PHY 341/641
Thermodynamics and Statistical Physics

Lecture 15

Methodologies of statistical mechanics. (Chapter 4 in STP)

A. Canonical ensemble
B. Grand canonical ensemble
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Review:
Canonical ensemble:
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Canonical ensemble (continued)
E.=E +E E. << E,
Probability that system is In microstate s :
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Name Potential Differential Form
Internal energy E(S,V.N) dE =TdS — PdV + pudN
Entropy S(E,V,N) dS = %d}f + ?dv —~ %d?\-‘*
Enthalpy (S P -\-T) =FE+ PV | dH =TdS + VdP + pdN
Helmholtz free energy | F(T,V,N)=FE —TS8 | dF = —SdT — PdV + pdN
Gibbs free energy G(T. P N) F+ PV | dG = —-5dT'+ VdP + pdN
Landau potential QT.V.u)=F —uN | dQ2=—-SdT — PdV — Ndu
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Canonical ensemble

Partition function (note: P, = pressure here; keep N constant)

Z=>e ==X =7(TV)=Z(BV)

d(InZ(,B,V)):(ngJ dﬁ+(alnzj dv

o8 ), . oV

dinz= —(E)dB  +p(P)dV
d(InZ +(E,)8)=d(Inz)+d((E,)5)
—,B(dE )+(P,) dv )

I A
d(InZ +(E,)8)= p(TdS)



d(Inz +(E,)B)= p(TdS)
:d(—klnz):d[@—sj

— —kiInZ :<E—S>—S
T

= -kTInZ =(E;)-TS =F(T,V) Helmholz Free Energy

F(T,V,N)=—kTInZ(T,V,N)

S B Lt o}

,
oF :_P:_kT(a(mz)]
ov T.N ov T.N

oF) :_kT(a(mz)j
N, N,




Example: Canonical distribution for free particles
Classical canonical distribution for N free particles of mass

m moving in d dimensions in box of length L
A5 2
_ 1 dN - [ g N _Zm(ZpiJ

2TV N)=— Jd™r[d™pe

0<r<L

LdN
O

NIh

1 anf 2zmkT

Ford=3, L°=V

272mkT \"?
=
Compare with microcanonical ensemble :

VN (ZMT]EJBN/Z
NIT(3M +1)( h?

Z(T,V,N)zvNNI (

T'(E,V,N)=



Example of a canonical ensemble consisting of 2 particles
(Example 4.2 of your textbook)
Consider a system consisting of 2 distinguishable
particles. Each particle can be in one of two
microstates with single-particle energies 0 and A. The
system is in equilibrium with a heat bath at
temperature T.

s e | e | E
1

0 0 0
2 0 A A
3 A 0 A
4 A A 2A

2= e BN gt g KT | @ 2T gy g KT | g2k
S
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VA :Z:e_ES/kT — 14 e MK | o AKT | o=20IKT _ 9 9a=AIKT | o-2A/KT
S

olnZ  2Ae™ £ 2Ae™2AKT  JAe™/KT
<ES> - op = 1+ DMK | g=2ATKT = 1+ oA

F =—KkTInZ =—2KT In{l+e /")

Note : This example of 2 independent identical particles
has the simplifying property:

L = Ze_EslkT e MK o AKT G 2AIKT g L 9aAIKT | o-2A/KT
S

_ (1+ - O/KT )2 _ le



Grand canonical ensemble

Assume E<<E,, N.<<N,
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E.=E +E E. << E,

N, =N, + N, N, << N,

Probability that system is in microstate s :
Q,(E, —E. |\|tot N, )

ZQ ( tot tot_Ns')

In s:C+|nQb( tot_Es’Ntot_Ns)

~C+InQ (Emt,Nmt)—ES(aanbj —N{a'”ﬂbj
EtOt’NtOt aN E'[Ot NtOt

tot

oE



Acgs rr]mrlec ] Pnlcal ensemble (continued):

S(E,V,N) = kInQ(EV N)
0S olnQ
(_j ( OE j
olnQ
(&), --2-(20),

=Ing C+InQ (E, —E, N, —N,)

~C+InQ,(E,, Nm)—Es(a'”ij —NS(@'”ij
EtOt NtOt E'[Ot NtOt

OE ON

1 K
~C+InQ,(E,,N,)- E,— +N, =
(tot tot) kT Sk-l-

— g) :C'e_(Es_ﬂNs)/kT — C'e_ﬂ( s_/UNs) Eie_ﬂ(Es_ﬂNs)

S
G

where:  Z, _Ze Eomulls)



Grand canonical ensemble (continued):
— ‘7) :ie_ﬁ(Es_ﬂNs)

S

where: Z, _Ze Eomils)

Note that Q.. (T,V, u)=F —uN =-KTInZ,

_ Partition function Thermodynamic potential

Microcanonical Q(E,V,N) S(E,V,N)=k In(€2)
Canonical Z(T\V,N) F(T,V,N)=-kT In(Z) F=E-TS
Grand canonical Z:(TV,n) Qg TVR)=-KT In(Z5)  Q,g4a=F-1N
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Example of a grand canonical ensemble:

(1)

(2)

(3)

()

Consider a system with 4 sites, each of
which can be unoccupied or occupied
(n.=0 or 1) with corresponding site
energies £=0 or A.

I P T

o A W N

0000 1 0
1000 4 A 1
1100 6 2A 2
1110 4 3A 3
1111 1 4A 4

ZG :1_|_ 4e_,3(A—,U) + 6e—2ﬂ(A—y) n 4e_3lB(A_,U) 4+ e_4IB(A_,U)
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ZG — 1+ 4e Pl 4 ga2hb-u) | pa=3F(A~u) | a=4B(A-p)
= (1_|_ e_ﬂ(A_,U) )4

<NS> = SZ N T,

1.4 PA1) 1 9. g 2Ab-u) 4 3.4 3B(A-u) | g @ 4P (8=n)
ZG
foPb-u) (1 +3aAb-u) | 3a-2(A-u) e—sﬂ(A—u))
- (1_|_ e_IB(A_,U) )4

4e_ﬂ(A_,U)

(L+erem) Solving for u:

u=A4—KT In(i—1]

(NS
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