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PHY 341/641  
Thermodynamics and Statistical Physics 

 
Lecture 29 

 
Review (Chapters 5-7 in STP) 

 
• Magnetic systems; Ising model 
• Fermi statistics 
• Bose statistics 
• Phase transformations 
• Chemical equilibria 
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Second exam:   April  9-13 
                  -- student presentations 4/30, 5/2 (need to pick topics) 
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Review of statistical mechanics of spin ½ systems -- Chapter 5 in STP 
 
Fist consider system with independent particles in a magnetic field:  
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Calculation of Z1 
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Magnetic field dependence of Z: 
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Magnetization and susceptibility of independent spin ½  particles 

βµB 

M/M0 

χ/χ0 



4/8/2012 PHY 341/641 Spring 2012 -- Lecture 18 7 

Independent particle system 

∑∑
==

−≡−=
N

i
i

N

i
is sHBsE

11

:sMicrostate

µ

Interacting particle system – Ising model 
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Effects of interactions between particles: 
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Partition function for 1-dimensional Ising system of N spins 
with periodic boundary conditions (sN+1=s1) 
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1-dimensional Ising system of N spins with periodic 
boundary conditions (sN+1=s1)    (continued) 
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1-dimensional Ising system of N spins with periodic 
boundary conditions (sN+1=s1)    (continued) 

)(Tr)(Tr)(Tr  3.
      2.

.

000

00
00

  type theof     

ation transformaby  eddiagonaliz becan  matrix  symmetricAny    1.
:algebralinear  from  tricksSome

1

111

2

1

1

ΛΛΛTUTTTUTTTT
TUTUTUUTUUTTTT

ΛTUU

T











==

=



















≡=

−

−−−

−

nλ

λ
λ

N
n

NNNN λλλλ 321)(Tr ++=⇒ T



4/8/2012 PHY 341/641 Spring 2012 -- Lecture 18 11 

1-dimensional Ising system of N spins with periodic 
boundary conditions (sN+1=s1)    (continued) 
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1-dimensional Ising system of N spins with periodic 
boundary conditions (sN+1=s1)    (continued) 
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Mean field approximation for 1-dimensional Ising model 
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Summary of qualitative results of Ising model systems : 
 Exact solutions of one-dimensional system show no phase 

transitions 
 Exact solution by Onsager for two-dimensions system 

shows phase transitions as a function of T in zero magnetic 
field 

 Mean field approximation shows phase transitions for all 
dimensions as a function of T in zero magnetic field 

 Mean field approximation for fixed T as a function of 
magnetic field is qualitatively similar to exact solution for 
one dimension 
 



4/8/2012 PHY 341/641 Spring 2012 -- Lecture 19 18 

HJqmHsJqH

HsJH

jeff

q

j
jeff

+≡+=

+≡ ∑
=1

Self-consistency condition for mean field treatment for 
general system with q nearest neighbors  

( )( )

( )( )HJqm
H
F

N
m

ZkT
N
F

HJqmeZ
s

sHeff

+=
∂
∂

−=

−=

+== ∑
±=

β

ββ

tanh1

ln

cosh2

1

1
1

1

1



4/8/2012 PHY 341/641 Spring 2012 -- Lecture 19 19 

( )( )HJqmm += βtanh

5.0=Jqβ

1=Jqβ
2=Jqβ 5.1=Jqβ

1
  :0at   for solution 

 trivial-nonfor Condition 

≥
=

Jq
Hm

β

Mean field self-consistency condition: 

Mean field solutions exhibit “critical behavior” (phase 
transition) at βcJq=1. 

H=0 



4/8/2012 PHY 341/641 Spring 2012 -- Lecture 19 20 

Mean field self-consistency condition for H=0: ( )( )Jqmm βtanh=
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Summary of results for mean field treatment of Ising model 
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Behavior of magnetic susceptibility (in scaled units): 
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Behavior of magnetic susceptibility (in scaled units)  -- continued: 
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Interacting systems – N identical particles of mass m: 
      Classical treatment 

( )

kTmv

NmvmN

ii

mNVN
N

V
mNN

N

ev
kT

mv

dvvv

dvevmepd

dvvmpdm

epderd
N!h

Z(T,V,N)

 epdrd
N!h

Z(T,V,N)

i
i

i
i

i

i
i

i

2/2
2/3

2/2323

233

23})({3
3

})({
233

3

2

2
2

2

2

2
4)(

: and between  velocity of particle finding ofy Probabilit

4 

4           

 1

 1

−

−









−











−

−

−









−







=

+

=
∑

==

∑
=

∑
=

∫∫

∫∫

∫∫

π
π

π

π

β

β

β

β

ββ

P

p

p
r

rp

vp

Many particle systems with translational degrees of 
freedom – Chapter 6 of STP 
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 For classical particles the Maxwell velocity distribution is 
the same for all particle interaction potentials. 
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Statistics of non-interacting quantum particles  
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Fermi particle case : 
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Bose particle case : 
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Bose particle case : 
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Case of Fermi particles  
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T >> 0 
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Case of Fermi particles   
Non-interacting spin ½ particles of mass m at T=0               
moving in 3-dimensions in large box of volume V=L3:   
Assume that each state ek is doubly occupied (due to spin) 
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Case of  Fermi spin ½ particles for T 0  in 3-dimensional box. 
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Case of Bose particles   
Non-interacting spin 0 particles of mass m at low T               
moving in 3-dimensions in large box of volume V=L3:   
Assume that each state ek is singly occupied.  
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Critical temperature for Bose condensation: 
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Other systems with Bose statistics 
 Thermal distribution of photons  -- blackbody radiation: 

 In this case, the number of particles (photons) is not 
conserved so that µ=0. 
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Blackbody radiation distribution: 

ν 

T1 

T2>T1 

T3>T2 



4/8/2012 PHY 341/641 Spring 2012 -- Lecture 24 39 

Other systems with Bose statistics 
 Thermal distribution of vibrations  -- phonons: 

 In this case, the number of particles (phonons) is not 
conserved so that µ=0. 
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Other systems with Bose statistics  -- continued 
 Thermal distribution of vibrations  -- phonons: 

∫∫ −







=

−
=

=
=

−
=

TT

x
D

k

k

DD

k

e
dxx

T
TNkT

e
d

c
VE

ckc

e
n

/

0

33

0

3

32 1
9

12
3

).directions 3in  same  thebe  tohere (assumed sound of speed  thedenotes
    where,frequency  lfundamenta  thesolid, DebyeFor 

             
1

1

ω

ωβ

βε

ωω
π

ω
ωε









4/8/2012 PHY 341/641 Spring 2012 -- Lecture 24 41 

Thermodynamic description of the equilibrium between 
two forms “phases” of a material under conditions of 
constant T and P  -- Chapter 7 in STP 
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Example of phase diagram : 
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Other topics 
• Van der Waals equation of state 
• Chemical equilibria 
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