PHY 341/641
Thermodynamics and Statistical Physics

Lecture 29
Review (Chapters 5-7 in STP)
* Magnetic systems; Ising model
¢ Fermi statistics
* Bose statistics

¢ Phase transformations
¢ Chemical equilibria
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4/9/2012 PHY 341/641 Spring 2012 - Lecture 29 2

Review of statistical mechanics of spin % systems -- Chapter 5 in STP

Fist consider system with independent particles in a magnetic field:
Microstates :

&, =—us,B where s, =1, uB= spin alignment energy
u=igu, =-928x10%J/T

syyex

ZN

sp=t1 sy=*1 s3=£1 sy=+1
N
B: N
|z | =(2)
s;=%1




Calculation of Z,
Z = Zeﬂ“&l =e ™ 1™ =2cosh(fuB)
=%l

Thermodynamic functions:

F =—kT'In(Z,)" = =NkT In Z, = —NkT In(2 cosh(BuB))

(E)= —N%ﬂzl =—NuBtanh(fuB)

C= [aé?]g = kN(BuB) sech?(fuB)
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Magnetic field dependence of Z: N
Z,(T, N, B) = (2cosh(BuB))

Magnetization :
N
M=pu3(s)
i=1
BuBs;
<S>:slz+:lS12 _1 0z
! Zeﬁ"B & pPu OB
sp=+1

_oF
oB

= M = Nutanh(BuB)=

0B
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Magnetization and susceptibility of independent spin % particles
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Effects of interactions between particles:

Independent particle system

Microstates :
N N
Es:_Zlusi E_sti
i=1 i=1

Interacting particle system — Ising model
Microstates :

N N
E =-J ZSI.S_/. —HZSI.
) i=1

i,j(nn

For one dimension : E, ==Y (Js,s,,, ++ H(s, +5,,,))

i
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Partition function for 1-dimensional Ising system of N spins
with periodic boundary conditions (sy,;=s,)

N PBH N
Zy z exp{/ﬂz S8 T Tz (Si + Si+1):|
s i=1

i=1

Zf(spsz)f(szr53)"'f(SN—1lSN)f(SNlSN+1)

51,852,537 Sy

where :
(@D 7@
T (f(—l,l) f(—l,—l)]

(e glm) .
T o) ) | T

el
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1-dimensional Ising system of N spins with periodic
boundary conditions (sy,;=s;,) (continued)

Zy= Zf(sl’sz).f(szlSS)"'f(SN—l’sN)f(SN’sNH)

51,852,837 Sy

Z T»"132 T9233 ]-;'3»"4 ]-;'455 o TM SN+t

S1187,53° 8y

where :

e QBB A
T )
Z, =Tr(T")




1-dimensional Ising system of N spins with periodic
boundary conditions (sy,;=s;,) (continued)

Some tricks from linear algebra :
1. Anysymmetric matrix T can be diagonalized by a transformation

4 0 - 0
0o 4 -~ 0

of thetype U'TU=A = ? .
0 0 0 A

2. TTT---T =TUUTUU'TU---U'T
3. Tr(TTT---T) =Tr(UTTT---TU) = Tr(AA---A)

STr(TY) =4+ + 4 A

n
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1-dimensional Ising system of N spins with periodic
boundary conditions (sy,;=s;) (continued)

In this case :

o[ )
)

1-dimensional Ising system of N spins with periodic
boundary conditions (sy,;=s;,) (continued)

(. (2"
Z,=Te(TY)= 2+ 4 = 2|1+ 22
r(r)=2"+ %[{AJ]

F(T,J,H) = kTN Z, = —NkT In 4, kT In{1+(j{j]‘ }

~—-NkT In 4,
=—NJ —kT In[cosh(ﬂH)+ [sinh2(BH )+ e* ]“2]
M(T,JH) = OF Nsinh(BH)

CoH lsinh2 (gt )+ 7 12




N sinh(BH)
M(T,J H)= .
( ) [sinh2 (gt )+ e 7 '
. -
wodl A=1

=0
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Mean field approximation for 1-dimensional Ising model

Exact macrostate energy :

ES

Mean field macrostate energy :

N N
= —JZ ;8,1 — HZ s;
i-1 i1

E" = —Jiy(y) - His.
i=1 i=1

N

=—(I(s)+H)D s,

i=1

N
= _Heff'zsi
i1
s

Spring 2012

Mean field partition function and Free energy:

FY = —kTIn(z}" )" ==NKT In 2" = ~NKT In(2cosh(pH,,))
H, =J(s)+H
Consistency condition :

<Si> = Z%;s,e‘””“““' = tanh[ﬂ(J<S‘.> + H)]




One dimensional Ising model with periodic boundary conditions:
Exact solution : Mean field solution :
<S>E%: sinh(BH )

TN finnt () v T () = tanh[p(s(s)+ )]
AN _—~

XL d b
e
0 .
.

