Thermodynamics and Statistical Physics

Methodologies of statistical mechanics. (Chapter 5 in STP)
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Statistical mechanics of spin % systems

Microstate s :

& =—us;B  where s, =+1, 1B = spin alignment energy
u=1gu, =-9.28x107J /T (for an electron)

Partition functionfor N non - interacting spins:

Zy=3e" =3
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Calculation of Z,
Z,= Y e/ =e/® 1/ = 2cosh(puB)
s;=+1

Thermodynamic functions:

F =—kTIn(Z,)" = -NKT InZ, = —NKT In(2cosh(4uB))

(E)=-N %ﬂzl =—NyB tanh(uB)

C= [aé?js = kN (B f'sech?(4uB)
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Independent particle system

Microstates :

E, =—ZN:ySiBE—HZN:Si
i=1 i=1

Interacting particle system — Ising model
Microstates :

E, =-J zN:sisj —|—|zN:si
i=1

i,j(nn)

Ising model for H = 0 and N=2
Microstate s :

E, =-J ZN:sisj

i,j(nn)

bttt

-J -J +J +J

Figure 5.3: The four possible microstates of the N = 2 Ising chain.

Z,=e” +e” +e” +e” =4cosh(B))

(E)y=-"2%: _ 5 tanh(p)
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Ising model for H # 0 and N=2

Microstate s :
N N

E.=-J > s;s;—HD s,
SEEEEEE
—-J -J +J +J

Figure 5.3: The four possible microstates of the N = 2 Ising chain.

Z,(3,H)=ef0r2H) L gh0-2H) L g 4 gl
=2e” cosh(2H)+2e”
Note :Z,(J =0,H) =2cosh(28H )+ 2 = (2cosh(H ))’
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Partition function for 1-dimensional Ising system of N spins
with periodic boundary conditions (sy,;=s,)

Zy= zexp{/ﬂ i §iSin t ﬂTH(si + S|+1):|

= zf(s1lsz)f(52rsa)"'f(SN—1lSN)f(SNlSN+1)

wherel:v o
f(s,s'):( f(@11) f(@,-1) ]
f(-1) f(-1-1

(e glm) .
T et gl | T
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1-dimensional Ising system of N spins with periodic
boundary conditions (sy,;=s;,) (continued)

Zy = Z f(51,5,) F(S5,85) -+ (S 1, Sn) F (S Snia)

= DT T TeoTow T,

S1S2  S2S3 S3S4  S4Ss SNSN41
S;,57,53°* Sy

where :

N
- e(*/ﬂ) e(ﬁJ*ﬂH)

Z, =Tr(T")




1-dimensional Ising system of N spins with periodic
boundary conditions (sy,;=s;,) (continued)

Some tricks from linear algebra :
1. Anysymmetric matrix T can be diagonalized by a transformation

4 0 - 0
0o 4 -~ 0

of thetype U'TU=A = ? .
0 0 0 A

2. TTT---T =TUUTUU'TU---U'T
3. Tr(TTT---T) =Tr(UTTT---TU) = Tr(AA---A)

=STr(TMY) =4+ 4 + A - A
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1-dimensional Ising system of N spins with periodic
boundary conditions (sy,;=s;) (continued)

In this case :
) gl-m)
[ elm)  glw-pm)
A4 0
0
A, =e” {cosh (pH)+ [sinhz(ﬁH )+e” ]UZ}

1, =e” {cosh(ﬂH )—[sinhz(ﬂH )+e—4/3J ]1/2}
Z, =Tr(T )= 2 + 23

T

A
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1-dimensional Ising system of N spins with periodic
boundary conditions (sy,;=s;,) (continued)

AN
Z,=Tr(T")= A"+ ) =AM 1+] 22
r(r)=2 + %[{AJ]

F(T,J,H)=—KT InZ, =—NKT In 4 —kT In{1+(12] }

~—NKT In 4,
=—NJ —kT In[cosh(ﬂH )+ [sinh 2 (BH )+ e ]“2]
M3 H) = F - N sinh(8H )

oH  [sinh?(pH )+em |
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N sinh(8H)
M(T,J,H)= _
( ) [sinh2(pH)+e*# '
10 = =2 =
ol /B

=0
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Mean field approximation for 1-dimensional Ising model

Exact macrostate energy :

E, = —JzN:sisi+1 -H zN:si
i=1 i=1

Mean field macrostate energy :

E, =—JiN§si<si>—HiN§si

Mean field partition function and Free energy:
F =—KTIn(Z,)" ==NKT InZ, =—NKT In(2cosh(H 4 ))
Her =J(s;)+H

Consistency condition :

(3= Zse " <tentlp(o(s) + ]




