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Brief History Leading to PAW
• Kleinman and Bylander, PRL 48 1425 (1982) “Efficacious Form for Model

Pseudopotentials.”
Separable Form for Non-Local Pseudopotentials V̂NL =

∑
LM |ξLM〉δVL〈ξLM|

• Gonze, Stumpf, and Scheffler, PRB 44 8503 (1991) “Analysis of Separable
Potentials.”
Recipes for taming lurking “ghosts”

• Vanderbilt, PRB 41 7892 (1990) “Soft Self-Consistent Pseudopotentials in a
Generalized Eigenvalue Formalism.”
Ultra-Soft Pseudopotentials (USPP)

• Blöchl, PRB 50 17953 (1994) “Projector augmented-wave method.”
PAW
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The PAW Formalism
PAW transformation for a valence wavefunction:

Ψv(r) = Ψ̃v(r) +
∑

ai

(
φa

i (r−Ra)− φ̃a
i (r−Ra)

)
〈pa

i |ψ̃v〉. (1)

Partitioning of evaluation space. For example, the valence electron energy:

Evale
tot = Ẽtot︸︷︷︸

pseudo energy

+
∑

a

(
Ea

tot − Ẽa
tot

)

︸ ︷︷ ︸
atom-centered corrections

. (2)
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Partitioning of the Coulomb Interactions
Both Hartree and Fock interactions can be expressed in terms of pair densities derived from products of two
wavefunctions ρvw(r) ≡ Ψ∗v(r)Ψw(r). The PAW transformation the these products take the form:

ρvw(r) = eρvw(r) +
X

a

{ρa
vw(r−Ra)− eρa

vw(r−Ra)} , (3)

where
eρvw(r) ≡ eΨ∗v(r)eΨw(r), (4)

and
ρa

vw(r)− eρa
vw(r) ≡

X

ij

〈eΨv |pa
i 〉〈pa

j |eΨw〉
n
φa∗

i (r)φa
j (r)− eφa∗

i (r)eφa
j (r)

o
. (5)

Equivalently, we can write:

ρvw(r) = eρvw(r) + bρvw(r) +
X

a

(ρa
vw(r−Ra)− eρa

vw(r−Ra)− bρa
vw(r−Ra)) , (6)

where the “compensation charge”

bρvw(r) ≡
X

a

bρa
vw(r−Ra) (7)

is a smooth function localized within the atomic augmentation spheres such that:

Z
d3r′

ρa
vw(r′)− ρ̃a

vw(r′)− ρ̂a
vw(r′)

|r− r′| =

8
<
:

V a
vw(r) for |r−Ra| ≤ ra

c

0 otherwise
. (8)
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ATOMPAW is 10 years old!

⇒ {φi(r), φ̃i(r), p̃i(r)} and Vloc(r)

Generate input to pwpaw, abinit, socorro, quantum-espresso
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Database of PAW Atomicdata Files
http://pwpaw.wfu.edu
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ATOMPAW User’s Manual by Marc Torrent
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Consistency of abinit and pwpaw
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Mystery < 2010
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Mystery Traced to Exchange-Correlation Terms
Blöchl’s formulation

(PRB 50, 17953 (1994))

EB
xc = Exc[ñ+ ñc] +

∑
a

(Ea
xc[n

a + na
c ]− Ea

xc[ñ
a + ña

c ]) .

Kresse’s formulation
(PRB 59, 1758 (1999))

EK
xc = Exc[ñ+ ñc + n̂] +

∑
a

(Ea
xc[n

a + na
c ]− Ea

xc[ñ
a + ña

c + n̂a]) .
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Example Exchange-Correlation Potentials

Li GGA (1s22s1)
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Mystery Solved – abinit and pwpaw now agree
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Validation: Consistency between various codes
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Heats of formation ∆Hcal (eV per formula unit) calculated for the lithium (thio)phosphate and related

materials, comparing USPP, PAW and experiment (CRC or NIST).

