PHY 712 Electrodynamics
9-9:50 AM Olin 103

Plan for Lecture 17:
Read Chapter 7

1. Real and imaginary contributions to
electromagnetic response

2. Frequency dependence of dielectric
materials; Drude model

3. Kramers-Kronig relationships
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8 [Mon: 02/02/2015 [Chap. 4 Muttipole analysis &8 0210412015
9 |Wed: 02/04/2015 [Chap. 4 Dipoles and dielectrics #9 02/06/2015
10 [Fri: 02/06/2015  [Chap. 4 Dipoles and dielectrics [#10 02/09/2015
11 [Mon: 02/09/2015 [Chap. 5 Magnetostatics 11 02/11/2015
12 [Wed: 02/11/2015 [Chap. 5 Magnetostatics #12 02/13/2015
13 [Fri: 02/13/2015  [Chap. 5 Magnetostatics #13 02/16/2015
14 [Mon: 02/16/2015 [Chap. 6 Maxwell's equations #14 02/18/2015
15 [Wed: 02/18/2015 |Chap. 6 [Electromagnetic energy and force #15 0212012015
16 [Fri: 02/20/2015  [Chap. 7 Electromagnetic plane waves #16 0212312015
17 [Mon: 02/23/2015 [Chap. 7 Dielectric media [z 02125/2015
18 |Wed: 02/25/2015 [Chap. 7 Complex dielectrics [#18 0212712015
19 [Fri: 02/27/2015  [Chap. 17 Review — Take home exam distributed

Mon. 03/02/2015 |APS Meeting [Take-home exam (no class meeting)

Mon. 03/04/2015 |APS Meeting [ Take-home exam (no class meeting)

[Wed. 03/06/2015 |APS Meeting [Take-home exam (no class meeting)

Fri. 03/09/2015 |Spring Break

Wed. 03/11/2015 [Spring Break

Fri. 03/13/2015  |Spring Break
20 [Fri: 03/16/2015  [Chap. 8 [Wave guides
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Maxwell’s equations

For linear isotropic media and no sources: D=¢E; B=xH

Coulomb's law:

Ampere-Maxwell's law:  VxB— ,ug% =0

Faraday's law:

V-E=0

VxE+@=0
ot

No magnetic monopoles: V-B=0
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Plane wave solutions to sourceless Maxwell’s equations;
extension of analysis to complex dielectric functions

For simplicity assume that 2 = g,
Suppose the dielectric function is complex :

. £ . .
E=¢g,+ig; L =(ny+in,f =a+if
€y
1/2 1/2
Vo' +p +a Vo'l + 7 —a
Ny =| ——F n=——---
2 2

E(r, t) R (Eoeﬁfv(nﬁ I‘*L‘Y)): R (Eoeii—“(npﬁ l‘fCl)}*%n,kr

021232015 PHY 712 Spring 2015 - Lecture 17 4

2/22/2015

Paul Karl Ludwig Drude 1863-1906

http://photos.aip.org/history/Thumbnails/drude paul ai.jpg
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Drude model:
Vibrations of charged particles near equilibrium:

mdi =qEe ™ —malSr—myst
_9E, 1
m - —ioy

For &r=dre’™, o,

Induced dipole:
2
p:qé‘r:qEO 712 - e
m o, - —ioy
Displacement field : BN
r
D=¢E = gE+P
P= zpié‘s(r_r:)
http://img.tfd. 0001_0012_0_img2972.png

02/23/2015 PHY 712 Spring 2015 - Lecture 17




Drude model:

or

Vibration of particle of charge g and mass m near
erJuiIibrium:

&N

3 hiiplima.to 00010012 0 img2972.0ng

mét =qEe —maisr—mydt

Note that:

Q vy > 0 represents dissipation of energy.

QO o, represents the natural frequency of
the vibration; my=0 would represent a
free (unbound) particle
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Drude model:
Vibration of particle of charge g and mass m near

eauilibrium:
or TS 3 hipslima.t 0001_0012_0_img2972.png
. - 2 .
% mét=qEe" " —ma;Sr—mySt
mo
ia E 1
For or=dre™, or, =10 -
m @, - —ioy
Induced dipole:
2
_ _4q E, 1 —ior
p =gqor= 7 . ¢
m @, - —ioy
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or

Drude model:
Vibration of particle of charge g and mass m near
eauilibrium: _

é http://img.tfd. 0001_0012_0_img2972.png

mdi=qEe " —maj;dr—mysr

Displacement field :
D=¢E = ¢gE+P

P=Yp o e-r)= N /p

N =number dipole/volume
f; =fraction of typei dipoles
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Drude model:
Vibration of particle of charge g and mass m near equilibrium:

LD

dr TR RTIT or

9 http:/fimg.tid 0001_0012_0_img2972.png

N

Drude model expression for permittivity :

D=:E = gE+P=gE+N) fp,

2
9, E, 1
> 2
m, @ -0 —loy;

2
. . 1
&K =gEe [ 1+NS L
o ( (“Zf, EgM; a)l?—a)z—ig)yi

—iot
e

p, =g or=
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Drude model dielectric function:
g(w) q.2 1
—— =1+N R S E—
&y ! IZf; &M, wxz_wz_iw%'
_ gR(w)+i gl(w)
€y &y
M =1+NY f, 4’ ﬂ
&y = egm, (a),z *a)z)z + wz}/lz
&r (0)) — sz %2 y;
& T ey, (a),z —a)z)z +o’y
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Drude model dielectric function:
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Drude model dielectric function — some analytic properties:

@ :1+N2f,i 1

2 2 -
& i &My 0 — @ LWy,

For @ >> o, M zl—lz[NZfi]
@

2
4q;
&y &g

i
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Drude model dielectric function — some analytic properties:
2
(o) — 14N, q; 1

2 2 .
& T e, 0] — 0’ —iwy,

For w, =0 (representing a free particle of charge g, mass m,

g(a)) 4q ’ 1 . qoz 1
‘90 i ;ﬁ ‘["Dmi a)lz _wz _ia)}/i o ﬂ ‘L"OmO 6()(}/0 —10))
- gh(w)Jrio'(m)
& £,0
Some details :
D=¢E J=0ok

VxH=J+6—D=(a—ia)g,,)E=ga—E=—m{gh+£)E
ot ot 3

2
= olo)=nf B L
m, (71)_’“’)
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Analytic properties of the dielectric function (in the Drude

model or from “first principles” -- Kramers-Kronig transform
Consider Cauchy's integral formula for an analytic function f(z):
faz 1z)=0 fw)= § al?

27i z-0

includes a

Im(z)




Kramers-Kronig transform -- continued

‘ O Re(2)

=0

1 B _ (G few o AT
f(a)—gmimdzz = 27ri[J;dZRzR-a+

15 flzg) 1T, fe) ]
fla)= %Ldzk—: P:[OdzRZR—_a+Ef(a)

Zp-0 27w
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Kramers-Kronig transform -- continued

VT, fe) !
f(a): EP:‘;dZR Zki_a"'if(a)
Suppose /(z,)= ,(z,) (2, ):
= Lo )= p e, L) 1)
i

2 Zea
L
= fl@)=—P[dz, 72(1)
- R

Jx(zr)

Zp-0t

fla)=-Lp]d,
7 -
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Kramers-Kronig transform -- continued
1 =
fk(a)zipjhdZR Jit2)
T Zp-O

SoZr)

Zp-0t

fla)=-Lpfe,
a —»

This Kramers - Kronig transform s useful for the dielectric function

when  f(z,)= M—1
&
Must show that: 1. f(z) is analytic for z, >0

2. f(z) vanishesfor z — o




Some practical considerations
Principal parts integration :

b li v b
P-[du gu)= v TO[ J-du gu)+ J-du g(u)]

u v

Example:
1 lim (*“¢" 1 1
Pldu —= du—+ | du—
J. u-u U—)O['!: uu—uj ‘J;U uu—ujj
li — —
m (v l{iﬁjzméli
v—=>0 u,—a v u,—a
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More practical considerations
For dielectric function &(@):
&(-w)=¢'(o)

= (- 0)=£,(0)
=é& (_ w): —& (a))

Analytic properties the dielectric function which justify

the treatmentof  f(z)= @ -1
&
Must show that: 1. f(z) is analytic for z, > 0
2. f(z) vanishes for z — oo (for z, > 0)
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Analysis for Drude model dielectric function:

M :1+NZ}“£

12
£o i & O — @ — LWy,

R S O RITSY, S M —

> 2
0 i S 0 —Z0 —Izy;

For |2>> o,

Y,

2
9, = vanishes at large z
z £y,




Analysis for Drude model dielectric function — continued --
Analytic properties:

fe)=E)iny g o

2 2
&y i &gt 0; —Z —I1zY;

f(z)has poles z, at @’ —z,” —izpy, =0

2
zp=—ilit aff[ﬁj
2 2

Note that 3(z,)<0 = f{(z)is analytic for 3(z, )> 0
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Kramers-Kronig transform — for dielectric function:

i) y_ 1 pf i)
T s

& & O-0

e prief g

with &, (7 w) =& (w)> & (7 w) ==& (a))
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Further comments on analytic behavior of dielectric function

"Causal"relationship between E and D fields:

D(r,t):go{E(r,t)+Idr G(r)E(r,t—r)}

M—1 :Idr G(z)e™
&y 0




