PHY 341/641
Thermodynamics and Statistical Physics
Lecture 20
Methodologies of statistical mechanics. (Chapter 5 in STP)

¢ Phase transitions in spin systems
¢ Mean field approximation
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Ising model in various lattices — mean field solutions
Microstate s :

E,=-J ZN:sisj—HZN:si
i=1

i,j(nn)
Mean fields approximation :

EMF :—JZN:si q<sj>—HZN:si
i i=1

<Heﬁ>=Jq<sJ>+H =Jgm+H

Note: textbooks differ with counting
q=4/2 q=6/2 neighbors g without double counting.
Here q implies “unique” neighbors.
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Self-consistency condition for mean field treatment
<Heff > = Jq<sj>+ H=Jgm+H
Z,=) e ") — 2c0sh(4(Jgm + H))

=11

=-kTInZ,

3 z|m

1 oF
=-—2" —tanh(B(Igm + H
LOF_ ann(p(aam + W)
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Mean field self-consistency condition:

m = tanh(A(Jgm + H))

g — 2 2PIq =15
'Bq/". Ag=1

H=0

=05

Condition for non - trivial
| solution form atH =0:
"17 » = 7 % 7 £lg=1

=>Mean field solutions exhibit “critical behavior” (phase
transition) at BJg=1.
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Mean field self-consistency condition for H=0: m = tanh(ﬂ(qu))
Define: p.Jg=1

_ —tanh| Z-m | = tann( L=
m_tanh(/f(qu))_tanh(ﬂ m]_tanh(_l_ mj

C
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Summary of results for mean field treatment of Ising model

=[2cosh(B(3gm + H))[*
F = —KTN In[2cosh(8(Jgm + H))]
where:  m =tanh(8(Jgm+H))

Internal energy :
dInz,
or
=—N(Jgm + H )[tanh (B(Jgm + H))]
=-N(Jgm+H)m
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Summary of results for mean field treatment of Ising model
(continued) Internal energy for H =0

E =-NJgm?®

where  m = tanh(4(Jgm))

Heat capacity :

C_[a_l_] =2Nkg qu( ﬁ]

(Z%J - [qu + ﬁjq[ﬁjN ] sech’(4(Jaqm))

Jgm
~ cosh?((3qm))- fiq
c- 2Nkﬁ' 2J29*m?

~ cosh*(B(Jam))- pIg
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Summary of results for mean field treatment of Ising model
(continued)
Behavior of heat capacity for H =0

interms of T, = J?q:

_2NKkpIgm?
cosh (ﬂ(qu)) B
~ 2Nkm? [sz
coshz(Lmj—[T—C) T
T T
tanh T—“m forT <T,

0 forT >T,
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Note that: m= {




Summary of results for mean field treatment of Ising model
(continued)

Behavior for T near T, where m is small

tanh[T—“mj forT <T,
m= T

0 forT >T,
forT<T,andT =T, :

T 1T, Y
ms=Sm-=|=2m| +--
T 3lT
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Summary of results for mean field treatment of Ising model
(continued)  -- behavior for T near T, where m is small

2Nkm?

C=0 forT >T,

Summary of results for mean field treatment of Ising model
(continued)  -- behavior for T near T, where m is small

T T 1/2
3 —|1-—
-l oz
co 2Nkm? [sz
coshz(T—“m]—[T—C) T
T

T
forT <T,and T =T, :

2 2
Cz$(%j ?{TLJ (17%]%%
17[TC)+3[1flj ¢ ¢ —?C




Behavior of magnetic susceptibility (in scaled units):
m = tanh(8(Jgm + H ))
am
Hy=| ==
2(T.H) (BH)T

(gg ) (ﬁ /”Jq( ]]SeChQ(ﬁ(qu+H))
p

am
2T H) = (ml " cosh?(8(3gm + H))- Aiq
ForH =0:

— _|_|‘n—|

1
lUvO)ZTiT
q coshzt—cmj—?c
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Behavior of magnetic susceptibility (in scaled units) -- continued:

c

1 le
x(T0) =
% coshz(-_ll-_—”m]—T—‘

ForT>T; m=0
T
T _ T 1 . . .
T.,0)= T _ Curie - Weiss relation
(0= LT WT-T,

T

1/2
ForT<T,andT ~T,; m~ «/E[le[l—?]

coshz(L m) ~1+ 3[1—LJ
T T

T
T LT 1

To~
(T.0) LT 3,L T, T
T, T
.

182012

Behavior of magnetization at T:

m =tanh(B(Jgm + H ))= tanh( m +%J
ALT =T, :
mﬁc)=tanh[mﬁc)+%]~m(Tc)+%f%(m(Tc)+%]
3H]3

=>m(T,)~ [kT




Critical exponents:

values of the exponents

correlation function € = 0

Quantity Critical behavior d =2 (exact) | d=23 | mean-field theory
Specific heat T~c® 0 (logarithmic) | 0.113 0 (jump)
order parameter m~ &7 1/8 0.324
susceptibility X ~e 7/4 1.238
equation of state (e = 0) m~ H'¢ 15 4.82
correlation length Ene? 1 0.629

G(r) ~ 1/rd=2n 1/4 0.031

Table 5.1: Values of the critical exponents for the Ising model in two and three dimensions. The

values of the cri

cal exponents of the Ising model are known exactly in two dimensions and are

ratios of integers. The results in three dimensions are not ratios of integers and are approximate.
The exponents predicted by mean-field theory are discussed in Sections (7] and @] pages 2561

and {34
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