A
=
=
®
W

—
11
[
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Summary of qualitative results of Ising model systems :

= Exact solutions of one-dimensional system show no phase
transitions

= Exact solution by Onsager for two-dimensions system
shows phase transitions as a function of T in zero magnetic
field

= Mean field approximation shows phase transitions for all
dimensions as a function of T in zero magnetic field

= Mean field approximation for fixed T as a function of
magnetic field is qualitatively similar to exact solution for
one dimension

Self-consistency condition for mean field treatment for
general system with g nearest neighbors

9
H,=JY s +H
j=1

=
<quf>=Jq<S,>+H =Jgm+H
L
sp=%1

% =—kTInZ,
1 oF
M=o ’f‘i”h(ﬁ(J‘qm +H))
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Mean field self-consistency condition:

m = tanh(B(Jgm + H ))

' g =2 2 BJq =15
M g -1
=0.5
Condition for non - trivial
solution form at H =0:

".:7 = T = 7 plg =1

=>Mean field solutions exhibit “critical behavior” (phase
transition) at BJq=1.

PHY 341/641 Spring 2012 -- Lecture 19

4/9/2012

Mean field self-consistency condition for H=0: m = tanh (ﬂ(.]qm ))
Define: g.Jg=1

m : tanh ((Jgm))= tanh (ﬂﬁ mj = tanh (% mj

c

.
05 .

tanh(imj for T<T,
m= T
o 0 for T>T,
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Summary of results for mean field treatment of Ising model
Internal energy for H =0:
E = —NJgm?*
where  m = tanh(8(Jgm))
Heat capacity :

0E 2 om
{3 o35,

[%l B [qu A Jq[%l{ J sech?(f(Jgm))

8B ), cosh?(B(Jgm))-piq

2NkB?J g m?

Cc=—°c"P 49m
cosh?(B(Jgm))~ plq




Behavior of magnetic susceptibility (in scaled units):

m = tanh (B(Jgm + H))
AT, H) =(a—’")

OH
(‘”’j :(mﬁfq[a—’"] ]sechZ(ﬁ(quH))
0H ), 0H ),
=53] ~ e
For H=0:
T,
KO- —T

N

Jq coshztimj—
T

/2012 PHY 3
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1 T
2r0)="——T—A
4 cosn? Lm]—T—‘
T T
For7>T,; m=0
T.
T 7. 1

;((T,O):iL: <——— Curie - Weiss relation
Jgq, I JqT-T,
T

1/2
ForT<T.andT~T.; m~ ﬁ[ij[l—L]

coshz(im) ~1+ 3[1—£J
T T,

.

1 T, 1
2(T.0)~ r o
Jq [1

T\ L) 2T
T T
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Behavior of magnetic susceptibility (in scaled units) -- continued:
T.

Many particle systems with translational degrees of
freedom — Chapter 6 of STP

Interacting systems — N identical particles of mass m:
Classical treatment

1 b ]—wf ()

NI

Z(T,V.N)= J'dswr.[dwpe

i.rz,,z
N;”‘ J‘ o) J‘ AV pe 1

AT V.N)=

p; =my, d3p = 4m®vidv
5w
J‘ds"\‘p e 2,,,\2“ ] = (47lrn3jvzdve’ﬂ’"“2/2)w

Probability of finding particleof velocitybetweenvandv+dv:

32
P(v) =4 m Ve 2kt
27kT
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Maxwell velocity distribution

312
m j vze—mvzlur

QW)= 471'[ T

P(v)dv =2, (u)du = %uze’”zdu where u = %v
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1+

08

w

0 1 H
=> For classical particles the Maxwell velocity distribution is
the same for all particle interaction potentials.
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Statistics of non-interacting quantum particles

Single particle states : &
Single particle occupation numbers : n,

Bose particles (integer spin): n, =0,1,2,3, -
Fermi particles (% integer spin) : n, =0,1

Grand partition function for thesesystems:
Z,(T, 1) = Ze‘”(”\ ~#V:) summingover all microstates s

Grand partition function for thesesystems:
Zo(Tu)=Y e %) summingover all microstates s

E =Zn,fgk N, =Zn,f
k k

Z (T, 1) :H Ze’ﬁ(”ick’fmi)
= HZc,k(Ta )

where Z,, (T, 1) =’ o Plote—r)




Fermi particle case : }’l; _ O,]_
ZG,k (Tl ,Ll) = z e‘ﬂ(n):.gk _/””/:)
=1+ Pl

Landau potential for this case:
Q, =—kTINZ,, =—kTIn(L+e "))
Mean occupancy numbers:

oQ 1
<nk>:_ a’uk - Pl 11
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n =012,34,-

Bose particle case :

Zs, (T, u)= Ze*ﬁ("lﬁ )
— N —Ble—u)ny _ 1
Landau potential for this case:
Q, =—kTIn chk =kT |n(]__e—ﬁ(€rﬂ))
Mean occupancy numbers:

oQ 1
(m) =~ aﬂk PRI
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Bose particle case : n}; =012,34,--
Note a detail:
Z. (T, p) = i ~Ble—pm _ 1
G\ M) = ‘—oe Tl e

