dominated by the hopping step
involving the largest barrier in the path so that the computed
migration energy of a given path is Em=max�Eb�. In other
words, the NEB results determine Em as the energy differ-
ence between the lowest potential minimum and highest po-
tential saddle point along the diffusion path. The macro-
scopic Arrhenius equation

�T = Kne−Em/kBT, �4�

where K is a temperature independent constant appropriate to
the migration path, can then be used to relate our simulation
results to temperature dependent conductivity measurements.
In practice, there may be several possible migration paths to
describe conduction along any given crystallographic axis,
resulting in alternative values of Em. Of those values, the
smallest values of Em correspond to the largest conductivities
and are the focus of the present work. A more detailed analy-
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FIG. 1. �Color online� Ball and stick drawing of the equilibrium
structures of the �a� �-Li3PO4 and �b� �-Li3PO4 supercells used in
the simulations. The PO4 groups are indicated with bonded yellow
and blue spheres. Li ions are indicated by light and dark gray
spheres, representing the crystallographically distinct sites. The
number labels on some of the Li sites are used in Sec. IV to de-
scribe vacancy diffusion.
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sis of the ionic processes would be needed to extend consid-
eration beyond the simple exponential form of Eq. �4�.

In order to further characterize each image of the diffu-
sion path, it is convenient to define a “configuration coordi-
nate,” as a measure of the ion displacement at an image �I�
relative to its position at the initial position �i�. Using quan-
tities calculated within the PWSCF code and other NEB
implementations,30 xiI is chosen to be

xiI = �Xif
uiI

uif
where uiI � �

J=i+1

I

dJJ−1 �5�

and where

dJJ−1 � ��
a

�RJ
a − RJ−1

a �� . �6�

Here, RJ
a denotes the atomic position of the ath atom of the

supercell in the Jth image and �Xif denotes the physical
displacement between the initial and final vacancy or inter-
stitial sites of a diffusion step measured for the perfect crys-
tal. The distance dJJ−1 measures the length of the 3N dimen-
sional displacement vector representing the motion of the N
ions of the supercell between consecutive images, while uiI
measures the accumulated displacements of the Ith image
relative to the initial configuration. The scaled configuration
coordinate xiI would represent the physical displacement of
an ion or vacancy from image to image if only one ion were
moving during the process. In the energy path diagrams
shown in Figs. 5, 6, 8, and 9, xiI is plotted on the horizontal
axis in order to facilitate the comparison of consecutive dif-
fusion steps of a given migration path. In Figs. 5 and 8, �Xif
is taken from experimental data in order to plot the LDA and
GGA results on the same scale. In Fig. 6 and 9, �Xif is taken
from the LDA simulations.

Visualizations of the structures were obtained using
XCRYSDEN �Ref. 31� and OPENDX �Ref. 32� softwares.

III. CRYSTALLINE PROPERTIES OF Li3PO4

A. Structural parameters

Experimentally, there are two well-characterized crystal-
line forms of Li3PO4 which are labeled � and �.4,33–35 An �
form is mentioned in the literature,36 but its crystal structure
has not been completely determined. The � form has been
shown to be energetically more stable than the � form,37 but
it can irreversibly transform to the � form at temperatures in
the range of 400–600 °C.9,36,38 At room temperature, it has
been shown that the � structure irreversibly transforms to the
� form at pressures in the range of 120–230 kbar.39 Both the
� and � forms of Li3PO4 have been observed and measured
at liquid nitrogen temperature and room temperature by sev-
eral experimental groups, while activated transport measure-
ments have been mainly carried out on the � form.

Crystalline �-Li3PO4 has the orthorhombic Pnma struc-
ture �No. 62�.40 Figure 1�a� shows a ball and stick drawing of
four unit cells of the ideal crystal. The Li ions are located on
two crystallographically different sites indicated with differ-
ent shadings in the figure. Using the Wyckoff labels, the d

site accounts for eight equivalent atomic sites and the c site
accounts for four equivalent atomic sites per unit cell. On the
other hand, crystalline �-Li3PO4 has the orthorhombic
Pmn21 structure �No. 31�.40 Figure 1�b� shows a similar
drawing of eight unit cells of the ideal crystal. Its two crys-
tallographically distinct Li sites are also indicated with dif-
ferent shadings in the figure. Using the Wyckoff labels, the b
site accounts for four equivalent atomic sites and the a site
accounts for two equivalent atomic sites per unit cell. As
shown in Fig. 1, the a, b, and c axes in the � form are similar
to the 2�b, a, and c axes in the � form.41 Both structures
show similar arrangements of the Li ions, while the align-
ments of the phosphate groups differ. In the � structure, all
of the phosphate groups are oriented in the same way relative
to the c axis, while in the � structure, half of the phosphate
groups have the opposite orientation.

Tables I and II list the lattice parameters and the fractional
coordinates of the inequivalent atoms for the � and � struc-
tures, showing that the lattice constants are calculated to be
approximately 2% smaller than experiment using LDA and
approximately 1% larger than experiment using GGA, as is
consistent with our experience in density-functional studies
of similar materials.16 The experimental measurements4,33–35

vary less than 1% among themselves. The calculated frac-
tional atomic positions are insensitive to the form of the

TABLE I. Lattice constants and fractional atomic coordinates of
inequivalent atomic positions for �-Li3PO4, comparing LDA and
GGA simulation results with the experimental measurements of
Ref. 35.

LDA GGA Expt.

a �Å� 10.33 10.58 10.490

b �Å� 6.01 6.17 6.120

c �Å� 4.84 4.99 4.9266

Li�d� x 0.164 0.164 0.1639

y 0.502 0.502 0.5013

z 0.305 0.303 0.3013

Li�c� x 0.423 0.425 0.4237

y 0.75 0.75 0.75

z 0.201 0.202 0.2056

P�c� x 0.412 0.412 0.41151

y 0.25 0.25 0.25

z 0.310 0.308 0.30878

O�d� x 0.341 0.341 0.34167

y 0.040 0.043 0.04289

z 0.205 0.205 0.2057

O�c� x 0.053 0.051 0.05042

y 0.25 0.25 0.25

z 0.296 0.297 0.2937

O�c� x 0.088 0.089 0.08964

y 0.75 0.75 0.75

z 0.130 0.122 0.1223
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exchange-correlation functional and generally agree with the
experimental values of the fractional coordinates within
±0.008. The optimized energy results find E�−E�=0.03 eV
per Li3PO4 for the LDA calculations and E�−E�=0.01 eV
per Li3PO4 for the GGA calculations. Although we do not
know of experimental measurements of these relative ener-
gies, the sign �indicating that the � structure is the more
stable� is consistent with differential thermal analysis
measurements.37

