PHY 712 Electrodynamics
9-9:50 AM MWF Olin 103
Plan for Lecture 11:
Start reading Chapter 5
A. Magnetostatics
B. Vector potential

C. Example: current loop
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6 Wed: 01/28/2015 [Chap. 2 Method of images 46 01/3012015
7 [Fri:01/30/2015  [Chap. 3 Cylindrical and spherical geometries ez 02/0212015
8 Mon: 02/02/2015 [Chap. 4 Multipole analysis [#8 02/0412015
9 Wed: 02/04/2015 [Chap. 4 Dipoles and dielectrics #9 02/06/2015
10 Fri: 02/06/2015  [Chap. 4 Dipoles and dielectrics [#10 02/0912015
»11 Mon: 02/09/2015 [Chap. 5 Magnetostatics 11 02/11/2015
12 Wed: 02/11/2015 [Chap. 5 Magnetostatics 12 02/13/2015
13 Fri: 02/13/2015  [Chap. 6 Magnetostatics [#13 02/16/2015
14 Mon: 02/16/2015 [Chap. 6 Maxwell's equations #13 02/18/2015
15 Wed: 02/18/2015 [Chap. 6 Electromagnetic energy and force 15 0212012015
16 Fri: 02202015 [Chap. 7 Electromagnetic plane waves #16 0212312015
17 Mon: 02/23/2015 [Chap. 7 Dielectric media 17 02/25/2015
18 Wed: 02/25/2015 [Chap. 7 Complex dielectrics #18 021272015

19 Fri: 02/27/2015 _ [Chap. Wave guides
Mon. 03/02/2015 |APS Meeting |Take-home exam (no class meeting)
Mon. 03/04/2015 |APS Meeting  [Take-home exam (no class meeting)
Mon. 03/06/2015 |APS Meeting |Take-home exam (no class meeting)
Mon. 03/09/2015 [Spring Break
Wed. 03/11/2015 [Spring Break
Fri. 03/13/2015  |Spring Break

®

20 Fri: 02/27/2015  [Chap. 8 \Wave guides
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Magnetostatics

Magnetic flux density or magnetic induction field B
Steady state (time constant) current density J

Note that "statics" implies that V- J = 0.

This follows from the continuity equation :

a—p+V-J:O
ot




Comparison of electrostatics and magnetostatics

Electrostatic field due to charge density p(r):

E(r)=— [a'rplr)

r-r
rrf

Magnetostatic field due to current density J(r):
r-r'
poxf

B(r) = f—;jd%‘ J(r')x
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Alternative forms magnetostatic equations

Magnetostatic field due to current density J(r):

B(r) =22 [ar 3(r)x =5 o [y (v ! ]xJ(r')

S 4x

4z [r—r] r—r
Note that: V ! :_r;r'
e=r| |r-rf

Also note that: V x (s(r)V(r)) =Vs(r)xV(r)+s(r)Vxv(r)

J(r'
3B(r):f—;[VxJ.d3r' r(—r)' In this case V(r)=J(r")
so that VxV(r)=0
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Alternative forms magnetostatic equations -- continued
Ho 30 J(l")
Blr)="—"Vx|dr'——=
(r) Az xj : r—r
=>V. B(r) =0 No magnetic monopoles
= Vx B(r) = yOJ(r) Ampere's law
"Proof" of Ampere's law for magnetostatic system :
V><B(r):ﬂV><V><J‘dSr‘m
4 ‘r - r"

Note that: VxVxV =V(V-V)-V?V

Recall that: V? ‘ J =—478°(r-r') and V-J(r)=0
09/2015 r _lj 1 [;
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Differential forms of magnetostatic equations:
=V B(r)=0 No magnetic monopoles
= VxB(r)=1,J(r) Ampere'slaw
Magnetostatic vector potential
B(r) =Vx A(r)

B(r)= Z‘—;’Tv xjd3r‘ 3(r)

r"

Ir-

= A(r)= f—;jd%‘ :(_1*3 +Vs(r)

Non uniqueness of the magnetostatic vector potential

Note that: B(r)=VxA(r)=VxA'(r)
if A'(r)=A(r)+Vs(r)

Example: for B(r)= B,z
A(r): %BO(XS’ - %)
or  A(r)= B,y
or A(r)=-B,yk
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Differential form of Ampere’s law in terms of vector potential:

VxB(r): VxVxA(r): ,uOJ(r)
= V(V-A(r))-V?A(r)= 4,d(r)
If V. A(r) =0 (Coulomb gauge) = VZA(r) = —yoJ(r)

