PHY 712 Electrodynamics
9-9:50 AM MWF Olin 103
Plan for Lecture 8:
Start reading Chapter 4

Multipole moment expansion of
electrostatic potential —

A. Spherical coordinates

B. Cartesian coordinates

2/2/2015

02102/2015
Course schedule for Spring 2015
(Preliminary schedule -- subject to frequent adjustment.)
Lecture date | JDJ Reading Topic | Assign. | Due date
1 |Mon: 01/12/2015 |Chap. 1 Introduction, units and Poisson equation \ﬁ 101/23/2015
|2 Wed: 01/14/2015 Chap. 1 " Electrostatic energy calculations \ﬁ \01/23/2015
Fri: 01/16/2015  |No class NAWH out of town
Mon: 01/19/2015 |No class MLK Holiday
3 Wed: 01/21/2015 |Chap. 1 Poisson equation and Green's theorem ‘ﬁ 01/23/2015
|4 Fri: 01/23/2015 [Chap.1&2 Green's functions in Cartesian coordinates \ﬁ 01/26/2015
5 Mon: 01/26/2015 |Chap. 1 &2 Brief introduction to grid solution methods \#_5 01/28/2015
|6 Wed: 01/28/2015 |Chap. 2 Method of images ‘ﬁ 01/30/2015
Fri: 01/30/2015  |Chap. 3 Cylindrical and spherical geometries \ﬂ 02/02/2015
4 Mon: 02/02/2015 |Chap. 4 Multipole analysis 8 02/04/2015
\9 ‘Wed: 02/04/2015 |Chap. 4 Dipoles and dielectrics \ﬁ 02/06/2015
‘10 Fri: 02/06/2015  |Chap. 4 Dipoles and dielectrics ‘m 02/09/2015
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Poisson and Laplace equation in spherical polar
coordinates
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Poisson and Laplace equation in spherical polar
coordinates -- continued

Laplace equation for electrostatic potential (D(r, 4, ¢):

la—z(rd))+i Li[siné’£j+$i D=0
rort #* sin@ 06 20) sin6 o¢>
O(r,0.4)= R, (Y, (0.¢)

Im

Spherical harmonic functions :

[ 10 (sinﬁ aj+ 10 JYM(M):,1(1+1)Y,m(9,¢)

sin@ 80 20 sinzt9c’5i¢z
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Properties of spherical harmonic functions

Y, (8,0)=(-1)" e m; (6,¢)  (standard Condon-Shortley convention)

[d0,,(0.0)Y,, (0.0)=[sin0 d0 dpY,, (0.0)Y,, (0.0) = 6,6,
Completeness:
2 (0.0)7,(020) = 8(F ") = 5(cos0 - cos0")5(p ')

Im

Relationship to Legendre polynomials:

20+1
() =7~ F (cos6)

Relationship to Associated Legendre polynomials:

Ar1(l-m) N
Y (00)= 4z El+m;!3 (cos@)e™
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Legendre and Associated Legendre functions

Legendre differential equation :

(i[(l —xz)%ju(z +l))8(x) =0

dx

Associated Legendre differential equation :

(i[(l—xz)%}rl(lﬂ)— m ]P,’”(x):o

dx 1-x2
Form=>0
P =110 fxz)f”( @ B(x))
X

B = (1) 8 o ; ()
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Useful identity:

1 4z v :
‘r_r, = ]Z 217_:_.1 rr7+1 Y;m (e’w)Ylm (QV’(DV)

Example for isolated charge density p(r) with

electrostatic potential vanishing for » — oo

CD(r):LJ‘d%’y p(r)

drg, r—r]

- J’dlr'p(r'{ r oy ((iw)yzm*(e"ﬁﬂ')J

741 im
4z, 20+
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Some spherical harmonic functions:
1

Y, (f)zﬁ
Yi()=7 %sin@eﬂ“’
Y, (#)= iﬂcos&

Yy (B)=F 13 Gngcosoer
87
R 5(3 L, 1
Y, (r)=,/—| =cos” 6 ——
nlF) 4;:[2 )
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Example:

General form of electrostatic potential with boundary value
r — oo, for isolated charge density p(r):
a(r)= 1 a3 o)

4rz, |r—r}

1 4z r .
= Jdrpe) X Y, 00, (0
4,,80.“ ’P(r)[z 2l+1r>1+1 Im( (/’) Im( (/’)J

Im

Suppose that p(r)=3" p,,(r)Y,,(6.0)

Im

:fl)(r) lz ! Y, (6’,(/){ IH J:r'z” dr'p,m(r')+r'rr'H dr'p,m(r')]

g4 20+1 " 7t




Example:

g ol 0000 s

Suppose p(r): 0
r>a

1 1 1o o, b © -l g '
o)=L T 0o e [ o) )

::ﬂhu 7!