Material (USPP) (PAW) exp

Li2O -6.18 -6.19 -6.20

Li2O2 -6.53 -6.52 -6.57

β-Li3PO4 -21.41 -21.39

γ-Li3PO4 -21.38 -21.36 -21.72

Li4P2O6 -30.02 -29.93

Li4P2O7 -34.25 -34.21

Li7P3O11 -55.26 -55.26

Li2S -4.30 -4.30 -4.57

Li2S2 -4.10 -4.10

β-Li3PS4 -8.39 -8.35

γ-Li3PS4 -8.19 -8.16

Li4P2S6 -12.45 -12.38

Li4P2S7 -11.62 -11.54

Li7P3S11 -20.06 -19.94

SO3 -4.83 -4.86 -4.71

Li2SO4 -14.74 -14.76 -14.89
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Ongoing work – extension of PAW formalism
to orbital dependent functionals
• Motivation

• Treatment of core electrons

• Hartree-Fock equations

• Approximate OEP equations (KLI)
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“Post-processing” estimate of Fock exchange relative to
self-consistent LDA or GGA Results
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Comparison of Self-Consistent and “post-processing”
Treatments of Fock exchange
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“KLI” reference: Krieger, Li, and Iafrate, PRA 45, 101 (1992)

More recent perspective on OEP and KLI: Bulat and Levy, PRB 80, 052510 (2009)
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Orbital Dependent Functionals
Fock Exchange Energy

Ex ≡ −e2
∑
pq

′
∫ ∫

d3rd3r′
Ψ∗p(r)Ψq(r)Ψ∗q(r′)Ψp(r′)

|r− r′|

Core and Valence Electron Contributions to Fock Exchange Energy

Ex ≡ Evv
x + Ecv

x + Ecc
x
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Core-Valence contributions in Fock Exchange√
Frozen Core Orbital Approximation to Fock Exchange Energy

Ecv
x ≈ −e2

X
vc

Z Z
d3rd3r′

Ψ∗v(r)Ψ̄c(r)Ψ̄∗c(r′)Ψv(r′)
|r− r′|

Frozen Core Potential Approximation to Fock Exchange Energy

Ecv
x ≈

Z
d3rV cv

x (r)ρv(r)
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-4

10
-3

10
-2

|∆
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Hartree Fock Equations for Atoms
Xu and Holzwarth, PRB 81, 245105 (2010)

HHF(r)ψHF
p (r) +Xp(r)−

X

q;Nq>0

λqpψ
HF
q (r) = 0.

Here,
HHF(r) ≡ K+ VN (r) + VH(r). (9)

The exchange kernel function is given by

Xp(r) ≡ 1

Np

δEx

δψ∗p
= −

X
q

lp+lqX

L=|lp−lq|

1

Np
ΘL

pq W
L
qp(r)ψHF

q (r),

where

WL
qp(r) ≡ e2

Z
dr′

rL
<

rL+1
>

ψHF∗
q (r′)ψHF

p (r′).
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Hartree Fock PAW Equations for Atoms
HPAW

HF (r)eΨHF
v (r) +XPAW

v (r)−
X

q

λqvOPAW
HF

eΨHF
q (r) = 0.

The single particle term takes the form

HPAW
HF (r) = eHHF +

X

aij

| ePa
i 〉DaHF

ij 〈 ePa
j |,

where the pseudo Hamiltonian-like terms depend on the pseudopotentials due to the nuclear and Hartree
interactions:

eHHF(r) ≡ K+ eVN (r) + eVH(r). (10)

The exchange function term takes the form

XPAW
v (r) = eXv(r) +

X

ai

| ePa
i 〉Xa

iv ,

where the pseudo-exchange kernel function takes the form:

eXv(r) ≡ −
X

q

lv+lqX

L=|lv−lq|

1

Nv
ΘL

vq
fWL

qv(r) eψHF
q (r).

fWL
qv(r) ≡ e2

Z
dr′

rL
<

rL+1
>

“ eψHF∗
q (r′) eψHF

v (r′) +ML
qv(r′)

”
.
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Hartree Fock PAW Equations for Atoms – (continued)

Xa
iv = −

X

v′

lv+lv′X

L=|lv−lv′ |

1

Nv
ΘL

vv′

×
 X

jkl

〈 ePa
j |eΨHF

v′ 〉〈eΨHF
v′ | ePa

k 〉〈 ePa
l |eΨHF

v 〉
“
RaL

ij;kl − eRaL
ij;kl

”

+
X

j

〈 ePa
j |eΨHF

v′ 〉ZaL
v′v;ij

!