_ﬂ 30 J(I")
Alr)= 4”jd r ‘r—r"




Magnetostatics example: current loop
zZ

7,

I(r')= £sin 0'5(cos 0")5(r'—a )~ sin @' X +cos @'y )

a
_& 30 J(r')
A(r)—47[‘[d r \r—r‘\
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Magnetostatics example: current loop -- continued
()= isin 0'5(cos 0')5(r'~a)(~sin 'k +cos #'§ )
a

A(r): ﬂjd’r'@

4r

A(r) ol J-r,z dr'dcos0'dg sin 0'S(cos H‘)é‘(r'—ax— sin ¢'X + cos ¢'§/)
4ra (

72 + 2 =27 (cos @ cos 6"+ sin Gsin 6" cos(¢ — (;ﬁ')))”z

Completing integration over ' and 6"

. :Mznd ! (~sing'x+cosg'y)
(r) Ama .(‘; ¢ (rz +a’ 72ra(sin 9005(¢*¢')))l ’

Let g—¢'=¢

sing'= sin(¢ - (p) =singcosp—cosgsinp
cosg'= cos(¢ — )= cos¢cos p+sin gsin g
Remaining non - trivial terms

y(,la cos @
Alr sin [ d
(r)= " (singi - Mﬂ 0’ ~2ralsinfcos)”
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Magnetostatics example: current loop -- continued

Y cos @
Alr sm¢x cosdy >
( ) 4 1‘,‘ s r 2+ a* —Zr'a(sin 6005(/))7 -
Elliptic integrals :
K= [ 2
° (1 —msin~ u)'

72
E(m)= I(l—msinz u)' du
o
Ale)= £ 47, (indi=cos ) [(271(2)1((1()725(1()}
47 (2 +a* +2rasin0) | 'S
K= 4arsin @

where :

B(r)=VxA(r)

r* +a” +2rasin
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Magnetostatics example: current loop -- continued
Ale)= £ 47 (indi—cos ) [(Z—kZ)K(k)—2E(k)}
4r

(rz +a* +2rasin 6)1 : K

4arsin 6

where: k=503 ———
r*+a” +2rasin@

For¢=0: x=rsing, y=0

A(r)=4,(x.2) =— 2 41y : {(2 - )K,(:f) - ZE(k)}

An (xz-%—zZ +a2+2ax)‘

4ax
where: kKl=————
X*+z +a +2ax
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Magnetostatics example: current loop -- continued

NS (sin()}i—cosgby)m [(Z—kZ)K(IE)—ZE(k)}
Ar (VZ-H/I2 +2msin9) k
4arsin 6

where: k=——F———
r*+a +2rasin@

B(r)=VxA(r)
Note that for spherical polar coordinates : ¢ = sin ¢X — cos ¢y
Alr)=4,(r)é
2
where 4,(r)= 2 4la § {(271( )K(lf)—2E(k)}
Ar (rZ +a’ +2rasin 0)1 k*
Blr)- .1 6(sm HAw(r))f 1 6(VA¢(r))é
rsin @ 00 roor
For r - c0:

B(r)~ %I:—f-@ccsﬁ+sin 66)
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Other examples of current density sources:
Quantum mechanical expression for current density
for a particle of mass M and charge e and of probability amplitude ¥(r):

J=—2" (¥ mVER) - P E v m)
2Mi

For an electron in a spherical potential (such as in an atom) :
(r)="Y,, ()= R, (), )

en ) 1 wy Y (F) 08, (F)).
J(r)=—|R - —m )y —tm )
(r) Mi ul(rl rsingl ™ (r) op /m,(r) o8 '
eh m 2| ~
=S Ny
M rsind n/m,(r) ¢
Note that: @ = —sin ¢X +cos gy = z?<r
rsin @
7@ m 205
o= 6 )
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Magnetic vector potential foSthis case:

_ Mo [ 3 J(r'
A(r)_4”jd g

eh m
J N 1
(r) M r?sin’ @'

¥, (1| (@)

_ My ehmy J- e (zx1r) n/m, ()’
T4 M ‘r r‘ r?sin’® @'

For example: electron in the n/m, = 211state of H :

N2l 1 r' : —r'la "
“Pm(r) ‘— (Ej sin® @

64’

a 24° 8a°

A(r)=—#°eh(ixr)[l— ’”“[1+ +r2+r3ﬂ

8z M
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