PHY 712 Electrodynamics
9-9:50 AM MWF Olin 103

Plan for Lecture 13:

Continue reading Chapter 5

1. Hyperfine interaction

2. Macroscopic magnetization density M
3. Hfield and its relation to B
4.

Magnetic boundary values
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Hyperfine interaction energy:
Interactions between magnetic dipoles
Sources of magnetic dipoles and other sources of
magnetism in an atom:
+ Intrinsic magnetic moment of a nucleus £y
* Intrinsic magnetic moment of an electron £/,
* Magnetic field due to electron current J (r)
Interaction energy between a magnetic dipole m and a

magnetic fieldB:  F —_m.B .r/V/’le
int
Hy
In this case:  E,, =—u,-B, —u, B, (0)
3(p,f)-p 87
Hy N N 3

B r=———————+— o (r

(0= IR0
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Hyperfine interaction energy: -- continued
Eint = _lue : B,uN - /uN .BJe (0)

Evaluation of the magnetic field at the nucleus due to the
electron current density:

The vector potential associated with an electron in a
bound state of an atom as described by a quantum
mechanical wavefunction v, (r)can be written:

12
eh C XY Wi, ()
A, (r):_ﬂimljdsr g ‘ le — ‘
¢ 4z m, [r—r | r“sin” @
We want to evaluate the magnetic field B=V x A
in the vicinity of the nucleus (r —0).
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Hyperfine interaction energy: -- continued

2
eh o ZXE W, (T)
B, (0)=VxA, | =—ﬂ—mlj‘d3eri,,zlf72‘,
‘ ¢ lr0 4r m, |r—r | r sin" @
2 10
7] C(r=r)x(@XE) [V, (1)) ‘
Bn(r)zﬁim/'[dzr( ) ('3 ) '2[~ 2 ‘
4z m, r—r | r-sin” @
r—0
e xr) W OO
h o xX(Zxr) (W
B,(0) =40y [y TXEXO) P TR
4z m, r r-sin” @
P x(Zxt)=2(1-cos’0)—%cosf sin@ cosg —ycos@ sin@ sing).
2 N
s 2 sin? @ |V, () Wi, (F)
B,(0)= th eh m,Jd”r s sm 9 V/,,", = ‘ :—ﬂﬂm,ij.d%' 7‘/’/,'1 ‘
4z m, r’ r-sin” @ 4z m, re

e Z<L>
4m m, r"
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Hyperfine interaction energy: -- continued

Einl = HHF = _/ue .B,uN - luN : ]3Je (0)

Putting all of the terms together:

Hy -t 3(uN~r)(ue-3r)fuN~ue+81uw,u253(r) i L-?N ;
4z r 3 m r

e

In this expression the brackets < >indicate evaluating
the expectation value relative to the electronic state.
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Macroscopic dipolar effects --
Magnetic dipole moment

nrzéjd%rxJﬁ)

Note that the intrinsic spin of elementary particles is
associated with a magnetic dipole moment, but we often
do not have a detailed knowledge of J(r).

Vector potential for magnetic dipole moment

-5
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Macroscopic magnetization
M(r)=>'ms(r-r,)
i

Vector potential due to “free” current Jg¢(r) and
macroscopic magnetization M(r). Note: the designation
Jiree(r) implies that this current does not also contribute
to the magnetization density.

Alr) =2 [ar J,-,ee(r") M=)
Az r—r] r—ri

02/13/2015 PHY 712 Spring 2015 - Lecture 13

Vector potential contributions from macroscopic
magnetization -- continued

Ar)= 2o [op[ o) MED<(r )

A7 e —r' 3

r—r]
Note that :
MDA r) o
‘r—r' ‘l‘ -r'
-V M(r’) N V'xM(r’)
P

= Alr)= Lo [ oL} VM)
4z ‘r —r
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Vector potential contributions from macroscopic
magnetization -- continued

. ! \v4 2
Alr)= 4o [ oy L) VM)
4
Note that for the case thatV-A =0:

VxB(r)=Vx(VxA(r))=-V’A(r)
- %J‘d3r'(4ﬂ'§3 (r - r')XJﬁ,ee (r’)+ V'xM(r’))

() M)
= Vx(B(r)- p,M(r))= 1,9 /‘ree(r)

r—r]
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Magnetic field contributions

Vx(B(r)=pM(r))=p1ed ;.. (r)
Define the magnetic flux density :
HH(r) =B(r)- 1,M(r)
= VxH(r)=J,(r)

Vx (B(r)_ /"oM(r)) = o free(r)

Note that B(r) = the magnetic flux density
Define H(r) = the magnetic field

#,H(r) =B(r)- #,M(r)

= VxH(r)=J,(r)
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Summary of equations of magnetostatics:
Vx B(r) = ﬂOJmml (r)

VxH(r)=J ,,(r)

B(r)= 11, (H(r) + M(r))

V-B(r)=0

For the case that J ee (r) =0: 1 n

VxH(r)=0
V-B(r)=0
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For the case thatJ ,, (r):
VxH(r)=0
V-B(r)=0

Atboundary : 1 i
H,xn=H, B L=
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Example magnetostatic boundary value problem