B. Densities of states

The partial densities of states calculated using the LDA
exchange-correlation functional in Fig. 2 show that the two
crystals have very similar density of states profiles, with the
� form showing slightly smaller bandwidths than those of
the � form. As found in other phosphate materials,15,16,42 the
lowest bands correspond to the O 2p� bonds with the P 3s
states �near −7 eV� and O 2p� bonds with the P 3p states
�near −5 eV�. The upper portion of the valence band has
primarily O 2p� character relative to the P-O bonds. The
states in the range −3�E�−1 eV have a small hybridiza-
tion with the P p� states, while the states at the top of the
valence band −1�E�0 eV have negligible admixture of P
contributions. Throughout the valence band, there is a small

contribution from the Li 2s states. The band gaps for both
materials is calculated to be 6 eV, which, not surprisingly, is
2 eV smaller than the 8 eV band gap measured43 for
�-Li3PO4. The shapes of the partial density of states plots for
the � structure are consistent with results of Xu et al.44

C. Zone center phonon modes

There have been several reports of experimental measure-
ments of Raman and infrared absorption spectra of crystal-
line Li3PO4 �Refs. 36, 39, 43, and 45–47�; therefore, our
simulations of the zone center phonon modes serve as a va-
lidity check for our modeling as well as provide insight into
Li ion motions in these crystals in the harmonic regime. Fig-
ures 3 and 4 show the spectra of Raman active modes calcu-
lated using the LDA and GGA exchange-correlation func-
tions in comparison with various experimental measurements

TABLE II. Lattice constants and fractional atomic coordinates
of inequivalent atomic positions for �--Li3PO4, comparing LDA
and GGA simulations with experimental results of Ref. 34.

LDA GGA Expt.

b �Å� 5.15 5.29 5.2394

a �Å� 6.01 6.16 6.1150

c �Å� 4.76 4.91 4.8554

Li�b� y 0.328 0.327 0.328

x 0.247 0.247 0.248

z 0.993 0.993 0.986

Li�a� y 0.838 0.845 0.843

x 0.5 0.05 0.5

z 0.992 0.993 0.989

P�a� y 0.827 0.824 0.824

x 0 0 0

z 0 0 0

O�b� y 0.685 0.686 0.687

x 0.211 0.209 0.208

z 0.893 0.894 0.896

O�a� y 0.112 0.105 0.105

x 0 0 0

z 0.896 0.899 0.900

O�a� y 0.178 0.181 0.181

x 0.5 0.5 0.5

z 0.825 0.819 0.817
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FIG. 2. �Color online� Partial densities of states �Na�E�	 for
Li3PO4 comparing results for the � and � structures, calculated
using Eq. �1� and averaging over all spheres within the unit cell for
each atomic species. The zero of energy is taken as the top of the
highest occupied valence state.
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FIG. 3. �Color online� Spectrum of Raman active modes of
�-Li3PO4, comparing experimental results �A–D� corresponding to
Refs. 45 and 43 �at room temperature� and Refs. 43 and 36 �at
liquid nitrogen temperature�, respectively, to the results of the LDA
and GGA simulations.
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for the � and � structures, respectively. Comparing the ex-
perimental spectra among themselves, we see that there is
considerable variation in the results besides variations attrib-
uted to temperature effects. For example, Harbach and
Fischer43 reported a very low intensity mode at 670 cm−1,
attributed to primarily a PO4 motion, shown in Fig. 3 as Exp.
B and C for the room temperature and liquid nitrogen tem-
perature measurements, respectively. None of the other ex-
periments reports that mode. Comparing the general features
of the Raman spectra for both the � and � structures, we
conclude that the LDA simulations have better agreement
with experiment than do the GGA simulations. This is most
apparent for frequencies 	
900 cm−1, which correspond to
internal vibrations of the PO4 tetrahedra. In this region of the
spectrum, the LDA results are close to experiment, while the
GGA results underestimate the frequencies by 5%. At lower
frequencies, the comparison between simulation and experi-
ment is more complicated. In general, the simulations have
more modes than are seen experimentally. Some of these
discrepancies are undoubtedly due to intensity effects which
we did not estimate. Nevertheless, from this comparison, we
are tempted to conclude that the LDA exchange-correlation
form represents a better physical model of Li3PO4 than does
the GGA form. For completeness, we quote GGA results
when available.

From the eigenvalues and eigenvectors of the dynamical
matrix, we are able to examine the vibrational modes of
Li3PO4 as discussed in the Appendix; in particular, the gen-
eral analysis of the vibrations for both the � and � forms
finds three general spectral regions. The low frequency re-
gion, 0�	�300 cm−1, corresponds to rigid motions of the
PO4 tetrahedra. The intermediate region, 300�	
�700 cm−1, corresponds to significant motion of the Li ions.
These motions are strongly coupled to motions of the PO4
groups as well. It is likely that the modes in this intermediate
region may play a role in ionic conductivity through their
contributions to the prefactor K in Eq. �4�. In the high fre-
quency region, 900�	�1100 cm−1, the motion is primarily
internal vibrations of the PO4 tetrahedra. This analysis is
generally consistent with the assessment of Mavrin et al.45

on the basis of their Raman experiments. While the general
form of the Raman spectra of the � and � crystals is quite

similar, their differences show that the vibrations of the PO4
tetrahedra and their coupling to the Li ions are sensitive to
the long range order of the crystals.

IV. ION VACANCY MIGRATION SIMULATIONS

The ion vacancy migration studies were carried out using
the supercells shown in Fig. 1. As seen from the figure, if a
single Li ion is removed from the crystal, there are several
neighboring Li ions which can hop into the vacancy site and
contribute to three-dimensional diffusion in �-Li3PO4 and
�-Li3PO4. We have considered several possible diffusion
paths along the three orthogonal lattice directions in both
structures. In our previous work,10 we studied the diffusion
paths for �-Li3PO4 using GGA simulations. In the present
work, we focus on LDA simulations for the reasons dis-
cussed in Sec. III C and compare the vacancy migration
paths in the � and � structures.

