PHY 712 Electrodynamics
9-9:50 AM MWF Olin 103

Plan for Lecture 34:
Special Topics in Electrodynamics:

Electromagnetic aspects of
superconductivity

» London equations

» Tunneling between two
superconductors
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ecture 34

4/20/2015

20 [Mon: 03/16/2015 |Chap. 8 [Review Exam; Wave guides [#19 03/18/2015
[21 |Wed: 03/18/2015 |Chap. 8 |Wave guides ‘m 03/20/2015
22 [Fri: 03/2012015  [Chap. 9 Radiation sources 21 03/23/2015
[23 [Mon: 03/23/2015 [Chap. 9& 10 [Radiation and scattering 22 03/25/2015
[24 [Wed: 03/25/2015 [Chap. 9& 10 |Radiation and scattering [
[25 [Fri: 03/27/2015 _[Chap. 11 [Special relativity [#23 03/30/2015
|26 |Mon: 03/30/2015 |Chap. 11 Special relativity ‘ﬁ 04/01/2015
27 |wed: 04/01/2015 Chap. 11 'Special relativity @ 04/06/2015

Fri: 04/03/2015  |Good Friday  [No class |
[28 [Mon: 04/06/2015 [Chap. 14 Radiation from moving charges [#26 04/08/2015
[29 [Wed: 04/08/2015 [Chap. 14 [Radiation from moving charges [#27 0411012015
30 [Fri: 04/10/2015 [Chap. 14 [Radiation from moving charges [#28 0411312015
31 Mon: 04/13/2015 |Chap. 15 Radiation due to scattering #29 04/15/2015
32 \Wed: 04/16/2015 [Chap. 13 Cherenkov radiation 30 0411772015
33 [Fri: 04/17/2015 Special topics - superconductivity

‘ 34 [Mon: 04/20/2015 [Special topics - superconductivity

35 |Wed: 04/22/2015 Review
36 |Fri: 04/24/2015 Review

Mon: 04/27/2015 Presentations |

|Wed: 0412072015 Presentations Il

Fri: 05/01/2015 11l & Take home exam
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London model

of superconducting state

Recall Drude model of conductivity in "normal" materials

mﬂ:—eE—ml
dt T
v(t)=ve " _cEr
2
J=—nev fort>>1 1="Tg=0oE

Suppose 7 — 0; London model of conductivity in superconducting materials

m v =—cE
dt

dv__eE v neE
dt m dt dt m
From Maxwell's equations:
vxp=2Ty LE g g 1B

c c ot c ot
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London model, continued

London model of conductivity in superconducting materials

ar_ eﬂinezE
dt dt m
From Maxwell's equations:
VXB:4—”J+18—E VxE:—lQ
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London model — continued

London model of conductivity in superconducting materials

day__ dv_ne'E
dt dt m
o o2 2
Oy 1 10 g with 27 = 2
ot A, o 4rzne

For slowly varying solution:

o A Py
o Ava 1’ B=0 for Q:imz
ot . ot ot

L

N 0B.(x,1) _ 0B.(0,1)
ot ot

London leap:  B.(x,t) = B.(0,0)e """

o h

Consistent results for current density:

LB J=u (0 = J(m=4,"CB )"
mc

L

I =V B=—
c
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Behavior of superconducting material — exclusion of
magnetic field according to the London model

2
mc

Penetration length for superconductor: 1} = 5
4rzne

B.(x,t) = B.(0,0)e”™""
Vector potential for V-A=0:
A=34,(x) A,(x)==2,B.(0)e™"*
Current density: J (x)=4, ﬁBZ(O)e’”’

mc
:J+£A:O or E(mv+5Aj =0
me " ¢ Typically, 4, 107 m

M
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Magnetization field
Treating London current in terms of corresponding magnetization field M:
B=H +4zM
= Forx>>/,, H=—4zM

