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OUTLINE
 Equations for ionic conductivity
 A list of important developments
 Examples
 Outlook
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Ionic conductivity from the mindset of atomistic modeling:
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Ionic conductivity from the mindset of atomistic modeling (continued):
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Ionic conductivity from the mindset of atomistic modeling (further simplification):
In the previous formulation all ions are included in the evaluation however, in most
cases, it is reasonable to focus on the diffusing particles,  with ,  
defining for each                   
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Some background to the Green-Kubo conductivity formulas
in its full formulation:

and in its approximation:
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1931 – Lars Onsager – Phys Rev 37, 405 (1931) & 38, 2265 (1931) – 
“Reciprocal relations in irreversible processes” – Showed how macroscopic, 
linearized hydrodynamic equation are affected by atomic level dynamics of 
the system at equilibrium; also called the fluctuation-dissipation theorem.
1954 – M. S. Green – J. Chem. Phys. 22, 398 (1954)
1957 – R. Kubo – J. Phys. Soc. Jpn. 12, 570 (1957) – “Statistical-mechanical 
theory of irreversible process” 
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Some developments in classical molecular dynamics implementations
1964 – A. Rahman, Phys. Rev. 136, A405 (1964) – “Correlations in motion of 
atoms in liquid argon” – 864 particles interacting with a truncated Lennard-
Jones pair potential at T=90K for ~ 4 ps.  One of the first realistic molecular 
dynamics simulations of transport and other properties.
1985 – Roberto Car and Michele Parrinello, Phys. Rev. Lett. 55, 2471 (1985) 
“Unified approach for molecular dynamics and density functional theory” – 
evolved into the practice of “first principles” molecular dynamics simulations.  
1990 – Steve Plimpton of Sandia National Laboratory and collaborators 
developed open source                       software package for large scale classical 
molecular dynamics simulations, mainly using empirical interaction potentials. 
Most recently LAMMPS has been adapted for use with several different 
projects which use “machine learned”  interactions.   
2007 – Jörg Behler and Michele Parrinello, Phys. Rev. Lett. 98, 146401 (2007) 
“Generalized neural-network representation of high-dimensional potential-
energy surfaces” 
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Returning to discussion of the Green-Kubo formula and its success in 
modeling real ionic conductors --
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Numerically difficult 
to evaluate

Numerically reasonable 
to evaluate
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Some successful contributions --  One example

Computed 
approximate σtr 
to screen for 
promising 
conductors.
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Some past results from our own group – typically finding σtr to overestimate 
the experimental conductivity

Ahmad Al-Qawasmeh, Jason Howard, 
and N. A. W. Holzwarth, JECS 164,  
A6386 (2017) 

Li4SnS4
Li2OHCl

Jason Howard, Z. D. Hood, 
and N. A. W. Holzwarth,  PRM 
1, 075406 (2017)

Calc

Exp

Li4B7O12Cl

Yan Li, Z. D. Hood, and N. A. W. 
Holzwarth,  PRM 6, 025401 (2022)
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Some details of computational methods –

Thanks to the Born-Oppenheimer approximation, the positions of the atomic 
nuclei can be treated with classical mechanics, while for each atomic 
configuration, the electronic ground state energies and forces are determined 
from density functional theory using the projector augmented wave formalism 
(PAW) of Blöchl (1994) DOI: 10.1103/PhysRevB.50.17953 and the PBESOL exchange-
correlation functional of Perdew (2008) DOI: 10.1103/PhysRevLett.100.136406 Density 
functional calculations were performed with the open source Quantum 
Espresso package.

Typical first principles molecular dynamics runs represent simulation 
times of ~ 100 ps or less. 
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Li4B7O12Cl

Yan Li, Z. D. Hood, and N. A. W. 
Holzwarth,  PRM 6, 025401 (2022)

What could be the problem?

Simulations performed at
High T to increase the number 
of events; extrapolation to 
experimental temperatures 
may be inaccurate.

What could be a solution?

     Possibly jump on the machine 
     learning band wagon?
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Evidence of the machine learning band wagon --

N
um

be
r o

f c
ita

tio
ns

 

History of recognition of the 
Behler-Parrinello paper according
to Web of Science data

Pu
bl

is
he

d



20256/6/2025 13

Update: May 2025:
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Input data 
for MD runs 
at several T’s

Prepare 
training and 
validation 
data set with 
{ri},E,{Fi}

Translate fitted 
model for LAMMPS 

Lots of MD 
trajectory data for 
better Green-Kubo 
analysis
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Model system – solid electrolyte composed of lithium phosphate and silicate 
alloys – specifically (Li3PO4)0.75(Li4SiO4)0.25 as inspired by --
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Structure 1                                       Structure 2

Li

SiO4

PO4
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Visualization of Li ion migration during 44 time intervals of 0.3 ps 

Structure 1                                       Structure 2
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2

Preliminary results for calculating mean squared displacements of Li ions: 
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Allegro-LAMMPS 
with various 
configuration 
averages
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Preliminary evaluations

Allegro-Lammps MSD results seem reasonable and 
not very sensitive to choices of “hyperparameters”

Green-Kubo analysis of long MD runs needs more 
work
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Evidence of numerical issues –
Plot of a particular Li position as a function of time for two identical 
LAMMPS runs with different hardware 

t (ps)  

amd
intel

r L
i(t

)  
 



20256/6/2025 21

From “Understanding Molecular Simulation” by Frenkel and Smit:

“The Lyapunov instability might seem to deal a devastating blow to the very idea 
of Molecular Dynamics simulations.   However, we have good reason to assume 
that the situation is, as the saying goes, desperate but not serious.” … “In short, 
our trust in Molecular Dynamics simulation as a tool to generate good 
approximations to real trajectories of a many-body system is based largely on 
belief…    [T]here is clearly a skeleton in the closet.  We believe this skeleton will 
not haunt us, and we quickly close the closet.”

For calculating ionic conductivity, it is important to calculate averages over 
trajectories and Frenkel and Smit (and many others) suggest that
 1. The approximate trajectories from MD simulations are reasonable
           2. The “skeleton” helps insert more ‘diversity’ into the sampling
           3.  Need to improve configuration averaging methods.  
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Outlook

 Using the allegro machine learning software package together 
with first principles molecular dynamics looks very promising for 
performing realistic simulations of materials in large supercells 
and/or for long times.

 This study helped us experience the Lyapunov instability which 
provides an interesting challenge for future work.
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Thanks for your attention.
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