For each of the Li3PO4 crystal structures, there are two
crystallographically inequivalent Li sites and, consequently,
two metastable vacancy sites. Taking the lower energy site as
the reference, we list the relative energies of these sites in
Table III. For the � structure, a vacancy at a site of type d �in
the Wyckoff40 notation� has higher energy than a vacancy at
a site of type c. For the � structure, a vacancy at a site of
type b has higher energy than a vacancy at a site of type a. In
each crystal, diffusion steps which involve these two differ-
ent sites will therefore differ depending on the direction of
the step 
�E�d→c���E�c→d� for the � structure and
�E�b→a���E�a→b� for the � structure�. For each of the
four types of vacancies, we have verified that the relaxed
structures have densities of states very similar to those of the
bulk crystals shown in Fig. 2, introducing no impurity states
within the band gap which could deteriorate the electrolyte
properties of these materials.

Figure 5 compares the Li ion vacancy diffusion paths for
�-Li3PO4 identified in our previous study10 using the GGA
exchange-correlation functional with those of the present
work obtained using the LDA exchange-correlation func-
tional. This comparison shows that the two results are quali-
tatively very similar; for the most part, the LDA results show
higher migration barriers relative to those of the GGA re-

TABLE III. Energies �in eV� of metastable vacancy sites in
Li3PO4 calculated using the supercells shown in Fig. 1. The Li site
labels correspond to the Wyckoff �Ref. 40� notation. In each case,
the lowest energy configuration is defined as zero.

Site

Energy

LDA GGA

�-Li3PO4

Li�d� 0.20 0.22

Li�c� 0.00 0.00

�-Li3PO4

Li�b� 0.17

Li�a� 0.00

200 400 600 800 1000
ν (cm

-1
)

GGA

LDA

Exp.

FIG. 4. �Color online� Spectrum of Raman active modes of
�-Li3PO4, comparing experimental results corresponding to Ref. 36
�at liquid nitrogen temperature� to the results of the LDA and GGA
simulations.
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sults. The quantitative differences are less than 0.1 eV for all
of the vacancy paths considered.

Comparing the ideal supercells shown in Fig. 1 for the �
and � crystal structures, we find that Li ion placements in the
two crystals are very similar if we relate the a, b, and c axes
in the � structure to the b, a, and c axes in the � structure.
Figure 6 shows the Li ion vacancy diffusion paths for
�-Li3PO4 calculated using the LDA exchange-correlation
functional, analogous with those of Fig. 5.

The quantitative comparison between vacancy diffusion
in �-Li3PO4 and �-Li3PO4 is summarized in Table IV. Some
of the detailed comparisons are very interesting. For diffu-
sion along the a or b axis for the � or � structures, respec-
tively, the vacancy migration involves zigzag motions be-
tween inequivalent Li ion vacancy sites. For the � structure,
the two-step path involves vacancy sites 1�d�↔2�c�↔3�d�
with a smaller energy barrier for the first step and a 0.66 eV
barrier in LDA for the overall process. For the � structure,
the corresponding two-step path involves vacancy sites

1�b�↔2�a�↔3�b� with a lower migration barrier for the
first step and a 0.55 eV barrier for the overall process.

For diffusions along the b or a axis for the � or � struc-
tures, respectively, diffusion can proceed in the direction
along the axis, with hops between adjacent minimum energy
sites of the same type. For the � structure, the distance be-
tween the 1�d�↔4�d� sites, is slightly smaller than the dis-
tance between the 4�d�↔5�d� sites, and the migration barrier
is slightly smaller for the shorter path, with a 0.74 eV barrier
for the overall process. For the � structure, the distance be-
tween the 4�b�↔3�b� sites is slightly smaller than the dis-
tance between the 3�b�↔5�b� sites, and the migration barrier
is slightly smaller for the shorter path, with a 0.72 eV barrier
for the overall process. One might expect to find a low mi-
gration barrier diffusion along these axes, since recent
simulations48,49 for olivine �LiFePO4� have found Li ion dif-
fusion to occur mainly along one-dimensional channels of its
b axis, which appear to have some structural similarities with
the b-axis Li ion channels in �-Li3PO4 and the correspond-
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FIG. 5. �Color online� Diagram of LDA and GGA energy paths
for a, b, and two alternative c-axis vacancy diffusions for �-Li3PO4

plotted along the configuration coordinate defined in Eq. �5�. The
zero of energy is taken as the energy of a c-type Li ion vacancy as
calculated from our supercell. �Note: In order to visualize the com-
parison of the LDA and GGA results, the value of �Xif was taken
from the experimental data of Ref. 35.�
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FIG. 6. �Color online� Diagram of LDA energy paths for b, a,
and two alternative c-axis vacancy diffusions for �-Li3PO4, plotted
along the configuration coordinate defined in Eq. �5�. The zero of
energy is taken as the energy of an a-type Li ion vacancy as calcu-
lated from our supercell �Xif was taken from our LDA calculations
as reported in Table II.
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ing a-axis Li ion channels in �-Li3PO4. However, as shown
in Table IV and in Figs. 5 and 6, the migration barriers for
these paths are comparable to those of the other axes.

For vacancy diffusion along the c axis of both the � and �
structures, there are two possible zigzag paths. For the �
structure, the lowest migration energy that we have found
occurs for the 4�d�↔8�d�↔7�d� path, which consists of two
equivalent segments with a net barrier of 0.62 eV. For the �
structure, both paths, 6�b�↔5�b�↔7�b� and
6�b�↔2�a�↔7�b�, have a migration barrier of 0.71 eV.

In summary, using the LDA exchange-correlation func-
tional, the NEB simulations of vacancy diffusion in
�-Li3PO4 find a slight anisotropy along the a, b, and c crys-
tal axes with migration energy barriers of 0.66, 0.74, and
0.62 eV, respectively, compared with 0.69, 0.67, and
0.56 eV reported in our earlier study using the GGA

exchange-correlation functional. Using the LDA exchange-
correlation functional, the NEB simulations of vacancy dif-
fusion in �-Li3PO4 find a slight anisotropy along the b, a,
and c crystal axes with migration energy barriers of 0.55,
0.72, and 0.71 eV, respectively.