Note that the summation of the geometricseries
implies that e ¢ <1
=eM <1l or u<0

10



Case of Fermi particles

ny

u=10 T>>0

&
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Case of Fermi particles
Non-interacting spin % particles of mass m at 7=0
moving in 3-dimensions in large box of volume V=L3:
Assume that each state e, is doubly occupied (due to spin)

1
N = =)
S n)=% gy
Example : particles in 3-dimensional box of length L

hZ 2+ 2+ 2
£y i e nl) & ) nonn =123
8mL n e
h2k?
2m
3
> - (ij Id3k
7 2

spin degeneracy
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Inthe limit L —» o, ¢, —

Case of Fermi spin % particles for T 20 in 3-dimensional box.

11 forg<u

<”k>*m~ 0 forg, >u
k
L 3 L 347[

N=X(n)>2 —| |[%k=2 = |k

Thi-qo) Joedo) 5

hPk?

= =&p

2m "
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Case of Bose particles
Non-interacting spin 0 particles of mass m at low T
moving in 3-dimensions in large box of volume V=L3:
Assume that each state e, is singly occupied.

1
N=2 ) =X ey

hz(nf+nf+nf)
Epmm, =g Ny, n, =123
S 8mL ’
h2k2
2m

3 _’(ij [@%=[dz g, (e)

3/2
2,(e) =L2[2—”'j Je
Az

In the limit L — o, ¢, —

hZ
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Critical tempez;ature for Bose cnindensahon
N= n0 +Idg gB(g)iﬂ(F )

L J e }
! 1
condensate “normal” state
If N= jdggﬂ(g)ﬁ thereis no"condensate’

The temperature at which the aboveequalityis satisfiedis
called the Einstein condensation temperaure 7.
Approximat value:

veae) Dt ) I

2/3 2
N~ [ 2T, 2612£ okt = NIV Y 2
4\ n 2612) m

641 Spring 2012

<n0> {T )3/2
For7<T, ——=1-|—

™)
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Other systems with Bose statistics
Thermal distribution of photons -- blackbody radiation:
In this case, the number of particles (photons) is not
conser\ied so that p=0.

{me) ]
& =hw=hck=hv
LY v
P [Ej jdgjd%‘(g —hck) = j de £°
k

zhe

Distribution of radiated energy:
14 & 87hV v
(E)=2odmle, = gz [de == J v oo

8z (kT)
(&)= 15(hc )’

-1
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Blackbody radiation distribution:

T3>T,

Other systems with Bose statistics
Thermal distribution of vibrations -- phonons:
In this case, the number of particles (phonons) is not
conserved so that u=0.

1
(m)=—m—

e
& =ho
For Einstein solid, the fundamental frequency
vibratesin 3directions for all N particles.
1 1
E)=3Nho| ——+—
(E)=a¥nef 1)

e

= [6<E>J - 3Nk["’£]2 o

or kT (ew _1)2
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Other systems with Bose statistics -- continued
Thermal distribution of vibrations -- phonons:

1
(m)=——g
& =ho
For Debyesolid, the fundamental frequency w = ¢k, where ¢
denotes the speed of sound (assumed here to be the same in 3directions).

37,17

Ih ? o’do T xdx
<E> S 2r%e {e""” -1 gNkT[TT)] ;[ e -1
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Thermodynamic description of the equilibrium between
two forms “phases” of a material under conditions of
constant Tand P -- Chapter 7 in STP

Review of Gibb's Free energy:
G=G(T,P,N)=E-TS+PV =F+PV
dG =—SdT +VdP + pdN

u=u(T,P)=%Eg(T,P)

(ag] __S (@gj _r
or), N oP), N

Example of phase diagram :

P fusion
curve

liquid

eritical

solid
point
vapor pressure
curve
su:Ll:rnr;:tmn triple
N point gas
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gA(T’P):gB(T’P)
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Clausius - Clapeyron Equation

2,(T,P)=g,(T.P)
dg,(T,P)=dg,(T.P)

()13 () (3 e

IS Sl [V el geg
NA NB NA NB

dP _A(SIN)
dT  AVIN)

Clausius - Clapeyron Equation

dP_ A(SIN)

dar ~ A(VIN)

For a phase change involving the "Latent Heat":

a5 =L
T

d_P _ Ly
ar  1t(v,-Vv,)
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Clausius - Clapeyron Equation - - approximate P(7) for liquid - gas coexistence
dpP L,

ar T, -,)

Example: A=vapor B== water

L,, =2.257x10°J | kg = 40.7x10° J/mole T >373.15K

V,~ AT (permole) R, =kN,,
V,~0

dP Ly P dP_L,dl
dT R, T? P R, T’

In(P) = constant — RL”;" = P(T)=PRe ™!

M
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Other topics
¢ Van der Waals equation of state
¢ Chemical equilibria
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