Myz r<a
Mo M(®) _{ 0 r>a
VxH(r)=0 =H®@)=-Vo,(r)
B(r)= 4, (H(r) + M(r))
V-B(r)=0= V- (H(r)+M(r))
= V2, (r)=V -M(r)
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Example magnetostatic boundary value problem -- continued

Mz r<
W= {N
V2@, (r)=V-M(r)
=@, (1) =—— [ar vM(r)
4z r—r]
:_Ljd%,v vl M(rv) _M(rv)'vv 1
4 ‘r - r" ‘r - r"
:_Lv.jdﬁ.vM(r')
4r ‘r— !
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Example magnetostatic boundary value problem -- continued
r<a 7 '
(1) ==V [d

()

T

Mz
M, M(r)=

0 r>a
For this example:
M, 2
D, (r)=—""—|4x|r"dr
)= 4r az[ I r>j
a _
2

For r<a: @,(r)=-M, s(
2

Lfoz
6 3

a] Maz

For r>a: @,(r)=-M [
z\ 3r
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Example magnetostatic boundary value problem -- continued

M(r) Myz r<a
r)=
Mo 0 r>a
For r<a: @H(r)zM;z H(r):—V@H(r)z—%i
3 ~
For r>a: @,1)="1%%  Hr)-_vo, (r)_—M[%—3ir
3 \r r
B(r) = 1, (H(r) + M(r))
M,z 2M 2
For r<a: H(r):—T‘)Z B(r) = p, 20*
My (2 3zr
For r>a: H@)=—"""-| —-"
® 3 (r3 rs)
Ma® (2 3zr
B(r) =—4, ; 73—7)
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Check boundary values:
For r<a: l-l(r):fM;z H(af')xf':f%ixf'
3/
For r>a: H(r):fMi[%fgj
3 \r r
3. s
H(a)xi = - o& 2XE
3 a

For r<a:  B(r)=g, 21&;[02 B(af) -t =y, 2
3/ 4
For r>a: B(r)=-u, Mga (%,3%'-]

3 2
B(af)-fzfﬂoM%i-f[if%)

a a

M,
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Variation; magnetic sphere plus external field B,

—
Mo j— B, M(r) :{
By superposition :

For r<a:
2
B(r)=B, +:uo§M0
1 1
H(r)=—B,--M,
Ho 3

B(r)+24,H(r)=3B,

M, r<a

0 r>a

For an isotropic "paramagnetic" material, B(r) = ,uH(r)

0
>HY 712 Spring 2015 - Lecture 13

Mozi[u};
oonanots o \ M+ 24y
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Summary of equations of magnetostatics:

VxB(r)=pd,,,(r)
V x H(l’) =Jfree(r)

B(r)= ,(H(r)+M(r))

V-B(r)=0

For the case thatJ ,,, (r):

VxH(r)=0

V-B(r)=0 Atboundary :
H,xn=H, xh
B -i=B, i

Magnetism in materials

B(r) =H (H(r) + M(r))
For materials with linear magnetism :
B=uH

M > i, => paramagnetic material

M < i, => diamagnetic material

For ferromagnetic, antiferromagnetic materials

B= f(H) (with hysteresis)
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Example: permalloy, mumetal p/p, ~ 104

) B,
Spherical shell a<r<b:
P —
—_—
P —
_—
‘ 0
Ho
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Example: permalloy, mumetal p/p, ~ 10* -- continued

B,

= For this case:

>, VxH(r)=0
@ Ko V-B(r)=0

B(r)= H(r)
Continuity at boundaries :
H x n = continuous
B-n = continuous
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Example: permalloy, mumetal p/p, ~ 10* -- continued
B,
=
[
Let: H(r)=-V®,(r) Ho
V-B(r)=0 =V, (r)=0
For 0<r<a ®@,(r)= Zﬁrf}(cos@)

For a<r<b O,(r)= Z[ﬂ,r + z+1 B cos6’

For r>b (o) (r)———rcos&+z cos6’
Ho [
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Example: permalloy, mumetal p/p, ~ 10* -- continued
Applying boundary conditions B,
(only / =1 terms contribute) : =

[
At r=a a:ﬁ(ﬂl—ﬂ;j Ho
Hy @

ao, = ap, +y—‘2
a

At r=b “[ﬂl—zﬁjz—ﬂ—zﬂ

Hy b’ Hy B
B
BB+ =—pZ0 A
b Uy b
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Example: permalloy, mumetal p/p, ~ 10* -- continued

B,

=

G
When the dust clears: Ho

51:( —~9ul ty jBo
(2] g+ 1)/ gty +2)=2(a /b)Y (! gty 1) ) 11
~1[ -9/2 Bo]
Sl iy \(1=(a/bY ) o
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Energy associated with magnetic fields

Note : We previously used without proof --
the force on a magnetic dipole m in an external B field is :
F=V(m-B)
This implies that energy associated with aligning a

magnetic dipole m in an external B field is given by :
U=-m-B
Macroscopic energies - -

It can be shown that: W, = %J.cfr B(r)-H(r)

In analogy to: W, = %J‘cﬂr E(r)-D(r)
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