Gibbs free energy associated with magnetization for superconductor:
L 1
Gy(H,)=Gy(H =0)- [ dHM (H) = Gy(0) + —~ H
0 87
Gibbs free energy associated with magnetization for normal conductor:
Gy(H,)=Gy(H =0)
Condition at phase boundary between normal and superconducting states:
1

Gy(He) = Gy (0) =Gy (H) = G5 (0) +— HE

. (At T=0K)

= G0~ Gy(0) =~ H;

L(HLZ.—HZ) forH,<H.

a

Gy(H,)-Gy(H,)={ 8z
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Magnetization field (for “type I” superconductor at T=0K)

B Inside superconductor
H B=0=H+4~M for H<H_
Hc

-4
H
Hc
GG
H,
< H

Temperature dependence of2 ritical field

T
H.(T)~H(0)] 1- T
¢ From PR 108, 1175 (1957)
Bardeen, Cooper, and
Schrieffer, “Theory of
w0 Superconductivity”
o ho _
) T ~——e /NED
‘o 6 . c »’k
o 1-(T/T) §
af Theory: p
R characteristic ~ ;
TS phonon.energy’
o 1 2 3 4 5 6 7 B 8 10 &
Rt density of €lectron

F1G. 2. Ratio of the critical field to its value at 7=0°K vs i
(/105 The upper curve s the 1o (/T8 law of the Gorier,  States at Ee

Casimir theory and the lower curve is the law predicted by the ¢ .
theory in the weak-coupling limit. Experimental values generally  a@ttraction potential

lie bef he .
lie between the two curves. betWeen eleCtrOn
pairs ?
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Type | elemental superconductors

http://wuphys.wustl.edu/~jss/NewPeriodicTable.pdf
Periodic Table of Superconductivity

(dedicared to the memeory of Bemd Matthins: compiled by James S. Schilling)
[38 elements superconduct at ambient pressure, 23 more Superconduct at high pressure.|

S ambicnt pressurc high pressure e
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217 | 108 380 | 150 51 s |30 52 ] 220 200
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05 36| 950 092 | 77 [0751 [‘00033| 056 [3:3043.422]
7 |195] 11| ve syl 50|75 |12
so [nE] e | R S
(B e (B [Te (W [Ke. [0z |G [Pt [Av [E== (T _[Ph_[Br [P5 AT [Km
T 012 |53 [0012| e [06ss[ 0.0s 13353 | s | 72203
13 ] s w6 |as 5
12 | 1w & | 5 o1
T w8
vt
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o0
15 | 17 275 124
1 142 174
Ao TR [P U [Np PR [Am (O R [or R (R v Na
1368 14 |08 070
240 22
15 &

M s L Matsuoka ) J. Hamliu, W. Br Y. Meng. K Slunncu. aud 1S, Sclallue. 3. Phys.. Conl. Senes 215, 012034 (2010).
Tligh pressure data for Ca and Be: K. Shimizy emas 9 Dec 2015
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Quantization of current flux associated with the superconducting
state (Ref: Ashcroft and Mermin, Solid State Physics)

From the London equations for the interior of the superconductor:

(mv+EAj =0
c

Now suppose that the current carrier is a pair of electrons characterized

by a wavefunction of the form ' =|y|e”

The quantum mechanical current associated with the electron pair is

eh . o 2e° P
== vy - _ZA
! 2mi(y/ VoY ) mc ‘V/‘
2
:7(@V¢+£AJ‘V/‘Z
m mc
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Quantization of current flux associated with the superconducting
state -- continued

Suppose a superconducting material has a
cylindrical void. Evaluate the integral of the current
in a closed path within the superconductor
containing the void.

