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Outline
Motivation for this study
 Green-Kubo equations and various developments
 Brief description of Allegro machine learning process
 Some results
 Some surprises
 Outlook
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Ionic conductivity from the mindset of atomistic modeling:
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1931 – Lars Onsager – Phys Rev 37, 405 (1931) & 38, 2265 (1931) – “Reciprocal relations in 
irreversible processes” – Showed how macroscopic, linearized hydrodynamic equation are 
affected by atomic level dynamics of the system at equilibrium; also called the fluctuation-
dissipation theorem.
1954 – M. S. Green – J. Chem. Phys. 22, 398 (1954)
1957 – R. Kubo – J. Phys. Soc. Jpn. 12, 570 (1957) – “Statistical-mechanical theory of 
irreversible process” 

Some background for the development
of the Green-Kubo formula
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Mathematically equivalent formulation in terms of polarization density:
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Ionic conductivity from the mindset of atomistic modeling (further simplification):
In the previous formulation all ions are included in the evaluation however, in most
cases, it is reasonable to focus on the diffusing particles,  with ,  
defining for each                   
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Some details for the full and tracer Green-Kubo formulas 
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{ }( )For a given particle interaction potential describing the system:  ( )
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Basic evaluation tool – numerical evaluation of classical molecular dynamics 
equations of particle motions --

Velocity-Verlet algorithm
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Some “first-principles” molecular dynamics (FPMD) implementations using the 
Born-Oppenheimer approximation and density functional theory --
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DFT DFT

total el ctron jt tEΦ ≡r r

Computed σtr to 
screen for materials 
with high ionic 
conductivity.
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Some past results from our own group – typically finding σtr to overestimate 
the experimental conductivity

Ahmad Al-Qawasmeh, Jason Howard, 
and N. A. W. Holzwarth, JECS 164,  
A6386 (2017) 

Li4SnS4
Li2OHCl

Jason Howard, Z. D. Hood, 
and N. A. W. Holzwarth,  PRM 
1, 075406 (2017)

Calc

Exp

Li4B7O12Cl

Yan Li, Z. D. Hood, and N. A. W. 
Holzwarth,  PRM 6, 025401 (2022)
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Some details of computational methods –

Thanks to the Born-Oppenheimer approximation, the positions of the atomic 
nuclei can be treated with classical mechanics, while for each atomic 
configuration, the electronic ground state energies and forces are determined 
from density functional theory using the projector augmented wave formalism 
(PAW) of Blöchl (1994) DOI: 10.1103/PhysRevB.50.17953 and the PBESOL exchange-
correlation functional of Perdew (2008) DOI: 10.1103/PhysRevLett.100.136406 Density 
functional calculations were performed with the open source Quantum 
Espresso package.

Typical first principles molecular dynamics runs represent simulation 
times of ~ 100 ps or less. 
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Li4B7O12Cl

Yan Li, Z. D. Hood, and N. A. W. 
Holzwarth,  PRM 6, 025401 (2022)

What could be the problem?

Simulations performed at
High T to increase the number 
of events; extrapolation to 
experimental temperatures 
may be inaccurate.
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Inspiration --

Used a machine-learning methodology to simulate solid state NMR detection 
of ionic conductivity in Li3PS4 near ROOM TEMPERATURE for micro-
seconds!!!!
Motivated the present work using machine-learning at lower temperatures
to study the full and approximate Green-Kubo equations for various solid 
electrolytes.
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Process for using machine learning to expand capabilities of “first 
principles” conductivity simulations

Prepare data 
for training 

Perform training 
and validation

Run several long 
MD simulations

For each material, 
perform several FPMD 
simulations at various 
temperatures
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Some details of the Allegro software package

+ major update in Apr. 2025 
with Chuin Wei Tan and 
others

Allegro achieves efficiency without loss of accuracy by focusing on 
calculating pair energies and forces within a cut off radius Rc
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More details of the Allegro software package
The Allegro model is determined by optimizing a loss function  based on the difference
between model minus first principles potential energies and forces for each training data point :
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Form of  radial basis functions Bb(rij) used in Allegro
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Model system – solid electrolyte composed of lithium phosphate and silicate 
alloys – specifically (Li3PO4)0.75(Li4SiO4)0.25 as inspired by --
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Structure 1                                       Structure 2

Li

SiO4

PO4
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Visualization of Li ion migration during 44 time intervals of 0.3 ps 
Structure 1                                       Structure 2

Migrating Li
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Results for two structures and
various choices of Allegro “hyperparameters”

Name Structure # Weights Status

Small Struct1 ~24,500 Completed
Small Struct2 ~24,500 LAMMPS failed

Medium Struct1 ~91,100 Completed
Medium Struct2 ~91,100 Completed



10/15/2025 22
Struct1 -- Small Struct1 -- Medium

σtr results, comparing small and medium Allegro 
hyperparameters using 3 velocity seeds (lines) and their 
average (dashes)

T=900K

T=750K

T=600K

T=900K

T=750K

T=600K
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Struct1 -- Medium Struct2 -- Medium

σtr results, comparing Struct1 & Struct2 with medium Allegro 
hyperparameters using 3 velocity seeds (lines) and their average (dashes)

T=900K

T=750K

T=600K

T=900K

T=750K

T=600K

Note that these results at 600K are in rough agreement with those of Deng and coworkers.
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T=900K

T=750K

T=600K

Struct1 with medium Allegro hyperparameters using 3 velocity seeds 
(lines) and their average (dashes), comparing σtr and σ

σtr σ

T=900K

T=750K

T=600K

Somewhat reasonable results 
for configuration average. Totally ureasonable results 

for configuration average.
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LAMMPS temperatures (averaged over 3 seeds) for Medium set

900 K

600 K

750 K

600 K

750 K

900 K

Struct1 Struct2



10/15/2025 26

Surprise failure of Allegro 
“small” deploy set for 
Struct2 during long 
LAMMPS MD simulation, 
although Allegro training 
and validation process 
indicated good 
convergence and small 
training and validation 
errors.

Velocity seed 1
Velocity seed 2
Velocity seed 3

Abrupt velocity spike

Abrupt velocity spike
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Outlook
Successes
 Used Allegro software to study 2 structures in the (Li3PO4)3/4(Si4PO4)1/4 

system of electrolytes, speeding up the efficiency of calculating σtr by 10 
times, thanks also to LAMMPS MD software.

 The Allegro-LAMMPS combination allows for long atomistic simulations 
to be performed at lower average temperatures.

 Allegro representations of training and validation data seems to be 
relatively insensitive to reasonable hyperparameter choices.

Needs further work
 Need to avoid the surprise failures.
While there are clear improvements in calculating the tracer conductivity, 

there is yet no improvement in calculating the full conductivity which is a 
long standing issue with MD simulations.
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Why we might want to calculate the full ionic conductivity –
1. To help discover correlated mechanisms for ionic conductivity and 

reliably compute the Haven ratio.
2. To meet the challenges of the numerical instability of long MD 

simulations.
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