V. INTERSTITIAL ION MIGRATION SIMULATIONS

In our previous study10 of interstitial Li ion migration in
�-Li3PO4, using the GGA exchange-correlation functional,
we found several metastable interstitial sites and found that
an “interstitialcy” mechanism,29,50,51 involving the concerted
motion of an interstitial Li ion and a neighboring Li ion of
the host lattice, can provide the most efficient mechanism for
migration between these metastable sites. In this work, we
present the results of a similar study using the LDA
exchange-correlation functional and also consider interstitial
Li ion migration in the � crystalline form.

The interstitial ion migration studies were carried out us-
ing the supercells shown in Fig. 1. As shown in our previous
work,10 the � form has two distinct void channels along the c
axis, which we labeled I and II. In general, the II-type chan-
nels are characterized by having twice as many neighboring
phosphate groups along the channel compared to the I-type
channels. Table V lists the energies and positions of meta-
stable interstitial sites in those channels, comparing the LDA
and GGA results. Also listed in the table are the relative
energy and position of an unstable saddle point labeled II*,10

which are important for the interstitial migration mechanism.
A NEB simulation examining the configurations in the close
vicinity of the II* site confirms that it is a saddle point and
not a higher order maximum energy configuration. Because
of the Pnma crystal symmetry, there are several equivalent
interstitial sites in each unit cell. The I0, I1, and II* sites have
a multiplicity of 4, while the II0 sites have a multiplicity of 8.
The � crystals have similar void channels which are shown
in Fig. 7. The energies and positions of metastable interstitial
sites for the corresponding I-type and II-type void channels
are listed in Table VI. In contrast to the � structure, for the �
structure, the unstable saddle point analogous to II* is not
located at a high symmetry point and is not listed in Table
VI. Because of the Pnm21 crystal symmetry, there are sev-
eral equivalent interstitial sites within the unit cell. The I0

TABLE IV. Vacancy diffusion steps for �- and �-Li3PO4 calcu-
lated with the LDA exchange-correlation functional. The step labels
refer to the labels in Fig. 1 for the � and � crystals. The distances
�in Å� are given as the equivalent distances in a perfect crystal
measured before relaxation. The migration energy Em �in eV� cor-
responds to the maximum energy barriers between initial and final
sites, hopping in either direction.

Axis Step Distance Em

�-Li3PO4

a 1�d�↔2�c� 2.91 0.43

2�c�↔3�d� 3.10 0.66

1�d�↔2�c�↔3�d� 5.19 0.66

b 1�d�↔4�d� 2.98 0.43

4�d�↔5�d� 3.03 0.74

1�d�↔4�d�↔5�d� 6.01 0.74

c 4�d�↔8�d� 2.97 0.62

4�d�↔8�d�↔7�d� 4.84 0.62

4�d�↔6�c� 3.41 0.57

6�c�↔7�d� 2.60 0.68

4�d�↔6�c�↔7�d� 4.84 0.68

�-Li3PO4

b 1�b�↔2�a� 2.94 0.51

2�a�↔3�b� 3.03 0.55

1�b�↔2�a�↔3�b� 5.15 0.55

a 4�b�↔3�b� 2.97 0.56

3�b�↔5�b� 3.04 0.72

4�b�↔3�b�↔5�b� 6.01 0.72

c 6�b�↔5�b� 2.96 0.71

6�b�↔5�b�↔7�b� 4.76 0.71

6�b�↔2�a� 2.93 0.71

2�a�↔7�b� 2.94 0.61

6�b�↔2�a�↔7�b� 4.76 0.71

TABLE V. Parameters of some interstitial sites in �-Li3PO4.
The I0, I1, and II0 sites are metastable, while the II* site is an
unstable saddle point. Energies are given in eV relative to the low-
est energy interstitial site �I0�. The positions are given in terms of
fractional coordinates �x ,y ,z� of the �a ,b ,c� unit cell lattice param-
eters listed in Table I.

Label

LDA GGA

Energy Position Energy Position

I0 0.00 �0.30,0.25,−0.01� 0.00 �0.30, 0.25, 0.00�
I1 0.78 �0.28, 0.25, 0.57� 0.78 �0.28, 0.25, 0.59�
II0 0.30 �0.52, 0.07, 0.56� 0.18 �0.52, 0.07, 0.57�
II* 0.44 �0.50, 0.00, 0.50� 0.35 �0.50, 0.00, 0.50�
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and I1 sites have a multiplicity of 2, while the II0 and II1 sites
have a multiplicity of 4. The list of metastable interstitial
sites given in Tables V and VI represents a general scan of
reasonable trial geometries, undoubtedly, not an exhaustive

list. For the lowest energy metastable interstitial configura-
tions, we have verified that the relaxed structures have den-
sities of states very similar to those of the bulk crystals
shown in Fig. 2, introducing no impurity states within the
band gap, which could deteriorate the electrolyte properties
of these materials.

Figure 8 compares the interstitial Li ion diffusion paths
for �-Li3PO4 identified in our previous study10 using the
GGA exchange-correlation functional with those of the
present work obtained using the LDA exchange-correlation
functional. Similar to the vacancy migration studies, the in-
terstitial migration results using LDA generally show higher
barriers compared to the GGA results. The quantitative dif-
ferences are approximately 0.1 eV or less for the paths con-
sidered.

For both the � and � structures, we find that Li ion mi-
gration between channels of type I with an interstitialcy
mechanism provides the most efficient transport along the b
and c directions and along the a and c directions, respec-
tively. For example, as shown in Fig. 8 and Table VII, for the
� structure, a net migration from the metastable I0 interstitial
site at �−0.30, 0.75, 0.99� to an equivalent I0 �−0.20, 0.25,
0.49� site can efficiently occur via the concerted motion of
the interstitial Li ion and a neighboring d-type Li ion of the
host lattice. During this so-called interstitialcy process, an
interstitial Li ion at an I0 site kicks out and replaces a neigh-
boring d-type Li of the host lattice, while the “kicked-out” Li
ion takes an equivalent interstitial I0 site. The NEB results
using the LDA exchange-correlation functional indicate that
the migration energy for this interstitialcy step is Em
=0.29 eV. Diffusion along the b and c axes for an interstitial
ion in any I-type channel can, thus, be described as a series

TABLE VI. Parameters of some metastable interstitial sites in
�-Li3PO4. Energies are given in eV relative to the lowest energy
interstitial site �I0�. The positions are given in terms of fractional
coordinates �y ,x ,z� of the �b ,a ,c� unit cell lattice parameters listed
in Table II.