−
X

c

lv+lcX

L=|lv−lc|

1

Nv
ΘL

vc

 X

j

〈 ePa
j |eΨHF

v 〉
“
RaL

ic;cj − eRaL
ic;cj

”

+ ZaL
cv;ic

!
,

where

ZaL
qv;ij ≡

Z
drfWL

qv(r)bmaL
ij (r). (11)
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Some details about “extended” core states
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Some details about Kohn-Sham vs Hartree-Fock
projector functions

Kohn-Sham
“
eHKS(r)− εa

i

”
eΦa

i (r) =
X

j

ePa
j (r)〈eΦa

j | eHKS − εa
i |eΦa

i 〉

Hartree-Fock
eHHF(r)eΦa

i (r) + eXi(r)−
X

q;Nq>0

λqi
eΨHF

q (r) =

X

j

ePa
j (r)

0
@〈eΦa

j | eHHF|eΦa
i 〉+ 〈eΦa

j | eXi〉 −
X

q;Nq>0

λqi〈eΦa
j |eΨHF

q 〉
1
A ,
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Orbital Dependent Functionals + Kohn-Sham =

Optimized Effective Potential (OEP) Formalism
Fock Exchange Energy

Ex ≡ −e2
∑
pq

′
∫ ∫

d3rd3r′
Ψ∗p(r)Ψq(r)Ψ∗q(r

′)Ψp(r′)
|r− r′|

Kohn-Sham Equations

HKS(r)Ψp(r) = εpΨp(r)

HKS(r) ≡ K + VN (r) + VH(r) + Vx(r)

Vx(r) =
δEx

δρ(r)
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KLI∗ approximation to Optimized Effective Potential
(OEP) Formalism

∗ Krieger, Li, and Iafrate, PRA 45, 101 (1992)

V KLI
x (r) n(r) =

∑
p

Npψp(r)XKLI
p (r) +

∑
p

Np |ψp(r)|2
(
V̄ KLI

x p − ŪKLI
x p

)

where
n(r) ≡

∑
p

Np |ψp(r)|2

∑

q 6=o

[δpq − ΓpqNq] V̄ KLI
x q = Ξp −

∑

q 6=o

ΓpqNqŪ
KLI
x q .

Here

Γpq ≡
∫
dr
|ψp(r)|2 |ψq(r)|2

n(r)
,

and

Ξp ≡
∫
dr
|ψp(r)|2

∑
q Nqψq(r)XKLI

q (r)
n(r)

.
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Relationship between KLI approximation to OEP
Bulat and Levy, PRB 80, 052510 (2009)

V OEP
x (r) = V occ

x (r)︸ ︷︷ ︸
slight extension to KLI

+f({φunocc
q (r)}).

Orbital shift function of full OEP

(H− εp) gp(r) = Xp(r)−Vx(r)ψp(r)−
(
Ūx p − V̄x p

)
ψp(r);

∑
p

Npgp(r)ψp(r) = 0.
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Comparison of Vx(r) AE-OEP, AE-KLI, and PAW-KLI
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PAW-KLI formalism

V KLI
x (r) n(r) ⇒ eV KLI

x (r) en(r) +
“
V aKLI

x (r) na(r)− eV aKLI
x (r) ena(r)

”
.

⇒ Assume that each term satisfies the KLI equations in their respective spacial and functional domains.

eV KLI
x (r) en(r) =

X
v

Nv
eψv(r) eXKLI

v (r) +
X

v

Nv

˛̨
˛ eψv(r)

˛̨
˛
2 “
V̄ KLI

x v − ŪKLI
x v

”
.

V aKLI
x (r) na(r) =

X
p

Npψ
a
p(r)XaKLI

p (r) +
X

p

Np

˛̨
ψa

p(r)
˛̨2 “

V̄ KLI
x p − ŪKLI

x p

”
,

eV aKLI
x (r) ena(r) =

X
v

Nv
eψa

v (r) eXaKLI
v (r) +

X
v

Nv

˛̨
˛ eψa

v (r)
˛̨
˛
2 “
V̄ KLI

x v − ŪKLI
x v

”
.
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Summary and Conclusions
• Thanks to the abinit community for continuously providing excellent computational

tools, productive framework for collaboration, . . .

• atompaw now produces atomic datasets for abinit, quantum espresso, pwpaw,
socorro

• For Fock exchange, we argue that the frozen core orbital approach offers better
accuracy and is compatible with the PAW formalism.

• We have formulated the PAW equations for Hartree-Fock and KLI and are currently
testing them in pwpaw.

• Future work –

– Finish testing Hartree-Fock and KLI in pwpaw.

– Extend approach to hybrid functionals ??

– Possibly extend Hartree-Fock and KLI in other codes.
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