PHY 712 Electrodynamics
10-10:50 AM MWF Olin 107
Plan for Lecture 11:
Start reading Chapter 5
A. Magnetostatics
B. Vector potential

C. Example: current loop
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Course schedule for Spring 2014

(Preliminary schedule - subject to frequent acjustment.) Please note that makeup lectures (indicated In red) are scheduled for

Tugsdays or Thursdays at 11 AM - 12:15 PM In Olin 107,
Al -

JDJ Reading | Topic ign. | Due date
fr 2014 [Chap. 1 [intreduction, nits and Poissor i
i Chep. 1 Electrostalic energy calculations.

Chap. 1 Poisson equation and Green's theorm

lay - no.class.
inctions for cas

T Chap 1 oduction (o numencal methods |45
[Chap 2 MMethod of images s [0z w2014
[ [NAWH cut of town - no class

NAWH eul of town - no class

[7 [Fr 017312014 [Chap. 3 [Cyhindrical and spherical geomeiries T [p2r05e2014
/8 [Mon 0210372014 [Chap. 4 Multipole analysss of charge drsinbutions |48 [02/052014
[0 [Wed 0210522014 |Chap 4 {Dipoles and diclecirics [oaroTiz0i4

772014 (Chap 4 Dipoles and dislectrics

» 102014 [Chap 5 Hagnetostatics.
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Magnetostatics

Magnetic flux density or magnetic induction field B
Steady state (time constant) current density J

I)=>qvo(r-r)

Note that "statics" implies that V-J = 0.
This follows from the continuity equation :

a—'0+V-J =0
02/10/2014 at
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Comparison of electrostatics and magnetostatics

Electrostatic field due to charge density p(r):

Magnetostatic field due to current density J(r):

B(r):f—;’rjd3r'J(r')x r-r

prf
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Alternative forms magnetostatic equations
Magnetostatic field due to current density J(r):

B(r)= %J'dSV‘J(I")X r-r

prf

Note that: V = _r;r’
r—rf

Alsonote that : Vx(s(r)V(r))=Vs(r)x V(r)+s(r)Vx V(r)

33() ﬂOVXId3’ (r)

Alternative forms magnetostatic equations -- continued

/10 3.0
B(r)= oV jd s r‘

= V-B(r)=0 No magnetic monopoles
= VxB(r)= 4,J(r) Ampere'slaw
"Proof" of Ampere's law for magnetostatic system :
/10 30 (r')
VxB VxVx|d'r
* ( ) 4 ) ~[ ‘r r ‘

Note that: VxVxV =V(V-V)-V?V

Recall that : VZ‘ ! 'l:—47z53(r—r') and V-J(r)=
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Differential forms of magnetostatic equations:
= V-B(r)=0 No magnetic monopoles
= VxB(r)= y,J(r) Ampere'slaw
Magnetostatic vector potential
B(r) =Vx A(r)
Ho 3.0
Blr)="—"Vx|d'r
( ) 4r J

I(r)

[r—r

= A(r)= %’T j d’r' :(_1‘3 +Vs(r)

Non uniqueness of the magnetostatic vector potential

Note that: B(r)=VxA(r)=VxA'(r)
if A'(r)=A(r)+Vs(r)

Example: for B(r)= B,z

)
or  A(r)= By
or A(r)
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Differential form of Ampere’s law in terms of vector potential:

VxB(r)=VxVxA(r)=u,J(r)

= V(V-Ar))- V?A(r)= #d(r)

If V-A(r)=0 (Coulomb gauge) = VZA(r) =—u,3(r)
I(r")

Ho 30
Alr)==—"|dr——=
(r) 472"[ : ‘r—r"




Magnetostatics example: current loop

z
E y
J(r)= Iz din 0'6(cos 8')5(r'—a )~ sin ¢'x +cos #'§ )

a
Hy 30 J(rv)
Alr)=="1|d
(r) 47z-[ r‘r—r"
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Magnetostatics example: current loop -- continued
I(r)= ES sin @' 8(cos 0')5(r'~a )~ sin ¢'% + cos ¢'§)
a