Label Energy Position

I0 0.00 �0.45, 0.00, 0.66�
I1 0.30 �0.42, 0.00, 0.24�
II0 0.38 �−0.07,0.78,0.64�
II1 0.39 �0.00, 0.82, 0.64�

2b2b2b2b

IIII2a2a2a2a

2c2c2c2c

2b2b2b2b
2c2c2c2c

2a2a2a2a IIIIIIII

FIG. 7. �Color online� Ball and stick drawing of metastable
interstitial Li ion configurations in �-Li3PO4 viwed along the c axis
using the same conventions as Fig. 1, with the interstitial sites la-
beled I �top� and II �bottom� �green�. These correspond to the I0 and
II0 sites, respectively, as listed in Table VI.
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FIG. 8. �Color online� Diagram of LDA and GGA energy paths
plotted along the configuration coordinate defined in Eq. �5� for
interstitial diffusion in �-Li3PO4 �top� along the b and c axes be-
tween adjacent I0 configurations via an interstitialcy mechanism and
�bottom� along the a axis between adjacent I and II channel sites
using a combination of interstitialcy and direct-hop steps. The en-
ergy of the I0 configuration was taken as the zero of energy. �Note:
In order to visualize the comparison of the LDA and GGA results,
the value of �Xif was taken from the experimental data of Ref. 35.�
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of zigzag steps with this mechanism. This interstitialcy pro-
cess is by far more efficient energetically than any of the
other interstitial diffusion mechanisms we have considered,
including direct hopping between I0 and neighboring I0 or I1
sites. For the � structure, as shown in Fig. 9 and Table VII,
we have found that diffusion between a metastable interstitial
site I0 at the position �y ,x ,z�= �−0.45,0.50,0.16� and its

equivalent site at �−0.55,0.00,−0.34� takes place most effi-
ciently via an interstitialcy mechanism between interstitial Li
ion and a neighboring b-type Li ion of the host lattice. Dur-
ing the interstitialcy process, an interstitial Li ion at an I0 site
kicks out and replaces a neighboring b-type Li of the host
lattice, while the kicked-out Li ion takes an equivalent inter-
stitial I0 site. The NEB results indicate that the migration
energy for this interstitialcy step is Em=0.39 eV. Diffusion
along the a and c axes for an interstitial ion in any I-type
channel can, thus, be described as a series of zigzag steps
with this mechanism.

In order for interstitial ions to diffuse along the a axis in
the � structure or the b axis in the � structure, both the I- and
II-type void channels must be involved. For the � structure,
one possible mechanism involves the net motion of an inter-
stitial ion at an I0 site at �x ,y ,z�= �0.30,0.25,0.99� diffusing
to an equivalent I0 site at �0.70, −0.25, −0.01� with an overall
migration energy of 0.44 eV using the following three steps
illustrated in Fig. 8 and Table VII. The first step involves the
configurations I0↔ II0 with an energy barrier of 0.30 eV. In
this step, an interstitial Li ion at an I0 site �0.30, 0.25, 0.99�
kicks a distorted neighboring c-type Li ion of the host lattice
into a II0 configuration at the interstitial site �0.52, 0.07,
0.56�. The second step involves the configurations
II0↔ II*↔ II0 with a relative barrier of 0.14 eV. This process
takes place within the type II void channel, with the intersti-
tial ion in the II0 configuration performing a direct hop to an
equivalent II0 site at �0.48, −0.07, 0.44�, passing over the
saddle point configuration at II* �0.50, 0.00, 0.50�. The third
step involves the configurations II0↔ I0. In this process, the
Li ion at the interstitial II0 site at �0.48, −0.07, 0.44� kicks
out another distorted c-type Li ion of the host lattice into an
I0 configuration �0.70, −0.25, −0.01�. It is worth noting that
this mechanism has an inversion symmetry centered at the
saddle point configuration II* at the site �0.50, 0.00, 0.50�.
The overall migration barrier for this process is given by the
energy of the saddle point at II* relative to the metastable
configuration at I0 and is, therefore, Em=0.44 eV. For the �
structure, one possible path for interstitial diffusion along the
b axis as illustrated in Fig. 9 and Table VII involves an
interstitial ion at an I0 site at �y ,x ,z�= �0.45,0.00,0.66� dif-
fusing to an equivalent I0 site at �−0.45,0.50,0.16� with an
overall migration energy of Em=0.53 eV. This process con-
sists of three steps. The first step involves the configurations
I0↔ II0 with a migration barrier of 0.53 eV. In this step, an
interstitial Li ion at the initial I0 site kicks a neighboring
b-type Li ion of the host lattice into an II0 configuration with
the interstitial site �0.07, 0.28, 0.14�. The second step in-
volves the configurations II0↔ II1 with a relative migration
energy barrier of Em=0.05 eV. This process takes place
within the type II void channel and involves the interstitial
ion at the II0 site performing a direct hop into the II1. In
contrast to the situation for the � structure, for the � struc-
ture, the energy barrier of the saddle point is small and does
not affect the overall migration barrier of the process. The
last step involves the configurations II1↔ I0. In this process,
the Li ion at the interstitial II1 site kicks out another a-type
Li ion of the host lattice into an I0 configuration
�−0.45,0.50,0.16� with a migration barrier of Em=0.52 eV.

In summary, using the LDA exchange-correlation func-
tional, the NEB simulations of interstitial diffusion in

TABLE VII. Interstitial diffusion steps for �- and �-Li3PO4

calculated with the LDA exchange-correlation functional. The step
labels refer to the metastable or saddle point configurations listed in
Tables V and VI. The distances �in Å� are estimated as the equiva-
lent distances between interstitial sites in a perfect crystal before
relaxation. The migration energy Em �in eV� is the maximum energy
barrier between the initial and final configurations of the step.

