PHY 770 -- Statistical Mechanics
12:00" - 1:45 PM TR Olin 107

Instructor: Natalie Holzwarth (Olin 300)
Course Webpage: http://www.wfu.edu/~natalie/s14phy770
Lecture 22

Chap. 9 - Transport coefficients
QO Linearized Bolzmann equation
O Systematic approximation of the transport
coefficients

“Partial make-up lecture -- early start time
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| [Thur /2014 |APS Mesting  [Teke-home exam (no class meeting)
[ [Tue: 03/1172012 [Spring break (no class meeting)
[ [Thur 031372014 [Spring break {no class meeting)
;14 Tue: 0311812014  |Chap. & E?:::Z:;BDSB periclos (olass 12:1.45 PM L4 03/25/2014
[15 [Thur- 03/20/2014 [Chap. 6 interacting particies (class 12-1:45 PM) #14 031252014
[16 [Tue: 031252014 [Chap. 7 [Langevin equation (class 12-1:45 PM) 15 [0a/01:2014
{7 [Thur 02/27/2014 [Chap. 7 [Fokker-Planck equation (class 12-1:45 PM) 16 [04/03/2014
s Tue: 04/01/2014 ‘CI‘!SD. 7 |Linear Response (class 12-1:45 PM) 104/10/2014
[19 [Thur 04/03/2014 [Chap 9 " [Transport theory (class 12-1 45 PM) [04/10/2074
20 [Tue: 04/08/2014 [Chap. 9 [The Baltzmann Equation (class 12-1-45 PM) 19 047102014
21 [Thur. 04/10/2014 [Chap. @ [The Boltzmann Equation {class 12-1:45 PM) [£20 04/17/2014
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[Review and highiights (class 12-145 Ph)
Review and highlights (class 12-1:45 PM)
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Signup schedule for presentations available this afternoon. Please list
the title of your presentation when you sign up.
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WFU Physics Colloquium
TITLE: Advances in Organic Electronics
SPEAKER: Professor Brad Conrad,

Department of Physics and Astronomy,
Appalachian State University

TIME: Wednesday April 16, 2014 at 4.00 PM
PLACE: Room 101 Olin Physical Laboratory

Refreshments will be served at 3:30 PM in the Qlin Lounge. All
interested persons are cordially invited to attend.

ABSTRACT

Organic semiconductors offer the promise of low-cost devices on arbitrary surfaces,
transparent displays, efficient OLEDs, and even biodegradable photovoltaics. Through
chemical engineering, the physical and electronic properties of these new materials can be
tailored to meet specific and i matter
pnys\cs In this colloquium | will have a lively introduction to organic semiconductors,
explore some recent advances, and briefly discuss our recent work on small organic
molecule solar cells.
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The Boltzmann equation:
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PHY 770 Spring 2014 -- Lecture 22

The Boltzmann equation:

In the notation of your textbook:

f(r,v.0) > f(r,p.t)
(Z] = [40[@peobe) (7007 (0.20)- S (1) (100)

where b= impact parameter of collision

where g =|v, -V

Detailed solution for a dilute gas of N identical particles of mass m in
volume V in absence of external force (F=0). In order to help the
analysis, we will imagine that % the particles are “normal” with
label “N” and %2 the particles are “tracers” with label “T”. The
density of particles is denoted n,=N/V.




The Boltzmann equation — approximation by linearization
Assume that the system is near equilibrium and define:

S(r.p.t)= 1 (p)(1+h(r.p.1))

3/2
I SO =70 _ 0 M B ] —pp*I(2m)
n our case, /* (p) = /" (p) = /;’ (P) ) (27zm e

Define the possible collision cross sections for {a,b,c,d} <> {N,T}
o(b,g),, fora,b:c,d=NN:NN,TT:TT,ITN:TN,NT:NT

Ouped = .

0 otherwise

Abbreviate:

by, =h(rp ) fora=NorT.
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Linearized Boltzmann equation for normal and tracer particles

0 o
o)

—4

ot

a 1
v, -V,]h,-(r,pl,t) = [é]

= Z Id3P2 J.ngo_mz;:adfo(pz ) (hlza thy,—hy—h, )

coll N @b

= Z J‘dspzjngUu,h:<.df0(pz)(hl',u + hl’,h - hl,r - h2,< )

coll, T @b

D
\_:\_/

Linearized Boltzmann equation for normal and tracer particles

It is convenient to define the sum and difference distributions:
h"=hy+h, and h”=hy,—h,

Pl . of' -
[5+V1'Vrjh (r,PlJ):[%lﬂ“ =C/h(r,p,,1)
o . o o
[5+V] 'V,)h (r’pht):[éjmu., =C/h (r.p,,0)
afl N -0 T + + +
< =2[d’p, [d0go(b,g) f (p,)(h' +h'y —h' ~ ")
coll +
o
[5} = zjd* P, j dQgo(b.g)f (p,) (7~ 1)
coll .~




