PHY 712 Electrodynamics
10-10:50 AM  MWF Olin 107
Plan for Lecture 21:
Continue reading Chap. 9

A. Electromagnetic waves due to
specific sources

B. Dipole radiation examples
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Maxwell’s equations

Microscopic or vacuum form (P =0; M =0):
Coulomb's law : V-E=p/g,

Ampere - Maxwell'slaw: VxB- Lz Z—]f = pd
c
Faraday's law : VxE+ %3 =0

No magnetic monopoles: V-B=0
1
=>ct=—r0
gOluO
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Formulation of Maxwell’'s equations in terms of vector and
scalar potentials:

Lorentz gauge form - - require : ! 8;13 =0
¢
_qu;.L %a& ple,
ot
1 O°A,
-VA, +— P L= y,J
0A
B=VxA E=-VO-—

t
Note that the Lorentz gauge is consistent with the

A . t
source continuity condition : % +V-J (r, t) =0
t
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Electromagnetic waves from time harmonic sources

(r w)e “)

= %(p(
Current density : ( e )

( (r w)e” “‘”)

= Vector potential : A(r, ): ( (r,a))e “”’)

Charge density : r

= Scalar potential : <1)(r 1)=R

For k=<
c
- - 1 elk‘l"*l"
D(r,0)= D, (r,w)+ J. e A, o)
&, r—r
- - ik|r—r'|
A(r,a)):Ao(r,a))+ﬂjd3r"‘;_r' J(r', o)
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Electromagnetic waves from time harmonic sources —

continued: .
Useful expansion :

zk‘r r‘
4”‘r r‘ kz b, U Y, (e )Y, (B (7)
B(r,w)= D, (r,®) Z¢,,,, r,o),,(F)
)= [ 0 0 ol ) F)

K(r, a)) = Ko(r, a))+ 25,m (r, o), (f)

Im

a,(r0)= ikﬂojdj”'j(r" )y (kr Y (ke )Y o (')
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Forms of spherical Bessel and Hankel functions:

()= W)=
()= singx) 3 cos(x) ()= 7(1 N i ) e

X

X x) x

1)~ Z-snte)- 28142208
X x X X x)x
Assymptotic behavior :

() )
x<<1 :>],(x)~(21+1)”

e ) S
X
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Electromagnetic waves from time harmonic sources —
continued:

Dipole radiation case :

Define dipole moment at frequency w:
~ 1 ~
plo)= Id3r rp(r,w)= ffj.d3r I(r,0)
io
For fields outside extent of source and k7’ << 1 within the source :

. ikr
Alr.0)= 10

B(r )= —— p(w).e(ukije'r'”

4rwe, r
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Electromagnetic waves from time harmonic sources —
continued:

E(r,0)=-VO(r,0)+ioA(r,0)
L oy [FE DB )
B(r,0)=VxA(r,0)

L i (F x p(w))[1 —ij

dre,c’ 1 ikr

Power radiated for kr >>1:

dP . " e wlE B
o 1--<S>m,g :T%r-m(E(l‘,w)XB (r“’))
ck

274
e
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Properties of dipole radiation field for kr >>1:

B, 0)= < (@ xp(o))7)

4re, 1

ikr

= 1 A
L )
0

Power radiated for kr >>1:

274
R
dQ @ 372 g,

(f‘ xp(a)))x f“z
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Example of dipole radiation source

I(r,0)=2Je'? Alr,0)= T cos e "
R

o

Alr,) =27, (ks )| r* dr' ey b )jo (k7.