Type Step Distance Em

�-Li3PO4

Interstitialcy I0↔ I0 4.0 0.29

Interstitialcy I0↔ II0 3.3 0.30

Direct hop II0↔ II* 0.5 0.14

I0↔ II0↔ II*↔ II0↔ I0 7.0 0.44

�-Li3PO4

Interstitialcy I0↔ I0 3.9 0.39

Interstitialcy I0↔ II0 3.5 0.53

Direct hop II0↔ II1 0.5 0.05

Interstitialcy II1↔ I0 2.5 0.52

I0↔ II0↔ II1↔ I0 6.0 0.53
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FIG. 9. �Color online� Diagram of LDA energy path plotted
along the configuration coordinate defined in Eq. �5� for interstitial
diffusion in �-Li3PO4 �top� along the a and c axes between adjacent
I0 configurations via an interstitialcy mechanism and �bottom� along
the b axis between adjacent I and II channel sites using a combi-
nation of interstitialcy and direct-hop steps. The energy of the I0

configuration was taken as the zero of energy. �Xif was taken from
our LDA calculations as reported in Table II.
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�-Li3PO4 find the migration energy barriers along the b and
c axes to be Em=0.29 eV via an interstitialcy mechanism,
and along the a axis to be Em=0.44 eV via a combination of
interstitialcy and direct-hop mechanisms. The corresponding
results using the GGA exchange-correlation functional find
these energies to be Em=0.21 eV and Em=0.35 eV, respec-
tively. Correspondingly, using the LDA exchange-correlation
functional, the NEB simulations of interstitial diffusion in
�-Li3PO4 find the migration energy barriers along the a and
c axes to be Em=0.39 eV via an interstitialcy mechanism and
along the b axis to be Em=0.53 eV via a combination of
interstitialcy and direct-hop mechanisms.

VI. FORMATION ENERGIES FOR VACANCY-
INTERSTITIAL PAIRS OF INTRINSIC DEFECTS

By definition, in a perfect crystal, no vacancies or inter-
stitial ions can exist, so that mobile species such as vacancies
and interstitials must first be created before ion diffusion can
occur. In real crystals, intrinsic defects �vacancy-interstitial
pairs� are created thermally with a formation energy Ef. Us-
ing the supercells shown in Fig. 1 to relax the geometries of
several initial guesses for defect geometries, we find the
smallest defect formation energy to be Ef �1.7 eV in
�-Li3PO4 using the LDA form of the exchange-correlation
functional. In our previous work,10 we found Ef �1.6 eV us-
ing the GGA form. For �-Li3PO4, the smallest formation
energy was found to be Ef �2.1 eV using the LDA form. In
all of these cases, the smallest vacancy-interstitial pair for-
mation energy corresponds to the interstitial I0 site as de-
scribed in Tables V and VI and a next nearest neighbor va-
cancy at a c-type or an a-type Li site for the � or � crystals,
respectively. �Using an initial defect configuration with the I0
interstitial site and its nearest neighbor vacancy site, we find
that the system relaxes into its perfect crystal geometry.�

The formation energy affects the measured activation en-
ergy for ionic conductivity due to intrinsic defects.29,51 Equa-
tion �4� shows the relationship of the concentration of mobile
ions n to the ionic conductivity. For extrinsic defects, the
concentration of mobile ions n is determined by the doping
process and is independent of temperature so that the Arrhen-
ius activation energy is EA�Em. On the other hand, for in-
trinsic defects, the concentration of mobile ions n is deter-
mined by the formation of vacancy-interstitial pairs.
Following the derivation in Ref. 51, we can assume that
these defects are formed by a perfect crystal ion moving into
an interstitial site, ensuring an equal number �n� of vacancies
and interstitials with a formation energy Ef. If we assume
that there is a thermal equilibrium between the number of
vacancy and interstitial defects compared with the number of
unvacant lattice sites and unoccupied interstitial sites, the
concentration �n� of vacancies and interstitials is determined
by a Boltzmann factor

n2 � e−Ef/kBT. �7�

Using this relation in Eq. �4�, we find

� · T = K�e−�Em+Ef/2�/kBT � K�e−EA/kBT, �8�

so that for the case of intrinsic defects, the activation energy
is given by

EA = Em + Ef/2. �9�

By using Eq. �9� for our simulations and assuming that
the minimum energy processes dominate, we can estimate
the anisotropic activation energies for ionic conductivity in
Li3PO4. For conductivity in each lattice direction, we can
compare the net migration barriers for the vacancy �Table
IV� and interstitial �Table VII� mechanisms. In each case, the
interstitial mechanisms have lower energy than the corre-
sponding vacancy mechanisms. Combining these interstitial
values of Em with the minimum values of Ef quoted above,
we estimate the activation energies for intrinsic defects listed
in Table VIII. The calculated activation energies for
�-Li3PO4 agree very well with the single crystal measure-
ments of Ivanov-Shitz et al.8 Not only is there good numeri-
cal agreement, but also the fact that the activation energies
for the b and c axes are the same can be understood. In Sec.
V, we showed that interstitial diffusion along both of these
axes can be described as a series of zigzag paths between
I-type void channels via the same interstitialcy mechanism.

VII. SUMMARY AND CONCLUSIONS

Using the LDA exchange-correlation functional to simu-
late the zone center phonon modes of �-Li3PO4 and
�-Li3PO4, we found good agreement with experimental Ra-
man and infrared measurements, particularly for the high fre-
quency modes, while results using the GGA functional
showed less good agreement. This leads us to suggest that
the LDA results may represent a better simulation model of
the Li3PO4 system. Analysis of the vibrational modes finds
that the intermediate frequency range 300�	�700 cm−1 �or
9� f �21 THz� involves significant Li ion motions which
are related to the “attempt” frequencies that determine the
prefactors for ion diffusion.

Some of the main results of the Li ion diffusion simula-
tions are as follows. Using density-functional theory and su-
percells with 16 Li3PO4 formula units, we identified a num-
ber of metastable vacancy and interstitial defect
configurations which describe high probability intermediate
states in Li ion diffusion in �-Li3PO4 and �-Li3PO4. These
metastable states do not contribute to electronic states within
the energy gaps and, therefore, maintain the electrolyte prop-
erties of the materials. Using NEB methodology, we identi-
fied migration energy barriers, Em, for transitions between

TABLE VIII. Activation energies EA �in eV� for intrinsic Li ion
defects in �-Li3PO4 and �-Li3PO4, comparing experimental results
of Ref. 8 with simulation results.