Linearized Boltzmann equation for normal and tracer particles —
remarkable properties of collision operators

Define the special inner product:

(b.2)= [%] [ e g 1))

m

Cix(e.p.0)=2[d*p, [ d020(b,2) f*®) (2 + 22— 2~ 72)

Note that for an arbitrary function y(r,p,,?):

(1.Clx)= —%[ﬁj

[&p,[@p, [dQga(b, g)e ") (1,4 10— 10— 2,)

2
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Linearized Boltzmann equation for normal and tracer particles —
remarkable properties of collision operators -- continued

Similar identity for difference collision operator

Cx(e,p.0)=2[d’p, [ d02o(b,2) [ ®0:) (10— 1)
Note that for an arbitrary function y(r,p,,?):

(1.Cx)= —%(%)

[@p[dp,[d0gab,g)e " (4.~ 1)

2

Linearized Boltzmann equation for normal and tracer particles —
remarkable properties of collision operators — continued
Summary of results:

(2.Cx)= _%(Znim]

2

jdsp]jdspzjdﬂga(b, g)e—(ﬂ/(Zm))lp,2+p§) (l}' +X— _Zz)
= Eigenvalues of C} are <0

with 5 degenerate eigenvalues of 0 for y < 1,p,p ,p., P

: e
"\ N(BY

<I’C]Z>__i[27rmJ
[dp,[d*p, [dQgo(b,g)e ™) (1, — )’

= Eigenvalues of é]’ <0, with zero eigenvector y oc 1
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Analysis of the diffusion coefficient

The difference in the tracer and normal particle densities at (r,7):
m(r,0)=ny(e,0) =, (6,00 = [d p, /° () (£,p,,1)
h=hy,—h,

(gwl ~V,.)h’<r,pl,t>=é.’h’(r,p.,n

3 0 0 . 3 0 L

Jd nf (P.)(aJrVVV,jh (r,pl,t):J.d p S (@)CA (rp,0)=0

S DG W0 =0 wher 320 = [d'p £ BV P00
Assume Fick's law: J°(r,¢) = —DV m(r,t)

= omrt) DV *m(r,t)
ot
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Analysis of the diffusion coefficient

Need to solve the equation:

[gw.-V,vjhxr,p.,r)=é;h’<r,pl,z>

Let A (r,p,,t) =", (k,p)e*

(€7 =iv,-K) ¥, (k,p) = =i, ¥, (k.p)

Assume that k£ =|k |is small (long wavelength case)
o, w”(o) + ka)”(') + kzw”(z)“..

W, (k. p) = 9, p) + R (,p) + £ ().
Assuming <‘P;(0)(k,p) | ‘P;‘(O) (k,p)> =0,,:

0, =i(¥, Ok p)|C;] ¥, k)

o = <‘P;(°)(k,p)‘v, ~l§“}’;(")(k,p)>, etc...
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Analysis of the diffusion coefficient -- continued

Recall that  has one zero eigenvalue and choose ¥, (k,p) = ¥ (k,p) =1

% = f<\yg‘°>(k,p)\é;\ POk, p)> -0
l ﬂ 3/2 N

0 = (v, tp) |y, K[ ¥, (k.p)) :7[—] [d*pe i emp, k=0
m\ 2zxm

a)o(z) = —<‘{’;(0) (k,p) (v, k- a)o(”)(ié,’ + %(o) )7I (v, k- a)o(') )‘ ‘i’;“”(k,p)>

1

2
m

Do L[ faner o k(&) o

B R « LAl A
() enemson i)




Analysis of the diffusion coefficient -- continued

oo rne e

A ~ ~1
For convenience, let k =X and define A = (C;) P,

1 - 2m
() e

D=—

Define Sonine polynomials (relatives of Laguerre polynomials)

iy Dlg+n+Dx!
S*(x)_,z:;*( D C(g+1+1)(n—1)!!

l"(q+n+l)b

nn'

Note that: j:dxe’*s;(x)s;'(x)

n®yq

Expand: A =p, d S”[ﬂp j
2m

n=(
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Analysis of the diffusion coefficient -- continued

3/2
D:_L( B ] stpe—/ff/(Zm)pr‘

2zm

& | B
Expand: A = d,S.
p . pAHE; \ 4(2}”
:D——L(
n=0

Evaluation of coefficient d, :

27wm

mf

A = (C; )71 P, = (AZ‘;AX =p,

. [ Bp
,,p,ZdSu[Zm =p,

n=0

3/2 2
e
32
7( ﬁ ] Jdv —Bp/(2m) .Sm ﬂpn

j zd Idl prie )p Zszz(ﬁzfnj 7‘10

Analysis of the diffusion coefficient -- continued

Evaluation of coefficient d, :