A(r):ﬂj.d}r'M

Iy [r—r]

sin 0 5(cos @')5(r'~a)(~sin ¢'x + cos ¢'y)

ol oo, 1 g
Alr)=""|r"dr'dcos@'d¢
) Ama '[ (r2 +72-2r7"(cos @ cos @'+ sin Hsin &' cos(¢p— ¢')))J :

Completing integration over ' and 6"

Alr) = la’ kd ) (~sing'k+cos¢'y)
) Am ][ 4 (rz +a* —2ra(sin Hcos(¢f¢')))l :
Let p—¢'=¢p

sin ¢'= sin(¢ — @) = sin g cos p — cos gsin ¢
cosg'= cos(¢ - qo) = cos ¢cos @+sin @sin @
Remaining non - trivial terms

cos @

Mola . . N

Alr)=="—(sin ¢X —cos ¢y) | d. .

( ,));“4” ( )E[ W‘(r'z +a27‘2('a(sin‘ﬁcosq)))l .
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Magnetostatics example: current loop -- continued

cosp

Hola (. o N
A(r)="""—(sin ¢x —cos d =
) ar (ingk W)][ w(rz +a* —2ra(sin O cos (/7))l -

Elliptic integrals :

i du
Kmy= [ — %
o ][ (l—m sin’ u)l :
E(m)= ”jz(l —msin® u)l *du
0
)= 41a (sin(ﬁ&—cosyﬁy)l 1 ((271(2)1((1?725(1{)}
an (r2 +a2+2msin9) “|_ k

4arsin @

where: k%=

B(r): Vx A(r)
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Magnetostatics example: current loop -- continued
Ale)= £ 47, bindi—cos i) [(271{1)1((1()725(1()}
Ar > +a’ +2rasin 9)' : k?

4arsin@

where: &k’ =

7> +a’ +2rasin @
For¢g=0: x=rsin6, y=0

Alr)= 4,28 =~ £ a1ag ! f@*kﬂKgrdqu

2

T ()c2+zz-%—az-$—2wc)I
4ax
where:  kP=————
X*+z +a +2ax
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Magnetostatics example: current loop -- continued

N q(sm¢x—cos¢y) i {(Z—k“)K(lz)—ZE(k)}
4 (P +a* +2rasing)” k

where: k= 24‘?&

r*+a” +2rasin@

B(r)=VxA(r)

Note that for spherical polar coordinates : ¢ = sin ¢k — cos gy

Alr)= Aw(r)(i)

where Aw(r): Ho 4a {(Z’kz)K](ﬁ)’ZE(k)}

172

r (rz+a2+2msin9)
)= olsinaa,(r)). 10(:4,(r))

_L eindAlr)), 13vA\r)lg
rsin @ 00 roor
For r > o
Yy Ima® s
B(r)~ 2 cos 6 + sin 69
() iz 7 ( )

02/10/2014 PHY 712 Spring 2014 - Lecture 11 14

Other examples of current density sources:
Quantum mechanical expression for current density

for a particle of mass M and charge e and of probability amplitude W(r):

Ir) = 726—1‘2(\y“(r)vwr) —W (V1)

For an electron in a spherical potential (such as in an atom) :
lP(r) = lPnlm, (r) = Rt!/(r)y/m, (‘:)

eh ) 1 oy ) 0%, ()
0=l 0 v 07y, P
_eh m
" M rsing

rsin@

(o

Vo, ()

Note that: ¢ =—sin gk +cosgy =

zxr

rsin@
,ﬁ n, 2|
o= (e )
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Magnetic vector potential {osthis case:
Hy ooz, I
Alr)= d’r
(r) 47z"-

r—rf
1 eh m ] a3 ]
I(r ):Hif2 sirllz 7 W, (r')Y|(zxr)

W, ()

7 sin’ @'

A(ﬂ:ﬂerm’/ Jdar' (ixr')
dr M ‘rfr'

For example: electron in the n/m, = 211state of H :

i 2
“qu(r')z‘ ! (gj e sin? @'

" 64’

A(r)=—'u°eh(ixr){l—e’“’[ur+rz+F3H

8z M ¥ a 2a* 84’
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