PHY 341/641
Thermodynamics and Statistical Physics

Lecture 10

Probability concepts (Chapter 3 in STP)
A. Binomial distribution (continued)
B. Central Limit theorem
C. Poisson distribution and others



Comment on HW problem: "1
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Figure 2.17: Ulustration of varions thermodynamie processes discussed in Problem [Z256]
of the pressure P and the volume V' are Pa and m?®, respectively.

For analyzing work W,_, (along straight line):
P=P(V)= P+\|j F)(v ~V,) forV,<V <V,
3 V1

't P,—P
W, = IP(V)dV = [| R+

v, 37 V1

~V,) |dV
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Binomial distribution (review) —
Assume each elemental event has 2 possible
outcomes (for example H with probability pand T
with probability g=1-p). P,(n) gives the probability
distribution for N elemental events having n
instances of H.
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More general importance of Gaussian probability distribution —
“central limit theorem”

One-dimensional random walk
e |tis possible to describe a version of a random walk

process as a binomial distribution. If each step has a fixed
length s, then an elementary event is a step to the right
with probability p or a step to the left with probability g.
The probability of n steps to the right is then the binomial

distribution.
N I n~N-—N

nI(N —n) P A
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Example of random walk:
stp RandomWalk2D.jar

tirne = 11 time = 304
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One-dimensional fixed step walk, continued
For N total steps and n steps to the right with
probability Py(n), displacementis
x=ns-(N-n)s=(2n-N)s
<x>=(2<n>-N)s=(2p-1)Ns
<x2>-<x>2 =4pqNs?

Generalization — one-dimensional variable step (s;) walk
(derivations following Fundamentals of statistical
and thermal physics by F. Reif (1965))



N
X=>s,
=1

Let w(s;)ds, denote the probability thati™ displacement is
between s. ands. +ds.
The probability distribution for displacement x Is

P(x)dx = j j y j j ds,ds, ...ds, w(s, W(s,)---W(s, )

N
where X< )'s, < X+dx
=1

P(X)dx = [[[... [[ ds,ds, ....ds, W(s Jw(s,)--w(s, “x isﬂ



Evaluation:

o(u) = % Tdke”‘“ 5(X_Zsi) _ % J'dkeik(Zsi—x)

Let Q(k) = TdseikSW(S)

P(x)dx = j” ..”dslds2 . ds WS, )w(s, ) - -w(s, ){5(x — ZN: S, de

=1

1 N | —ikx
=57 Jak(Q) e ox



Evaluation in the limitof N - «©

P(x)dx = i Tdk(Q(k))N e M dx

Q(K) = jdse'kSw(s) jdsl+|ks—ik232 I(s) = 1+ik(s) - 1k2(s?)

IN(Q(k))" =N In(Q(k))~ Nln(1+|k<>—%k2< >)
Assuming k(s)<<1:

NIn@09)~ W) 3157 ()" = W) 3o

Leto® = N<Asz> (x)=N(s)

= P(x) = e 2




Poisson probability distribution —
Approximation to binomial distribution for small p

N!
P _ n~N-N
Nm)rMN_ﬂpq

Assume N >>n p<<l
NI N
n(N—n) nl

Ing"™" =(N —n)In(l— p) = —(N —n)p = —Np

P, (n) = I\rlﬂn p"e P —@e_w

Check: (n)= in”_ ) = (n)



Other probability distributions:

Continuous distributions p(x) = probability distribution

T p(x)dx =1

b
Probability for x in givenrange: P(a<x<b) :j p(x)dx

o0

Average value of any function for f (x): ()= J' f (X) p(x)dx

—00

Example:

_1 y
P(x)= T (x—a)*+y°
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