Crystal Direction EA �Expt.� EA �LDA� EA �GGA�

�-Li3PO4 a 1.23 1.3 1.2

b 1.14 1.1 1.0

c 1.14 1.1 1.0

�-Li3PO4 b 1.6

a 1.4

c 1.4
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these metastable sites. Using the LDA exchange-correlation
functional, the migration barriers for vacancy diffusion via a
direct-hop mechanism were found to be 0.66, 0.74, and
0.62 eV along the a, b, and c axes, respectively, for the �
structure, and 0.55, 0.72, and 0.71 eV along the b, a, and c
axes, respectively, for the � structure. Using the GGA
exchange-correlation functional, the corresponding migration
energy barriers were found to be 0.69, 0.67, and 0.56 eV
along the b, a, and c axes, respectively, for the � structure.
Using the LDA functional, the migration barriers for intersti-
tial ion diffusion via interstitialcy mechanism or a combina-
tion of interstitialcy and direct-hop mechanisms were found
to be 0.29 and 0.44 eV along the b and c axes and along the
a axis, respectively, for the � structure, and 0.39 and 0.53 eV
along the a and c axes and along the b axis, respectively, for
the � structure. Using the GGA functional, the corresponding
migration energy barriers were found to be 0.21 and 0.35 eV
along the b and c axes and along the a axis, respectively, for
the � structure. These results indicate that the interstitial ion
processes are considerably more efficient for ion transport
compared with vacancy transport processes in these materi-
als.

From the estimation of the formation energy Ef for
vacancy-interstitial pair defects in a perfect crystal, we can
estimate the activation energy for ion diffusion in crystalline
Li3PO4 using the relation EA=Em+Ef /2. The results listed in
Table VIII which use values of Em from the interstitial
mechanism compare very well with measurements8 on single
crystal �-Li3PO4. The results are also in good agreement
with measurements on polycrystalline samples,4,6,7 where the
activation energies are found to be EA=1.1–1.3 eV and
where we assume that the samples had no significant concen-
tration of extrinsic defects. The corresponding activation en-
ergies for the � crystalline form are 0.3 eV higher due to
both higher migration energy barriers and a larger formation
energy for the vacancy-interstitial pairs.

Quantitative comparison of our results with experiments
on crystals with extrinsic defects is more difficult; however,
we can make the following observations. In crystals prepared
with a measurable number of extrinsic vacancies, the mea-
sured activation energies are considerably reduced. For ex-
ample, Wang et al.4 prepared a crystal with the measured
stoichiometry of Li2.88PO3.73N0.14, which has 4% Li vacan-
cies per formula unit, with N substituting for some O ions
and some additional O vacancies, approximately adjusted for
charge neutrality. For this material, the activation energy was
measured to be EA=0.97 eV, reduced by 0.27 eV from that
of the pure material. On the other hand, this measured acti-
vation energy is much larger than the value of Em
=0.6–0.7 eV calculated in our simulations of vacancy diffu-
sion in the otherwise perfect �-Li3PO4 crystal. Preliminary
results of our further simulations on this system52 indicate
that O vacancies in the vicinity of Li vacancies tend to in-
crease the migration energies of the Li vacancies. In future
work, we also plan to consider the effects of N doping. Clus-
ter calculations reported in the literature53 find N to have a
significant effect on migration barriers for Li ion vacancies.

On the basis of our modeling, we believe that the intersti-
tialcy mechanism should provide the most efficient ion trans-
port for Li3PO4-based materials. We note that an early study

of Li4SiO4-Li3PO4 solid solutions6 found that a
Li4SiO4-Li3PO4 solid solution with a 0.4 mole fraction of
Li4SiO4 had the lowest activation energy of EA=0.5 eV com-
pared to EA=1.3 eV for pure Li3PO4. It is expected that in-
troducing Li4SiO4 into the Li3PO4 lattice produces a signifi-
cant concentration of Li interstitials, which may contribute to
the reduction in activation energy. The complete story of this
system is undoubtedly affected by the Si ions, but it is inter-
esting to note that our computed migration barriers of inter-
stitial Li ions in ideal � and �-Li3PO4 crystals are computed
to be 0.3–0.5 eV, which suggest that an interstitialcy mecha-
nism may contribute to the ionic conductivity in the
Li4SiO4-Li3PO4 solid solution materials.
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APPENDIX: ANALYSIS OF PHONON MODES

The eigenvalues and eigenvectors of the dynamical matri-
ces can be analyzed according to their group symmetries and
their corresponding Raman and infrared transition matrix
elements.54 For �-Li3PO4, which has 32 atoms per unit cell,
there are 96 vibrational modes which decompose into the
following irreducible representations:43,45

14Ag � 10B1g � 14B2g � 10B3g � 10Au � 14B1u � 10B2u

� 14B3u. �A1�

Symmetry analysis further finds54,45 that the 48 modes with g
character are Raman active, the 10 Au modes and 3 zero
frequency acoustic modes �1B1u � 1B2u � 1B3u� are silent,
while the 35 remaining 13B1u � 9B2u � 13B3u modes are in-
frared active.

In addition to the symmetry analysis, it is also interesting
to analyze the atomic motions associated with the modes.
For �-Li3PO4, there are six inequivalent atoms. Each phonon
mode can be characterized by the magnitudes of the dis-
placements for each of the inequivalent atoms. Using the
Wyckoff site labels, we denote the magnitude of displace-
ment of six inequivalent atoms Li�d�, Li�c�, P�c�, O�d�,
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O�c�, and O�c� by xLi
d , xLi

c , xP
c , xO

d , xO
c�, and xO

c�, respectively.
The ratio of displacements between ions in the PO4 tetrahe-
dra and the Li ions can be defined as

r =
max�xP

c ,xO
d ,xO

c�,xO
c��

max�xLi
d ,xLi

c �
. �A2�

In order make assignments for the mode character, it is con-
venient to define a threshold ratio rthr such that the modes
with rrthr will be assigned as PO4 modes, while the other
modes with r�rthr will be assigned as Li modes. In this
work, we chose rthr=0.9 in order to ensure that 18 modes
assigned to Li are Raman active as analyzed by Ref. 45.