@j-dl:O:—@[ﬂvmgAJw -l
m mc
CJ-)A “dl= J-(V xA)-da= IB da=® magnetic flux
qSVqﬁ -dl=27n for some integer n
= Quantization of flux in the void: ‘CD‘ = n? =nd,
e

Such “vortex” fields can exist within type Il superconductors.
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Josephson junction -- tunneling current between two
superconductors  (Ref. Teplitz, Electromagnetism (1982))
d
X
BZ
Josephson junction -- continued
o1 Supercon left Junction Supercon right
BZ 0.6
0 d
—>
Bt x<-d/2
B (x)= B, -d/2<x<d/2
By x>d/2
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Josephson junction -- continued

1 Supercon left Supercon right

B, (4,e" % —(2,+d /2)) x<-d/2
A,(x)= Byx ~d/2<x<d/2
B, (=, 4 (2, +d 1 2)) x>d/2
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Josephson junction -- continued
d

Quantum mechanical model of tunnelling current
Let ¥, =¥,%" denote a wavefunction for a Cooper pair on left

Let¥, =¥ R“e"”“ denote a wavefunction for a Cooper pair on right

il a\;L =EY, +&¥,
6‘; Coupling parameter
—ih— R =E¥,+&7,
ot
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Josephson junction -- continued

Solving for wavefunctions

o, ; ,
% ‘6; | v, 5;,. :7é(EI"\P,n‘géylo\hne,wﬁ—wﬂ)
o|? .
%a‘\z: | ijwf 5;? :_%(ER‘\PRO‘Z +€\PI‘0\PR064(¢R7¢,J)

‘WLO‘- =n ‘WRO‘- =hg ¢LR = ¢L _¢R
on, ony, 2¢ .

— = =——"=——/(n,ny)sin

P Py 7 (n,nz)sing,

6¢L EL nR
—==—-—=-¢ [—cos

o [ n, e
a¢R ER nL
——=—-—"—¢&, [—cos

ot h g e
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Josephson junction -- continued

Tunneling current: J, = 29% = —% (n,ny)sing,,
t

If n, = n, and in absense of magnetic field, ¢, (1) = ¢,,(0)+ EE t

h
JL/ /JR :JL:%‘WLO

Z(hv(pL—@A)
c
L &

=, = E‘wkﬂ‘z [hV;ﬁR 7EA]
2m c

X

Relationship between superconductor currents J, and J,

and tunneling current. Within the superconductor, denote the

generalize current operator acting on pair wavefunction ¥ = ¥°¢

N 2 . 2€ ([ Y

V= T(—zhv ——EA) with current J = {(‘P (WW)+¥(vY) )
m c
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Josephson junction -- continued

AT

L —ﬁ R

X
=J, = k\wf\z (hV¢L —EAJ =2en,v,
2m c

=J, = E\\y,‘“r (hV¢R —EAJ =2en,v,
2m c

2mv, 2e 2mv, 2e
Vg =—L+=—A Ve =—"L+"A
T e BT e
. on, 4ec .
Tunneling current: J, = 266— = Y (nyng)sing,,
t

Need to evaluate ¢,, in presence of magnetic field
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Josephson junction -- continued

AT

J
L a8 B
X
2mv, 2e 2mv, 2e
V¢, = L+—A Ve, = E+—A
b h he e h o he

Recall that forx >—0 v, >0 and A——(1, +d/2)By

forx—>o v, >0 and A— (1, +d/2)By
Integrating the difference of the phase angles along y:
b =4+ B2, +d)y
Tunneling current: J, = —%Wsin [
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Josephson junction -- continued

W WA

J
L 4 R

X
Integrating the difference of the phase angles along y:
2e
b = ¢QR + EBO(ZAL +d)y
Tunneling current density: J, = 4—;8 n,sing,,
Integrating current density throughout width w of superconductors

s . sin(z® / O°)
Iy=h j‘ Jydy ﬂ;wjmsm(qﬁfk)w

-w/2
where ® = Bw(24, +d) and ®°= 2mhe
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e
PHY 712 Spring 2015 - Lecture 34 21




Josephson junction --continued g4 p =superconducting
quantum interference device

Note: This very sensitive “SQUID” technology has been used
in scanning probe techniques. See for example, J. R. Kirtley,
Rep. Prog. Physics 73, 126501 (2010).
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Scanning SQIUD microscopy
Ref. J. R. Kirtley, Rep. Prog. Phys. 73 126501 (2010)
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