PHY 341/641
Thermodynamics and Statistical Physics
Lecture 13
Methodologies of statistical mechanics. (Chapter 4 in STP)
A. Evaluation of I'(E) for N>1

B. Microcanonical ensemble
C. Evaluation of temperature
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Relationship between classical and quantum microstate
analyses:

Classical Quantum
1 0 "
T [a%ra™p = Y

Example for quantum particle in 1-dimensional box:

Classical Quantum
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Example: single particle of mass m confined within a 1
dimen_sional box of length L; d=1, N=1:
Classical treatment :

0<x<L:
—N2mE < p <~N2mE

L N2mE
I, (E)= j dx j dp, =2L\J2mE

0 _—\omE
Quantum ‘treatimeént :

. . h2 2
Discrete energies : ¢, = —nz n=123
8mL
&,<E

T (E)=) :ZTL\/ZmE

n=1
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Many particles; N>1
Consider N=2, d=1

Quantum

2 2 J ———
e = hn, e
; 2 : T .
" 8mL R
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Classical analysis for I'(E) for d=1, N=2
Classical treatment :
0<x, <L 0<x,<L

0< pfyl + pfyz <2mE

T (E) = fdxjdxz [[dp..p...
0

0 0<p? +p2,<2mE

Trick: Map problem into general problem of finding volume of v
dimensional hypersphere of radius R (see Section 4.14.1 of STP)
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V,(R)= [[[dvdv,dxgy, - dx, = C,R"
<R
Note that : V.(R)=2R
Vo(R) = 7R
AL S
3
In terms of constant C,, :
R
V,(R)= VCVJ'r"’ldr
0

Clever trickto find C,:
Notethat: 7, = J'dxe ‘Zj =z

N

This can be written in the form:

@

© w© s .
_ XXXy o —
I, = jdxl Idxz---jdxve —VCVJF e dr

RO 2o
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Gamma function : F(a)zj'dt t* e
0
= Tr"’le”zdr = 1l"(ﬁ)
0 2 :

1,
g7 I

v C,

v 1 Jr 2

—C = 2z x? 2 1 z
T s wE -




Result for T'(E) for d=1, N=2
L L
I,(E)= _[dxlj.dxz J.‘[dpx,ldpx,z
0 0 0<p? +p2,<2mE
= Lzﬂ'(ZmE) (same as result for d=2, N=1)
Check :

h’i? 1 V1

LetEEB— so that FFC,(KZ)ZZK'Z

LZ
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1 b3
frcz(’fz):z’(z INCOENDY
1112+n22SK2
[« | | .|
2 1.571 1.000
5 3.927 3.000
8 6.283 4.000
10 7.854 6.000
13 10.210 8.000
17 13.352 10.000
18 14.137 11.000
20 15.708 13.000
25 19.635 16.000

Microstate count for N particles in d-dimensions

Classical microstate distributi on

1 o v
F(E):W ‘[d”r d‘“p
) Z%s/—:

2 dN 12

T dN 12
=— % _(2mE
NUA™ r(%+1)( mE}
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Boltzmann entropy function
S(E,V,N)=kInT(E,V,N)
For 3-dimension system of N indepent particles

F(E,V,N):%(ljw (2mE f'?

NG r(Er+1)
yy 2omE \*"?
:N!F(%H)( " j

Stirling approximation for x — oo
A=T(x+1)~xInx—x+3In(2m)
To leading order in N :

S(E,V,N)= Nk(ln(Vj+3ln(4”mE}+5J
N2

3NK? ) 2
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Note :  more correct analysis would use :
S(E,V,N)=kInQ(E,V,N)
dr(E,V,N)

dE

N 3NI2
[(E,V,N)= Vi 2”me
NITEE+1) g

where Q(E,V,N)=

dr'(E,V,N)
dE
n CEVN) e,y vy -1 2E
dE 3N
~ INT(E,V,N)

Now®

—rey, NN
2E

S(E,V,N)= Nk[ln(V)+3 |n(4’””fj+5]
~N) 2 (ann? )" 2

Relation to temperature and other thermodynamic variables

() 2wl
T \éE),, 2 E

NkT

:>E:§NkT Recall: U =
2 y-1