For r<a

18 L P
ofe)= - [g =, (9,40)*141(0@))](7 [t ['var)
For r>a
o) =—L[L B2y (00)-7.(00) (Lrwdw)

Vag,\ 6 \ 3 = " P2
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Example -- continued:

gx _qr|1 |87

— == —.|— (Y. (69)-Y,(6 <
Suppose p(r)=1Va Va2V 3 ( 1 (00)-%( (p))] r=a

0 r>a
For r<a
18 1 ¢r a

P(r)= VZ{.‘D [g TIT(YH(G,(p)—YH (0{0))][7]'0 rdryr J’ r'der

= 6V‘4]180 si11o9cos¢)(r(a2 —%rz))
For r>a
D(r)= g (1 8i(x ‘(g’(ﬂ),yu(g'w)) [Lj-urmdr.j

Vas,\ 6N 3 * 7
q .. 4
= T, smﬁcosw[sr—z]
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Example -- continued:
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Notion of multipole moment:

In the spherical harmonic representation - -
define the moment ¢, of the (confined) charge distribution p(r):

G =[dr " Y, (0.9)pr')
In the Cartesian representation - -
define the monopole moment ¢ :

qg=[d'rpi')
define the dipole moment p :
p=[drvpr)
define the quadrupole moment components Q; (i,j — x,3,2):

0= J.dsr' (Sr', ', —r? Sy )p(r')
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Significance of multipole moments
Recall general form of electrostatic potential with boundary value

r — oo, for isolated charge density p(r):

Ofr)= 3o ‘f@“

1 ar v/ .
= | d*% po(r < vy (00)Y (0.0
47z€0~[ r p(r {z 2+l r>1+1 lm( ’(") m ( :(/’)]

Im

For r outside the extent of p(r):

1 a7 Y, 00)F 5,y -
o(r) = in SrrY (0.0 )
)= Zo B [t ke

_ 1 5479, Y, 00) M
drg, 4 20+1 P &

2/2/2015
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Multipole moments continued: q, =Td3,,vrv’ Y, ’(9',¢v)p(rv)
For r outside the extent of p(r) : 0

1 «474q, %.(00)
q) - m
(r) 47:50,2,,,: 2041

Relationship between spherical harmonic and
Cartesian forms of multipole moments:

1
_ 5 (.
0= G2 = | 35520 720, -0,
3
=12y = 15
E i x Dy =F [— Fi
e =+ 87 (p' * p)) Dot =Fq oy (Qx: +le:)
3
e 5
q]O - pZ o = —_—
Ar G20 =1 16IZ'QZZ
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Consider previous example:

gx qr| 1l |87
Va val2 3(11(6‘”) 11@"”))] r<a

)_ 0 r>a

We previously showed that for »>a

o)=L 0 )5 00) [ S v

q (1 (87 3 q 24a°
" Vas, [6\/ 3 (1 (60) ”(()(p))er oz Smecos“{?

_q 87 a
Note that: .
T = 3 s
1 |87 Ar q &
=— |—(— + = -
Dy \3 ( 41 qlfl) 3 Va5
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General form of electrostatic potential in terms of
multipole moments:
For r outside the extent of p( )
1 471' Y
(D r) = Im ("d?, 1 vl rv
( ) 4ngy “m 2[+1 r”' ),0( ))

_ 1 4”‘11,” zm(H‘P)
drzg, 4 20+1

In terms of Cartesian expansion :

lqpr
i

4re,
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ofr) =

Example of multipole expansion in evaluating energy of
a very localized charge density p(r) in a electrostatic
field ®(r) (such as an nucleus in the field due to the

electrons in an atom).
W= J.djr plr)(r)
zder p(r{CD(O)Jrr VO r] ; r-V)o(r Xl':0+.“)

®(0)

=q2(0)- ZQ'/ or,or,
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Simple examples of multipole distributions

z
y
)'e z

p( )=¢q (é‘]( —dz)-6 (r+dz))

p.=2qd y

p=p,=0 x
p(r)= q(ﬁ3 (r—dz)+ 8 (r+dz)-25° (r))
0. =4qd’=-20_=-20,
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Another example of multipole distribution

2
p(r)= d (1) e"“sin* @
a

647’
1 3
Note that : Z(,(H #)= 7cos H—E—I—Esm [

. 2 2 2 |4r 4
s1n26:5—5,/ 1ol0.0)= 270, (6.0)- 3 “F1,6.9)

DP(r)=poo( ) 00(6 ¢)+pzo( )Y (€> )
(D(r):(boo( ) 00(6 ¢)+(D20(V)Y ('9’

1 4r 1 e -l g v
O =gt L e [ ()

2 ’ 2 [4x rY
Puo( ) F647m (a} e’ pzu(r):_g ! (7J e

02/02/2015 PHY 712 Spring 2015 - Lecture 8 20

Another example of multipole distribution -- continued
oy (r)=——faz L 1= e
» 4re, r da 4> 244

y?
2 2 3 4 5
D, (r)=— 6 4—”%1 il +r—3+ - 3+—r -
- 4re, VS 1 a 2a* 64’ 24a’ 144a

For r — o0;in terms for Legendre polynomials :

2 2[+1
o(r) > A (1—613}’2(0059)] Y, (6.¢4) = F(cosd)
dng \r 1 Ar

For r— 0;in terms for Legendre polynomials :

o) 3 i P;(cos@)j

drzg,\ 4a  1204°
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Another example of multipole distribution -- continued
For r— 0;in terms for Legendre polynomials

q 1 r
o(r)> 4| LT p(cost
(r)_)4/z‘80[4a 200 208 )]

Implications for electric quadrupole interaction :

W= Z Qr/
-0y
For r — 0;in terms of Cartesian coordinates )

222 3t
( )*) 47[50 (4(1 2404’ : ]
o0(0) _o*(0) _ _12°(0)

Ox o’ 2 o

. Pz(cosﬂ):%coszﬂ—%:*(h:—rz)
Brar ’

q 1
4z, 120a’
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Another example of multipole distribution -- continued

Electric quadrupole interaction :

wol Z Qu . ar 1 ( 0. b c1>(0)+ 0. 2*®(0) a-q:(o)]

+0..
o’ [‘)yz 0. 022

For symmetric nuclei, Q_=0q = —% = —%ny
2
W4 9 i
4re, 240a
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