PHY 341/641
Thermodynamics and Statistical Physics

Lecture 18

Methodologies of statistical mechanics. (Chapter 5 in STP)

Ising model systems
a. Definition
b. Exact solution for 1-dimension
c. Mean field solution
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Statistical mechanics of spin % systems

Microstates :
g =—us;B  wheres. =+1, 4B = spinalignment energy
pu=igu, =-9.28x10**J /T (foran electron)

Partition function for N non - interacting spins :

Z, =ZsleﬁEs =3 3 Y . Ze%[;s'J

(x| e

S]_:il



Calculation of Z,

Z, = e’ =P 1 e/ = 2cosh(BuB)

Thermodynamic functions:

F =-KT In(Z,)" =—=NKT InZ, =—NKT In(2cosh(AuB))

olnzZ,
— _NB tanh(BuB
” 4B tanh(SuB)

C = [8<E>) = kN(SuB ) sech?(SuB)

(E)=—N

oT



Independent particle system

Microstates :

EES = __:iilzLasi =—H :;i:fﬁ
=1 =1

Interacting particle system — Ising model

Microstates:

E.=-J ZN:sisj —HZN:si
=1

I, j(nn)



Ising model for H=0 and N=2
Microstates :

E.=-J ZN:sisj

I, J(nn)

Pyt

Figure 5.3: The four possible microstates of the NV = 2 Ising chain.

Z,=e” +e” e ” +e” =4cosh(4])

_ 0olnz,
(E)= Y J tanh(3J)
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Ising model for H # 0 and N=2
Microstates :

E.=-J isisj —HZN:si
=1

I, j(nn)

Pyt

Figure 5.3: The four possible microstates of the NV = 2 Ising chain.

Z,(J,H) =efUr2H) | gfU-2H) L a=R | o=/
=2e” cosh(28H )+ 2e ™
Note:Z,(J =0,H) = 2cosh(28H )+ 2 = (2 cosh(gH )Y



Partition function for 1-dimensional Ising system of N spins
with periodic boundary conditions (sy,;=5)

ZN :Zexp ﬂjzslswl_l_ﬂTH(S +S|+1)

D F(508,) T(5;,,85) (S0, Sy ) T (Sy Sy

51,592,853 "SN

where:

oy [ fay  ta-D
(S’S)_(f(—l,l) f(—1,—1)j

- plB+pH)  a=-A) -
| el a(m-pH)



1-dimensional Ising system of N spins with periodic
boundary conditions (sy,;=5;) (continued)

Ly = Z F(S1,5,) T(S5,83) - T(Sy_1,Sn) T (SysSnia)

81,82,33"‘SN

= DT T T To T

$152 " S253 5354 S455 SNSN+
81,32,33"‘SN

where:
plB+pH)  Q(-A)

T= el=AR)  Q(BI-pH)

Z, =Tr(T")



1-dimensional Ising system of N spins with periodic
boundary conditions (sy,;=5;) (continued)

Some tricks from linear algebra:
1. Anysymmetric matrix T can be diagonalized by a transformation

(0 - 0)
. 0 A4, -~ 0

of thetypeU " TU=A= .
.0 0 0 4,

2. TTT---T =TUU'TUUTU---U'T
3. TR(TTT-T)=Tr(U™TTT---TU) = Tr(AA - A)

STr(TH =4 +4 + A4 - A"



1-dimensional Ising system of N spins with periodic
boundary conditions (sy,;=5;) (continued)

In this case:
elB+p)  a=A)
el=A)  alB-pH)
0
A= &
o)
A, =e” {cosh(ﬂH )+ [sinh?(BH )+ e*” ]1/2}

A, =e {cosh(ﬁH )—[sinh?(BH )+ e~ ]1/2}
Z, =Tr(TV)=A" + 2)

T



1-dimensional Ising system of N spins with periodic
boundary conditions (sy,;=5;) (continued)

Z, =Te(TV)=A" + ) 21“(1+[}Zj ]

N
F(T,J,H)=—KkT InZ, =—NKT In 2, —KT In 1+[£j

- 21 ~
~ —NKkT |I’1/’Ll
=—NJ —kT In[cosh(ﬂH )+ [Sinhz(ﬂH )+ e ]UZ]
T H)_—f N sinh(sH )

sinh?(H )+e# "2



N sinh(sH )

M (T,J,H)

sinh?
inh?(pH )+e** |

ﬂH;



Mean field approximation for 1-dimensional Ising model

Exact macrostate energy :

E. = —JZN:sisi+1 —H ZN:si
=1 =1

Mean field macrostate energy :

E. :—JiZNl:si<si>—HiZNl:si



Mean field partition function and Free energy:

F =—KT In(Z,)" =—NKT InZ, = —NKT In(2cosh(AH )
Hy =J(s;)+H
Consistency condition :

(s) %;siew = tanh|5(3(s,)+ H )
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