PHY 341/641
Thermodynamics and Statistical Physics

Lecture 13

Methodologies of statistical mechanics. (Chapter 4 in STP)

A. Evaluation of I'(E) for N>1
B. Microcanonical ensemble
C. Evaluation of temperature
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Relationship between classical and quantum microstate
analyses:

Classical Quantum

Example for quantum particle in 1-dimensional box:

Classical Quantum

2 2.2
px S E gn = h N S
2m 8mL?
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Example: single particle of mass m confined withina 1
dimen§ional box of length L; d=1, N=1:
Classical treatment :

O0<x<L:
—~/2ME < p, <+/2mME

L J2mE
., (E) = jdx jdpx = 2L+/2mE
Quantu motreaf%t :
h°n?
8mL?
en<E

IL(E)=> 2hL V2mE

n=1

Discrete energies: ¢, = n=123---



Many particles; N>1
Consider N=2, d=1

Quantum ot

distinguishable particles || Bose statistics || Fermi statistics
LS| Mg Ty o iy Mg
2 2 I I T I
h n 2 1 : 1 2 1
1 1 2
8 — I 2 2 2 2
3 1 3 1 3 1
n; 8 L2 1 3
m 3 2 3 2 3 2
2 3
3 3 ] 3
4 1 - 1 4 1
I',(E)= ——
Q 4 2 = 2 4 2
2 4
e +e. <E 3 3 1 3 1 3
m n2 3 1
4 4 4 4

Tahle 4.%: The microstates of two identical noninteracting particles of mass m in a one-dimensional
hbox such that each particle can be in one of the four lowest energy states. The rows are ordered
by their total energy. If the particles obey Fermi statisties, they cannot be in the same microstate,
g0 ny = L. my = 1 1z not allowed. There is no such restriction ifor Bose statistics. Because the
particles are identical and hence indistingnishable, n; = 1, ng = 2 and n; = 2, nz; = 1 are the
same microstate,
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distinguishable particles || Bose statisties || Fermi statistics
T 1 1 1 n;*+n,’=2
T .-l:. : - . n,%+n,?=3
2 2 2 2 n,2+n,2=
f ; S I S (R
3 2 3 2 3 2
. 5 n,%+n,2=13
3 3 3 3 n,2+n,2=18
4 1 4 1 4 1
1 Kl n12+n22=17
2 i S IR N PR P
; j CH NI N i
4 4 4 4 n,2+n,?=32

Table 4.5: The microstates of two identical noninteracting particles of mass m in a one-dimensional
box such that each particle can be in one of the four lowest energy states. The rows are ordered
by their total energy. I the particles obey Fermi statistics, they cannot be in the same microstate.
g0 1y = L. ny = 1 1= not allowed. There is no such restriction tor Bose statistics. Because the
particles are identical and hence indistinguishable, n; = 1, ns = 2 and n; = 2, ny = 1 are the

SAINe microstate.

2/15/2012 PHY 341/641 Spring 2012 -- Lecture 13



Classical analysis for I'(E) for d=1, N=2
Classical treatment :

0<x <L 0<x,<L

0< p;,+ P;s, <2mE

L L
Fo(E)=[dx [dx,  [[dp,.dp,,
0 0

0<pg 1+ pg ,<2mE

Trick: Map problem into general problem of finding volume of v
dimensional hypersphere of radius R (see Section 4.14.1 of STP)



V,(R)= [[[dxdx,dx,dx,---dx, =C,R"

2,2 2 .p2
Xy +X5 4+ X, <R

Notethat:  V,(R)=2R
Vz(R) = 7R*

V,;(R) = an R’
3
In terms of constant C :
R
V,(R)=1C, [r"dr
0
Clever tricktofind C,:
Note that: | = jdxele =72

This can be written in the form ;

2 o0

0 0 0 —xlz—xgm—xv - _r2
Ivzjdxljdxz---jdxve :VCer e dr

0



l\)|<
O'—-o8

Gamma function:

o) = [dtt“ e
0

0 ) 1
v=1l,-r d — " T(x
— .c[ e dr =2 (%)
C, T (s)= 72
v v 1 Jr
27r° T2 2 1
C = =
Y O s | R R
Note : af(a)zF(a +1)
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Result for I'(E) for d=1, N=2

L L
L (E) — jdxljdXZ ”dpx,ldpx,z
0 0 0<pg 1+ Pg ,<2mE
= L27Z(2mE) (same as result for d=2, N=1)
Check:
2 .2
h'x so that 1 I, (k%) =2

8mL h 4




T
FFQ(KZ):_KZ Fq(’fz = Z

4 N +ns <x?’
2 1.571 1.000
5 3.927 3.000
8 6.283 4.000
10 7.854 6.000
13 10.210 8.000
17 13.352 10.000
18 14.137 11.000
20 15.708 13.000
25 19.635 16.000
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Microstate count for N particles in d-dimensions

Classical microstate distribution

1
I'(E) = [d™r d™p
NIh™ ,
LdN 7Z_dN/2

_ 2mE dN /2
N1h™ r(d7N+1)( mE)

1 (Lde (22mE)™"?)

“Nilh F(dTN+1)

h
Ford =3, L°=V

1 (VY ((2zmE)""?
TS5 )= N!(h?’j ( T3 +1) )
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Boltzmann entropy function
S(E,V,N)=kInT'(E,V,N)
For 3-dimension system of N indepent particles

1 (VY ((2zmE)""?
HEV.N)= N!(h?’j | T3 +1) )

VN zﬂmE 3N/2
:N!F(S’ZN+1)( N j

Stirling approximation for X — oo :
xI=T(x+1)= xInx—x+1In(27x)
To leading order in N :

S(E.V,N) = Nk(ln(lj+§|n(4m'fj+§j
N2 L 3Nn? )T 2




Note: more correct analysis would use :
S(E,V,N)=kInQ(E,V,N)

where Q(E,V,N) = dr(E,V,N)
dE
N 3N/2
F(EV,N)=—— (Z”TEJ
NIT(3M +1) h
drEV.N) ey 3N
dE 2
nICEVN) e v Ny -In2E
dE 3N

~ INT(E,V,N)

N —o0



S(E,V,N) = Nk[ln(ljﬁln(“mfjéj
N 2 \3Nn2 ) 2

Relation to temperature and other thermodynamic variables
L(@j 3k
T \cE)y 2 E

:E:gNkT Re(:aII:UzM

y—1
E:(ﬁj el
T oV Je V

= PV = NKT
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