PHY 752 Solid State Physics
11-11:50 AM MWF Olin 107

Plan for Lecture 34:

» The Hubbard model
> Linear chain
» Hartree-Fock approximation
> “Broken symmetry” solutions
> LDA+U methods
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In the following slides, u represents U/t:

1d Hubbard Model

Simple Hartree Fock approximation

H== (Cl,Cnito + CloCnro) +uY NutNoy.  (12)

no

It is convenient to represent the site basis operators C,, in terms of
Bloch basis operators Ag,:

1
Ay = — 3 eitang,, 13
* VN ;(\ ' ( :

where N represents the number of latti

es. In the simple Hartree
Fock approximation we assume that (Npt) = (Nny) = %/ so that where
the wavevector k is assumed to take the values —kp < k < kp and the

Fermi wavevector is determined from:

T
2 =N = kp=—. 14
> P = 5 (14)
—kp<k<kr
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H=— Z C:WOn’n —» g = -2 cos(ka)

nn'c

-n/a
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In the k-basis, the Hubbard model takes the form:

H= —lZZCOS(ka) Al A, + u% > AL A Ay Ak =K +q+q)

kqok'q's"
where the delta function must be satisfied modulo a reciprocal lattice vector £l
a
Simple Hartree-Fock approximation
— Togt
‘\PHF> - AkTAk¢‘0>

—kp<kshkp

EHF :<\PHF‘H‘\PHF>
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1d Hubbard Model
Simple Hartree Fock approximation (continued)

Evaluating the ground state energy in this simple Hartree Fock

note that kp=7/(2a)

approximation, we find that

Enr 1\? 4w
—— =4 cos(ka)+u<—> =—=+—. (15)
N —k,-%c:gkp 2 T 4
3
artree-Fock
2
1
0 Exact
o 15 20
_1 I
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One-dimensional Hubbard chain

VoLume 20, NUMBER 25 PHYSICAL REVIEW LETTERS 17 June 196¢

ABSENCE OF MOTT TRANSITION IN AN EXACT SOLUTION
OF THE SHORT-RANGE, ONE-BAND MODEL IN ONE DIMENSION
Elliott H. Lieb* and F. Y. Wu
Department of Physics, Northeastern University, Boston, Massachusetts
(Received 22 April 1968)

‘The short-range, one-band model for electron correlations in a narrow energy band
is solved exactly in the one-dimensional case, The ground-state energy, wave function,
and the chemical potentials are obtained, and it is found that the ground state exhibits
no conductor-insulator transition as the correlation strength is increased.

E=E(iN ,iN ;U)
a a

Jo (@), w)du

= _4‘\'&11: w 1+ exp(zwl)] (20)

In our notation:
B __ JJ L) L
o w(l+e™ 7)
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Approximate solutions in terms of single particle states;
“broken symmetry” Hartree-Fock type solutions

PHYSICAL REVIEW VOLUME 181. NUMBER 2 10 MAY 1969

Itinerant Antiferromagnetism in an Infinite Linear Chain
B. Joranssox AnD K-F. BERGGREN
FOA, Fack, Stockhalm, Sweden
(Received 30 Octaber 1968)

Overhauser's spin-density

e state of a general pitch Q is considered for o lincar chain with a half-
filled band. Tt s found that Q= 2k for al values of the coupling constant. Comparison is made with other

Fock states, and with a recent exact expression for the ground-state energy. The collective modes
of the system ace calculated numerically, and for large coupling constant they are found to bebave as
@~ lsin(g)|
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Broken symmetry Hartree-Fock solution
Ferromagnetic Hartree Fock approximation

If we modify the above approach, but allow there to be a different
population of up and down spin:

(Nnt) = (Nny) _

<NnT) + (Nn1.>
We find that the Ferromagetic Hartree Fock ground state energy

(16)

depends on the fractional magnetization m and takes the value:

Beue 4 (7Y LY 2
e 7I_(,()3(2)+4(1 m?). (17)
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Spin density wave Hartree Fock approximation
An alternative composite Bloch wave can be defined:
Skt = cos Ox At + sin Op AgtQy- (26)
Here, O will be determined; for example O =7/ a corresponds to a doubled unit cell.

(It can be shown that the orthogonal linear combination state does not contribute to the
ground state wavefunction.)

[ 5o) =T ] S110)
k

o =¥ s [H|¥ s} = DB
k

1 1 2 2
where E; :§(sk +sk}9)—i((q —SMQ) +A2)
Here &, =-2 cos(ka)
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Spin density wave solution -- continued

Consistency conditions on A :

1 1 1
=
v p
k ((sA ~£0) +AZ) u
tan(26,) = A
k _SLwQ
Expression for energy:
Eoy 1 u 1 . .
% = ﬁ;{(sA +&, }Q)‘F(Sk —-& }Q)cos(Zé’k)} + Z(l W %sm@@ )sm(26’q)]
Johannson and Berggren show that:
27 . Elliptic integral:
1K () == "sin(Qa/2) w2 a
1 K(m)= _[ S
where n= 0 (l—msm ¢)
A 2
1+—sin” /2
[ 05 sin (Qa )
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Spin density wave solution -- continued
Expression for energy:

Es[)W 4 . E(?]) u A’
Zsow _ 7 yn=VD  H 2
7 sin(Qa /2) 3

Elliptic integral:

E(m)= T(l —msin’ ¢)U2 d¢

Optimal solution obtained for Qa/2=7/2:

nK(n)= 2z where 7=

u 2\2
1+A—
16

N T n 4

2
u

Egy :,i E(ﬂ)Jr "[1+ AZJ
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Spin density wave solution -- continued

Numerical solutions for A :

2 1
=u where 7 =——0qup
1K (1) A’
1+—
16
9
A 6
4
2
0
0 2 4 6 8 10
u
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Spin density wave solution -- continued

Effects on single particle states

Non-interacting states: &, =2 cos(ka)

. 5 112
Spin density wave states: E; = —%((4005(1«1))' + AZ)
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Spin density wave solution -- continued

Nature of spin density wave state: A A
P . Y tan(26,)=————=—-——
S, =cosb A, +sinG A, ., & =&,  4cos(ka)
E-g/nipl
ac
o
0
-0:
Yy
1 - -
. /-
v
o o4
v
7 I
1o !
|
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12 }E *
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0
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SDW form:

For spin 1
(x cos 6,)

For spin ¥
(x sin 6,)
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