PHY 341/641
Thermodynamics and Statistical Physics
Lecture 15
Methodologies of statistical mechanics. (Chapter 4 in STP)

A. Canonical ensemble
B. Grand canonical ensemble
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Review:
Canonical ensemble:

A T AT AT AT AT AT AT A
A T AT AT AT AT AT AT A

2/20/2012 PHY 341/641 Spring 2012 - Lecture 15




Canonical ensemble (continued)
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Probability that system is in microstate s :
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Name Potential Differential Form
Internal energy E(S.V.N) dE =TdS — PdV + pdN
1 5 i
Entropy S(E,V,N) dS = —dE + Tu’\' ,'TvL\'
1

Enthalpyv

Helmholtz free energy dF = —8dT Pu"‘ + pdN
Gibbs free energy dG ?rfl + VdP + pdN

) 8dT — PdV — Ndu

Landau potential

Canonical ensemble

Partition function (note: P, = pressure here; keep N constant)

2=t =T = 2TV = 2 )
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Example: Canonical distribution for free particles
Classical canonical distribution for N free particles of mass
m moving in 4 dimensions in box of length L
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Comparewith microcanonical ensemble:
py [lemE )w/z

D(E,V,N)=————| ==
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Example of a canonical ensemble consisting of 2 particles
(Example 4.2 of your textbook)
Consider a system consisting of 2 distinguishable
particles. Each particle can be in one of two
microstates with single-particle energies 0 and A. The
system is in equilibrium with a heat bath at
temperature T.

I T
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0 0 0
2 0 A
3 A 0 A
4 A A 2A
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Note : This example of 2 independent identical particles
has the simplifying property :
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Grand canonical ensemble

Assume E.<<E,, N.<<N,
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E,=E+E, E <<E,

N, =N,+N, N, << N,
Probability that systemisin microstate s :
Q,(E, —E, N, -N,)

P = tot tot
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Grand canlo,nical ensemble (continued):
recall”

S(E,V,N)=kInQ(E,V,N)

sy _1_,(ahQ
OE ),y T E ),

(ai] 77ﬁik[aln9]
ON Jp, T ON )y
=In®=C+nQ,(E, -E,N,-N,)

1ot

:C+InQb(Emr'Nmz)_Ev(m) _N;(mj
E, N, E, N,

aE “tot 1Y tot aN “tot vV tot
1 “
:C+InQb(Emz'Nwt)_ EJE +N:E
N :2 — Cref(E\f;u\’\ ) kT = C.efﬂ(fﬁ;w\) = ief/i(E\prk)
Zg

where:  Z, = ¢ MlE)
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Grand canonical ensemble (continued):
NS )

G
where:  Z; = Ze’ﬁ(EryN\,)

Notethat ©Q,,,..(T,V, )= F—uN =—kTnZ,

_ Partition function Thermodynamic potential

Microcanonical Q(E,V,N) S(E,V,N)=k In(Q2)

Canonical Z(T,V,N) F(TV,N)=-kT In(2Z) F=E-TS

Grand canonical Z4(TV,p) uaraaTGH=KT INZd)  Day=F-HN
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Example of a grand canonical ensemble:

Consider a system with 4 sites, each of
@ @ which can be unoccupied or occupied
(n;=0 or 1) with corresponding site
@ @ energies =0 or A.
[ s | confie | 4 | £ |
1 0000 1 0 0
2 1000 4 A 1
3 1100 6 2A 2
4 1110 4 3A 3
5 1111 1 4A 4

ZG =14 4e P01 | g 2P A-n) 4 fo=3(A-u) | ,~4f(A-u)
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