4 3 _ppim) ' ﬁP n ﬁpz
d v Sy, C E d.S;,| =—
(2/[77! I re P oPx 2\ 2m

n=0

B 2 3 —ppi2m)  2qn ﬂP
= d v .Sy,
[27[”1 -[ pe P: % 2m

2 n'n n -

n=0

32 . 2
where D, = s J‘d3pe’/"” emp Sy, ﬂp (on 0.8, Br-
27xm 2m




Analysis of the diffusion coefficient -- continued
Approximation of equation by trunction to v +1:

D, "d =5,

D=- ﬂl tim, (D7)

2 v

Lowest order: v =0
B B am e
Dy, :[2”’” Idlpe e )PGCP‘
Evaluation for the case of scattering from a hard sphere of radius a :

ﬂ - 3 -ppti2m) | - 3 ﬁz kT
D, =| —+—— d’ pe"? Cp=—" A
° [2/[)7! '[ ? PEaPe=73, nya’ \ zm

31 '
32noa2 Tm

=D
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Analysis of Viscosity and Thermal Conductivity

For these transport coeffients, we need to evaluate the total scattering operator.
Thermal conductivity: K =

3/2 2 2
nk( B s giem| BPT S A\ BpT S
LAY ol A3 pePr £re 2 I'e: £re 2
mz[Zzzmj [d'pe 2 Gy 2

n ﬁ ﬁ 3/2
Shear viscosity: 7 = —%(—j J.d"pe’”"’”z""pypv (C,*)
m* \ 27rm

(r.r,)

Previously, we have shown:

. N(BY
Clx)=—rf =
<Z 1% > 4V[27rm)
[@ [ d p,[dQgatb. @) ") (gt 11— )
= Eigenvalues of C; are <0

with 5 degenerate eigenvalues of 0 for y « 1, P Dys p_,,zp—-
m
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Analysis of viscosity and thermal conductivity -- continued
Need to solve the equation:

[ﬁm ~V,)h*<r,p.,r)=érh*<r,p.,t)
ot

Let h*(r,p,,0)="¥,(k,p)e™
(€1 —iv, k) ¥, (&, p) =—io, ¥, (k.p)
For this case, we are interested in solutions near k=0; the 5 zero eigenstates

ém =0 are:

, _ |8 _|B _ |2 A3, B
4 =1 ¢z_\/;A ¢3_\/; 'y ¢4—\/;P: ¢5—\/;[ 2+2mp]
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Analysis of viscosity and thermal conductivity -- continued

(€1 -iv, k)W, (k,p) =—ie, ¥, (K,p)

Assume that k =k | is small (long wavelength case)

o, ~ a)”(“) + ka)”“) + kza)”(z)““
Wi .p) = ¥, k) + £, (. p)+ 9,0 (K. p)..
It is convenient to construct functions so that <‘~I’;(°) k,p)| ‘{’;,(0) (k,p)> =6,

For the 5 states: @, =0

n

By construction: wm(') =0

=0, =kao”

Analysis of viscosity and thermal conductivity -- continued

Following Egs. 9.121-9.124 of your text and using:

N I Y Iy Y O W
4=1 4= mPx ¢, mtr 2 mP: ¢ 3( 2+2n1p]
0)+ _ l E g
‘Pl) —TE[, 5¢1+1/5¢5+¢z]

2\ V5 5
L A
n 2 3
LI’{sm 7 g¢| + g¢5]
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Analysis of thermal conductivity -- continued

Following Sect. 9.7.3 of your text, we can write the thermal conductivity

coefficient:
mk( B\ Br s Br’
K=" a &’ (;/Jp%nzm» _2 26
mz[Zﬂm) ; "j P 2m 2 PsSane 2m
= Sk 4 where ZMn'nan = _Sﬁdr']
2mp n=0 25"

n'n

A 2 3 _pptiam) " ﬂpz . n ﬂpz
d M, = d’pe "’ Sy, | =— |Cop. S5, | =——
an [27[»1 I pe P g S|

Estimate for hard sphere scattering of radius a

o k[T
256a” \ mm




Analysis of shear viscosity-- continued

Following Sect. 9.7.4 of your text, we can write the shear viscosity

coefficient:
3/2 2
nB( B < 5 gpiom 2 2an | BP
=—2 b |d’pe "’ S, | =—
n ? (zﬂ_mj HZ:; ,,J. P Py Pyos)y om
n() o m2
=T where YN,b =5,
B ;» g

3/2 2 2
and NE(LJ Id"pe’”"’"“’p,p,Ss”/z(@JC;/H,AS&Z[QJ

2m

27xm 2m

Estimate for hard sphere scattering of radius a

5 mkT
g 64a* V4
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