PHY 341/641
Thermodynamics and Statistical Physics

Lecture 19
Methodologies of statistical mechanics. (Chapter 5 in STP)

Ising model systems
a. Definition
b. Exact solution for 1-dimension
c. Mean field solution for 1-d
d. Ising model for 2 dimensions
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Ising model
Microstate s :
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For one - dimensiona | system with periodic

boundary conditions :
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Exact solution for 1-dimensional Ising system of N spins
with periodic boundary conditions (sy,,=s,)

AN
Z, =Tr(TV)= 2" + 4% = 2 14| 22
f(T)=2'+ 4[4{}1]]

F(T,J,H) = kT InZ,, =—NKT In 4 —KT In{“[ijj }
~—NKT In 4,
=-NJ kT In[cosh(ﬂH )+ [sinh 2 (BH )+ e ]1/2]
M(T,3.H)=-F Nsinh(sH)
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N sinh(BH)
[sinhz(ﬂH )+e” ]Uz

M(T,J,H)=
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Mean field approximation for 1-dimensional Ising model

Exact macrostate energy :

E, =-J isisi+1 -H isi
i=1 i=1

Mean field macrostate energy :
N N
EMF =-3D"s(s;)-HD s,
i=1 . i=1
=—((s)+H)Ys,

=1
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Mean field partition function and Free energy:

FMF = KT In(ZF )" = =NKT InZ}*F = —NKT In(2cosh(/H; ))
Hy =J <si>+ H
Consistency condition :

(s:)= Z%;sie’”“”s' = tanh[ﬁ(J<si>+ H)]

One dimensional Ising model with periodic boundary conditions:
Exact solution :

<s.>EM:[ sinh(H ) ;
YN [sinh2(pH )+ e | s,) =tanh[B(3(s;)+H)]
X _-mnliog)

Mean field solution :
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Two-dimensional Ising model — paramagnetic € =>»ferromagnetic
phase transition

Onsager's solution for square lattice for H =0:

E sinh?(241)-1 {2 }
—=-2tanh(2p))-—F————~——|—K -1
NJ @m) Simh(230 ) cosh2 ) 7 )
) sinh(23)

~ “cosh?(20)

Ellipticintegrals:

72

= [ —%
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E,(x)= j.d¢\/l—1c2 sin ¢
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Behavior of Elliptic integral function K,(x)

Re[K;(x)] 7]
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Figure 5.9: (a) Temperature dependence of the energy of the Ising model on the square lattice
according to (GES). Note that E(T) is a continuous function of kT/.J. (b) Temperature dependence
of the specific heat of the Ising model on the square lattice according to ([TH0). Note the divergence
of the specific heat at the critical temperature

Critical temperature :

KT, _ 2
J o In{t+

~2269  Note:sinh(24,J)=1andx, =1

Magnetic properties of 2-dimensional Ising model
Solution by C. N. Yang:

M 1(oF B (L-1/sinh*(2p0))"° T <T,
S5y =mm=
OH ) hso 0 T>T,

NN

30
Figure 5.10: The temperature d 1 of the ns magnetization m(T) of the two-
dimensional Ising model.
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Simulation of 2-dimensional Ising model with Monte Carlo
sampling
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Ising model in various lattices — mean field solutions
Microstate s :

a:—ai;g—Hig
i=1

i,j(nn)

q=4 g=6 q
Hy =3D s, +H
j=1
<Heﬁ>: Jq<sj>+ H=Jgm+H

Self-consistency condition for mean field treatment

qu:sj +H
j=1

<Heﬁ>=Jq<sJ>+H =Jgm+H

Heff

Z,= Zeﬂ<H“’ %~ 2cosh((Jgm+ H))

5 =+1
E=—kTInZ1
N
1 oF
=-———=tanh(B(J H
m =2~ tann((oqm-+ H)




Mean field self-consistency condition:

m = tanh(A(Jgm + H))

' Jg =2 2P0 =15

P92 a1
=0.5
Condition for non - trivial
B solution form atH =0:
".:7 T ) o5 7 ﬂ‘]q 21

=>Mean field solutions exhibit “critical behavior” (phase
transition) at B Jg=1.
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Mean field self-consistency condition for H=0: m = tanh (ﬂ(qu ))
Define: p.Jg=1

- —tanh| Z-m | = tann( L=
m_tanh(ﬂ(qu))_tanh(ﬂ mJ_tanh(T mj
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