0

O(r,0)=— ok cos QJ.r'Z dre™" " (k. )j, (kr.)
:N0) 5
Evaluation for » >> R :
N . ikr 2R}
Alr,0)=2/,u,— m
ikr . 3
(f)(r,w)=ﬁcost9€ [H— ! j %
£y@ r kr (1 + k%R )2

Example of dipole radiation source -- continued
Evaluation for » >> R:

ikr 3
Al o)=2u S —R
ro(1+R
ikr . 3
(T)(r,w):‘]—okcosﬁe—(lJrL] Lz
£y r kr (1+k2R2)

Relationship to pure dipole aplproximation (exactgv/zr;é-,‘}rj]kR-)O)
p(o)= J.a”r rp(r,w)= —.—J'd3r J(r,w)=—"""23
io

iw
. ikr
Corresponding dipole fields : K(r, w)= f%p(w) er
~ i N
10} - Bl =
(r.) 4nwe, p() r( i krj r




Alternative approach
Fields from time harmonic source:

(‘1") d3 'erk‘r—r“ .
(r.0) ‘j;gj ‘rfr.P(r»w)
A(r a))_&"-aﬂ ,eik\r r| J(r' a))
T 4g p—r| V"’
For r>>r': Ir—r'l=r(l1-F-r'+..)
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Alternative approach -- continued

z

Linear center-fed antenna ™~ 6
\(‘1/2\

A(r,a))z

ikr
%Ljdar' ok j(r', a))
T r

J(r\®)=1,sin [%—k | z |J5(x)5(y)i
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Alternative approach — linear center-fed antenna continued

ikr d/l ) kd
dz' e—r/tcos(b’)z sin (77]{ | ! ‘)

A(r,a))zi—ﬂ"l" - I
kd kd
4 | COS| —cos @ |—cos| —
M, e 2 2

dr v 3,
2r - sin® @

=Z

Time averaged power:
2

(kd ) (kd]
cos| —cos @ |—cos| —
dP:12 Hy 1 2 2
dQ Ve, 87[2‘ ‘

sin @
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Alternative approach — linear center-fed antenna continued

Time averaged power:

(kd ) (kd]
cos| —cosd |—cos| —
dP:12 Uy 1 2 2

aQ "\, 87°

sin @ ‘

cos’ [zcosﬁj

for kd=r: d—P:IO2 ﬂ%+
dQ & 87 sin” @

2

NE
AP 4 cos (Ecosﬁj
for kd =2r: 7:102 ﬂiziz
dQ & 87 sin” @
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Dipole radiation in light scattering by small (dielectric) particles
_—
— @ — E
—_—
l —~ Hsc
Einc
Hinc
a ikkyr 1 -~
E, =&Ee™ H, . =—k,xE,,
HoC
In electric dipole approximation :
1 ikr . R 1 R
E =k <((fxp)<i) H =—#xE,
4rs, r HoC

Dipole radiation in light scattering by small (dielectric) particles

— @ — E.
l\ Hsc
Eint:

Scattering cross section :

)
do(. .~ . ror- Sj(.m,
eka) e
0 inc / avg

CPRE[ & -

éo'Emc2 (4”50Eo)2 P
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Estimation of scattering dipole moment:
Suppose the scattering particle is a dielectric sphere
with permittivity € and radius a:

p=dm’s, £/6,-1 E..
elgy+2

Scattering cross section :

2
do (. .+ .\ rJgE oo e
— £, 8k, 8, )= = g
dQ( ! ") &, E, [ (47[80E0)2‘ P
2
—Ka® elg,—1 .3 P
slg,+2| 7 7°
03/21/2014 PHY 712 Spring 2014 -- Lecture 21

Scattering by dielectric sphere with permittivity £ and radius a:
For E;, polarized in scattering plane:
do (. .~ 4 eley—1| . . 2
(r,a,ko,so)— Yat |20 &,
dQ eley+2
ele,—1
=k*a’ 0 o0s’ @
eley+2
Scattering by dielectric sphere with permittivity € and radius a:
For E;, polarized perpendicular to
scattering plane:
dﬁ(f- P )_ o 6| E/6 11 2
a0 elg,+2| " "
—Kat elg,—1
ele,+2

Assuming both polarizations are equally likely, average

cross section is given by :

do(. .~ .\ kalele,—1|
dg( ,a;ko,ao): ; ;‘m (c0529+1) |




Scattering by dielectric sphere with permittivity £ and radius a:
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2
ka®|elg,—~1
= u (cosze+1)
2 |elg,+2
2]
"
S TIMEr S TR TR R AN I
0
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