The LDA computed phonon modes are listed in Table IX
and Table X for the Raman active modes and infrared active
and silent modes, respectively, including their symmetry la-
bels and atomic assignments. Remarkably, the highest fre-
quency mode is computed to be infrared active and exactly
reproduces the experimental value of 1153 cm−1.46 There is
generally good agreement between experiment and calcula-
tion for the high frequency Raman active modes, although
there are some discrepancies in the symmetry assignments
listed in Table IX with those determined from the Raman
polarizations.43,45

For �-Li3PO4, there are 16 atoms per unit cell and 48
vibrational modes. These can be decomposed into the fol-
lowing irreducible representations:54

14A1 � 10B1 � 10A2 � 14B2. �A3�

All these modes except for the three zero frequency acoustic
modes �A1 � B1 � B2� are Raman active and, except for the
A2 modes, are also infrared active. For the � structure, there
are six inequivalent atoms in �-Li3PO4, resulting in six in-
equivalent atomic displacements for each phonon vibrational
mode. Using the Wyckoff labels, we denote the magnitude of
displacement of six inequivalent atoms Li�b�, Li�a�, P�a�,
O�b�, O�a�, and O�a� by xLi

b , xLi
a , xP

a, xO
b , xO

a�, and xO
a�, respec-

tively. In analogy to Eq. �A2�, the ratio of displacements
between PO4 tetrahedron and Li ion can be defined as

r =
max�xP

a,xO
b ,xO

a�,xO
a��

max�xLi
b ,xLi

a �
. �A4�

Again choosing rthr=0.9, we can assign the atomic character
of modes as listed in Table XI. In general, the comparison
with experiment36 is best for the high frequency PO4 modes.

TABLE IX. Raman active vibrational modes of �-Li3PO4 cal-
culated using PWSCF and LDA exchange-correlation form. The sym-
metry assignment is based on the character tables given in Ref. 54.
r is defined in Eq. �A2�. The atomic assignment is based on rthr

=0.9 as explained in the text.

	
�cm−1� Symmetry Assignment r

123 B3g PO4 1.7
133 Ag PO4 2.2
137 B1g PO4 2.3
151 Ag PO4 2.1
164 B1g PO4 1.6
165 B2g PO4 2.1
176 B3g PO4 2.9
197 B2g PO4 2.9
220 B3g PO4 2.3
220 Ag PO4 2.2
240 B2g PO4 2.4
272 B1g PO4 3.0
322 Ag Li 0.34
341 B2g Li 0.35
344 Ag PO4 1.0
359 B2g PO4 0.96
366 B1g Li 0.53
379 B3g Li 0.58
396 B1g PO4 0.95
406 Ag Li 0.68
419 B3g Li 0.87
424 B2g Li 0.32
437 B1g Li 0.48
459 B3g Li 0.43
473 B2g Li 0.77
494 Ag Li 0.67
505 B3g PO4 0.90
509 Ag Li 0.66
509 B1g Li 0.34
514 B2g PO4 0.91
521 Ag Li 0.54
540 B1g Li 0.83
548 B3g Li 0.87
566 B2g Li 0.89
598 Ag PO4 1.3
615 Ag PO4 0.99
615 B2g Li 0.64
626 B1g PO4 1.8
629 B3g PO4 1.2
675 B2g PO4 1.0
936 Ag PO4 14
952 B2g PO4 4.9
1023 Ag PO4 21
1024 B3g PO4 14
1035 Ag PO4 23
1036 B2g PO4 12
1050 B2g PO4 13
1060 B1g PO4 10
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TABLE X. Infrared and silent vibrational modes of �-Li3PO4

for 	
0, calculated using PWSCF and LDA exchange-correlation
form using the same notation as in Table IX.

	
�cm−1� Symmetry Assignment r

73 Au PO4 1.9

105 B3u PO4 1.8

191 B1u PO4 1.6

197 Au PO4 1.8

226 B2u PO4 2.7

247 B1u PO4 3.6

263 Au PO4 1.7

272 B3u PO4 3.9

323 B2u PO4 2.8

331 B1u Li 0.17

331 Au Li 0.74

333 B3u Li 0.2

357 B2u Li 0.73

407 B1u PO4 1.5

409 B1u Li 0.59

419 B2u Li 0.82

420 Au Li 0.75

426 B3u Li 0.53

434 B3u PO4 1.9

453 B2u Li 0.74

457 B1u Li 0.54

464 Au Li 0.49

468 B3u Li 0.41

473 B2u Li 0.37

494 Au PO4 1.4

500 B1u PO4 1.2

504 Au Li 0.5

523 B3u Li 0.68

541 B1u Li 0.23

541 B2u Li 0.73

558 B3u Li 0.64

568 B3u PO4 0.94

586 B1u PO4 0.98

597 B2u PO4 1.1

599 B3u PO4 1.1

602 Au PO4 1.2

628 B1u PO4 1.1

938 B1u PO4 5.5

943 B3u PO4 4.4

1019 B2u PO4 24

1026 B1u PO4 32

1039 B3u PO4 17

1054 Au PO4 15

1068 B3u PO4 25

1153 B1u PO4 7.4

TABLE XI. Raman active vibrational modes of �-Li3PO4 cal-
culated using PWSCF and LDA exchange-correlation form, with the
same notation as in Table IX except that r is now defined by Eq.
�A4�.

	
�cm−1� Symmetry Assignment r

159 A2 PO4 1.9

181 A1 PO4 2.2

184 A2 PO4 1.5

201 B2 PO4 4.5

232 A1 PO4 2.1

245 B1 PO4 2.7

252 B2 PO4 3.2

281 A2 PO4 4.0

321 B1 PO4 3.8

349 A2 Li 0.73

355 B2 Li 0.58

381 A1 PO4 0.96

388 B1 PO4 1.0

412 A2 Li 0.69

412 A1 Li 0.25

424 B2 Li 0.31

428 B1 Li 0.53

434 A1 Li 0.37

448 A2 Li 0.46

456 B1 Li 0.25

465 B2 PO4 1.2

466 A1 Li 0.57

472 B1 Li 0.67

473 B2 Li 0.74

494 A2 Li 0.42

498 A1 Li 0.73

513 A1 Li 0.62

515 B2 Li 0.65

522 A2 PO4 0.91

549 B1 Li 0.78

559 B2 Li 0.29

571 B2 PO4 1.7

579 A1 PO4 1.3

586 B1 PO4 1.6

609 B2 PO4 1.4

614 A1 PO4 1.2

630 A2 PO4 2.0

926 A1 PO4 17

936 B2 PO4 4.5

1013 B1 PO4 19

1020 A1 PO4 24

1024 A1 PO4 19

1045 B2 PO4 15

1050 B2 PO4 19

1060 A2 PO4 8.8
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