PHY 712 Electrodynamics
9-9:50 AM MWF Olin 103

» Start

Plan for Lecture 25:

reading Chap. 11

A. Equations in cgs (Gaussian) units

B. Special theory of relativity

C. Lorentz transformation relations
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Basic equations of electrodynamics

( CGS (Gaussian) sI I
V.D =dmp V-D=p
V-B=0 V.-B=0

VxE:—é—aa—? VxE:—%—?
VxH= +é%—? V><H=J+aa—]tD
F=q(E+%><B) F=g¢E+vxB)

u=
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Notions of special relativity

» The basic laws of physics are the same in all frames of
reference (at rest or moving at constant velocity).

» The speed of light in vacuum c is the same in all frames
of reference.
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Lorentz transformations Convenient notation :
v
p=x
C
Y= 1
1- 4
y y’ Stationary frame Moving frame
ct = ylet+py)
= y(x'+fet)
=)/ !
y =y
m,y)i_’ '
X ) z = V4
y
b4 x
X
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Lorentz transformations -- continued
For the moving frame with v =vX :
y ¥ 00 ry - 00
00 - 00
e |7 e |y
0 0 10 0 0 10
0 0 01 0 0 01
ct ct' ct' ct
X ) ) 1
=£ =L
y y y
z z' z' z
Notice :
Ayt _yz _ = CZtyZ_XVZ_yVZ_ZVZ
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Examples of other 4-vectors
applicable to the Lorentz transformation:

For the moving frame with v =vX:
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7y B 00 vy - 00
0 0 - 00
o |y el |7
0 0 1 0 0 0o 10
0 0 01 0 0 01
wlc w'lc w'lc wlc
k, 3 K, |k
=L =L Note: wt—k-r=o't'—k'r'
k, K, K, i
k. K K, k.
E E' E' E
P gl Pe Pae|_pl 21 Note: 7 pie’ = E7pP
P rc pye p,c
p.c p.c p.c pe
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The Doppler Effect
For the moving frame with v =vx:
vy B 00 vy - 00
0 - 00
o |7 pi |
0 0 10 0 0 10
0 0 01 0 0 01
wlc o'lc o'lc wlc
kx k'( k'x 1 k(
=L =£ Note: wt-k-r=o't'-k'r'
k, K, K, k,
. k. k. .

@'lc=y(w/c—pk,)

K=k,

k. =yk,-polc)
k' .=k

z z
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The Doppler Effect -- continued

o'le=y(o/c-pk,)

K =ylk,~polc)

kK, =k, k. =k,
More generally :
y o'lc=y(w/c—B-k)= y(w/c—pkcosh)
y k'-ﬁ = y(k-ﬁ—ﬂw/c)z k'cosO'= y(k cosH—ﬁw/u)
K K'xp=kxp
v For6=0: (k=w/)

1-p
o'=wy(l- =>o0'=0|—
7(1-5) 158
X' For0#0: (k=wk)
X tan@'= _sin0
}/(cosﬂ—ﬂ)
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Electromagnetic Doppler Effect  (6=0)

1 - ﬂ ﬂ — vsourcc - Vdctcctor

=0 —=— =
1+ c

Sound Doppler Effect  (6=0)

1 * Vdetector / Cs

l : vsource / CS
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Lorentz transformation of the velocity

Stationary frame Moving frame
ct = yler+py)
x = ylaper)
y =
z = Z
For an infinitesimal increment:
Stationary frame Moving frame
cdt = y(cdt'+ ﬂdx')
dx = ydx'+ fedt’)
dy = a
dz = dz'
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Lorentz transformation of the velocity -- continued

Stationary frame Moving frame
cdt = ylcdr+pdx")
dx = ydx'+ fedt’)
dy = @
dz = dz
Define: qu@ ujzﬂ z—ﬁ
t dt dt
o de‘ , Edy' , Edz'

dx y(dx’+ﬂcdt') _ou' v

dt ldr+pdx'ic) 1+w',/c? .
A W
dt y(dr+pdx'/c) y(1+ vu', /cz) —
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Example of velocity variation with f:
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u/c

u/c
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Velocity transformations continued:

" ' 1
: u +v u, u
Consider: u, = x = :

1+w', /¢’ “r yv(l+v;t'x/cz) _yv(l-#v;'k/cz)'

1 1+, /c?
Note that  y, = = x
\/1—(14/0)Z \/1—(14'/0)2\/1—(v/c)Z
=.c=7,e+ B,
=9, = 7,00 47,0)= 7,0, 4B ,)
= P, =T V=Y,
7.C me

1
u U
Velocity 4-vector] Yl =L Vulhx

U '
V.U, v,

}/u'uz
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Significance of 4-velocity vector: Ve

Introduce the “rest” mass m of particle characterized
S 5
by velocity u: 7.c y.me E
el Tt | 2| e | | Pie
;/uuy ;/”mu}c p}(]
Yl 7,mu.c pc
Properties of energy-moment 4-vector:
E E' E' E
pic p.c Pie|_pi| P

Note: E* - p’c? = E*—p"¢?
p.c pc pc pc ! v

p.c p.c p.c p.c
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Properties of Energy-momentum 4-vector --
E 7.mé continued

pe|_|y,muc

p.c B 7, mu,c

p-c y,mu.c

(me’}. 1_[&)2_[“4)2 _(i}zlz(mcz)z _ppre
1-8" c c c

Notion of "rest energy": For p=0, E=mc’

Define kinetic energy: E, = E —mc® =/ p’c® + m’c* —mc*

2
it L1, B =m 1+[i] -1
C

Note: E> - pc® =

Non-relativistic limit:
mc
2
~ P
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Summary of relativistic energy relationships
E y,mc

pc| |y muc

p,c y,mu,c
p.c ¥, mu_c

E=,p’c+m’c* =y,mc’

Check : \/pzcz +m’c! :mcz\/}/uzﬂ,,z +l=y,mc’

for an electron mc” = 0.5 MeV

Example:
for E=200GeV
V.= Ez =4x10°
mc

1 1

B.=1-— =1-——=~1-3x10"
2
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Special theory of relativity and Maxwell’s equations
A . op
Continuity equation : o +V.J=0
Lorentz gauge condition : 1 662 +V-A=0
c ot
2
Potential equations : iz o ? +V2® =47p
¢ ot
LOA vip=t7y
ot c
Field relations : E=-VO- 1A
c ot
B=VxA




More 4-vectors:
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ct
Time and position : = x”
y
V4
cp
‘IA
Charge and current : J =J”
J:
(]
. A,
Vector and scalar potentials : 4 = A"
AZ
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Lorentz transformations 7o vh 00
o 7B 7 00
Y 0 0o 10
0 0 01
Time and space : x4 =Lx =Ly
Charge and current : Je=LJ =L

Vector and scalar potential: A4“ = £ A" = 11‘,'4’ A”*
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