PHY 341/641
Thermodynamics and Statistical Physics

Lecture 10

Probability concepts (Chapter 3 in STP)
A. Binomial distribution (continued)
B. Central Limit theorem
C. Poisson distribution and others
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Comment on HW problem: °

For analyzing work ,_,, (along straight line) :
P:P(V):P1+f/33_§(V—V1) forv, <v <V,

37"

V3 V3 P 7P
W= [P0V = | [m; ;(V—n)]dv
I 1

A4

Binomial distribution (review) —
Assume each elemental event has 2 possible
outcomes (for example H with probability p and T
with probability g=1-p). Py(n) gives the probability
distribution for N elemental events having n
instances of H.

N! N-
P,(n)=———p"qd""
v () n!(N—n)!p I
Average value: Variance:
(n)=pN (n*)=(n)" =0 = Npq
1 e—(n—<n>)zl20'2

Py (n)= ﬁ
o
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Check :

(n

(n7<n>)z 126* dn

Ny

= IonPw (n)dn =j|in \/23;7 e

N

e’(n*<ﬂ>)2/2a2 dn— <I’l>2

ot = (n?)~(n)? =J.n\/23'[7

2/8/2012

More general importance of Gaussian probability distribution —
“central limit theorem”

One-dimensional random walk
¢ |tis possible to describe a version of a random walk
process as a binomial distribution. If each step has a fixed
length s, then an elementary event is a step to the right
with probability p or a step to the left with probability q.
The probability of n steps to the right is then the binomial

distribution.
|
P n) = - n_N-n
v (1) 7’1!(]\,_”)!19 q
1 ~(n=(n)f 1262
Py () =———e "
2no
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Example of random walk:
stp RandomWalk2D.jar

[me =11 time = 304]




One-dimensional fixed step walk, continued
For N total steps and n steps to the right with
probability Py(n), displacement is
x=ns-(N-n)s=(2n-N)s
<x>=(2<n>-N)s=(2p-1)Ns
<x2>-<x>2 =4pqNs?

Generalization — one-dimensional variable step (s;) walk
(derivations following Fundamentals of statistical
and thermal physics by F. Reif (1965))

2/8/2012

N

x=Ys,

i=1

Let w(s,)ds, denotethe probability thati" displacemant is
between s, ands, +ds,

The probability distribution for displacement x is

P(x)dx = I ” .. I Idsldsz Ldsyw(sw(s,) - w(sy)

N
where  x< ZS,. <x+dx

=1

P(x)dx= _[” . ” ds,ds, ...dsyw(s,)w(s,)---w(sy ){ﬁ[x - IZV:SL de

i=1

Evaluation:

S(u) = i Tdkeiku 50“25,) _ i Tdkefk(z.v,—x)

Let Q(k) = ]Edse”“‘w(s)

-0

P(x)dx = ”j . .J.J.dsla’s2 Ldsyw(sw(s,) - w(sy ){5 (x - IZV:S‘. de

=5 [akow) e ax

-




Evaluationin thelimitof N —

P(x)dx = 1 Tdk(Q(k))'V ey
27 Y,

O(k) = Tdse"“w(s) ~ Tds(l+ iks— 3 k2% )W(S‘) ~1+ l'k<s> —%k2<sz>

In(O(0)" = N In(Q(K)) = N Infu+k(s) 1 47(s°))
Assuming k(s) <<1:

NIn(0) = Mik(s) ~47((s7) (517 )= Nv(s) - 247(as7))
Leto? = N(As?) (x)=N(s)
=L
= P(x)= —e 2
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Poisson probability distribution —
Approximation to binomial distribution for small p

_ Nl n_N-n
P,v(”)—mp q

Assume N >>n p<<1
N! N"
nl(N —n) ST
Ing"™" = (N —n)Inl— p) ~~(N—=n)p ~-Np

N )
PN(n)z—,pe”'=< >, e
n: n:

n @e{"> = <n>
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Check: (n)=

©
n=0

Other probability distributions:

Continuous distributions  p(x) = probability distribution

'Tp(x)dx =1

b
Probability for x in given range: P(a < x<b) = Ip(x)dx

a

Average value of any function for £(x): ()= Tf(x)p(x)dx

Example:

S
)= 7 (x—a)’ +y?
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