Reading: Chapter 6 in MPM; Electronic Structure
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Plan for Lecture 6:

dependent electron models

2. Free electron gas

3. Densities of states

4. Statistical mechanics of non-interacting
electrons
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Course schedule for Spring 2015
(Preliminary schedule -- subject to frequent adjustment.)
Lecture date | MPM Reading Topic Assign. Due date

1 |Mon: 01/12/2015 |Chap. 1&2 Crystal structures #1 01/23/2015
2 |wed: 01/14/2015 [Chap. 1&2  |Some group theory w2 01/23/2015

Fri- 01/16/2015  |No class INAWH out of town

Mon: 01/19/2015 |No class IMLK Holiday
3 |Wed: 01/21/2015 |Chap. 1&2 'Some group theory #3 01/23/2015
4 |Fri: 01/23/2015 [Chap. 1&2 'Some more group theory #4 01/26/2015
5 [Mon: 01/26/2015 |Chap. 7.3 'Some more group theory 45 01/28/2015
8 |Wed: 01/28/2015 |Chap. 6 Electronic structure; Free electron gas #6 01/30/2015
7 |Fri: 01/30/2015  |Chap. 7 Electronic structure; Model potentials #T 02/02/2015
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Quantum Theory of materials

Electronic
Exact Schrodinger equation: / %rdinates

F({r L ARDY,, (51, R D = E,, ¥, (I}, (RAjgmic
coordinates
where

FE({r}, (R"}) = F (R + F ({1}, (R"})

Born-Oppenheimer approximation
Born & Huang, Dynamical Theory of Crystal Lattices, Oxford (1954)

Approximate factorization:
\{/av ( {l‘, }, {R“ }) — X;\l‘:lclci ({Ru })YglcclronS({l,i}’ {Ru })
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Quantum Theory of materials -- continued

Electronic Schrodinger equation:
‘%F.lcc(mm({ri } s {]la})Yslcctmns({r1 }’ {Ra}) - Ua ( {Ra})rzlcamns({n } R {Ra})

‘%Elcc(mns({r’},{R“}) = _%ZVf —Z

a,[‘r:_

2

a0

| Gl -r

VA
R

Nuclear Hamiltonian:  (Often treated classically)
geNuekei ({Rn }) X:l:clu ({Ra }) — X Nuclei ({Ra })

avav

O ((RY) =X T UL (R

a

Effective nuclear interaction
provided by electrons
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Terms neglected in Born-Oppenheimer approximation

Correction terms
%Comc!iun ( {l,,1 } R {Ra})X‘l\tldc' ( {Ra})rilemmm ({l’, } R {Ra}) —

S (R R D) (R (i RD)

a a

1 Nuclei a 2~ Electrons a
;MXW R D (P ({r},{R}))




First consider electronic Hamiltonian

Electronic Schrodinger equation:
FE (AR DY (), 1R = U, (R D YE" ({r;},{R"})

n? &
FE () AR =——— D> V] - +
ZmZ az,,\rr | ;M—r_,l
L J
Y

Replace by “jellium”

VAL
R

Independent electron
contributions
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Treatment of each electron (Fermi particle) in the jellium model

I i

= = —=e

= - 27
Fo= bl

h2k?
0 _
81 T 2m
ZW/LI H~
27 /L

Note: This and following slides taken from Marder’s text
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Enumerating the independent electron states by summing

over k:
>
¥

/dEF,; = YR

B
v |
=Y F = W/dkF;.
i
273 .
fy — D sE-a)




Enumerating the independent electron states by summing

over k — continued: |

Note: Each spatial (2m)3’
state has a spin

degeneracy of 2.

D F(&) =V /dED(E)F(E)
ko ’
S F(&) :V/[dE]F(EZ)
o ’

- v/d&/[dﬁ](s(e — EF(E)
~ D)= /[d%] 5(E—£;)
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Enumerating the independent electron states by summing
over k—continued for oo _ 7°K:
k 2m

D(&)

/ (4|5 (€ — £2)

2 00
= 41— dkk*5(& — &Y
T, ke
1 [ de® 2me° 0
- - s(E—-¢
72 Jo |dE0/dk| R? ( )
= m V2mé

32
= 6.812-10”' \/€/eVeV 'em™3.
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Enumerating the independent electron states by summing

over k — continued for &0 ﬁ
k 2m
DY
}0’
— v [l
= V/[d%]ﬂ(kpfk)
Vo4r 3 Vi,

4733 °F 7 3a2

kp = (3n%n)'/3 =3.09 [n- A’)'PA.
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Enumerating the independent electron states by summing

over k—continued for oo _ 7°K:
k 2m

4,V [3v}m
=== .
3N
22 .
Er = KE 36,46 [n. A2 eV
2m

vp = hkp/m=3.58 [n-;‘f]l/3 -108cm s,

o —3

D(Er) = =411-102 [n-A'Jev ' A

N W

n
Er
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Note: Previous results are special to a 3-dimensional
jellium system where the electronic states are related to

the wavevectors accordingto o _ 2K
k 2m

For your homework problem, you will consider a 2-
dimensional jellium system with two different
dispersions:  E(k)=Xk? and E(k)=Xk.
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Statistical mechanics of free Fermi gas in terms of
“grand” partition function

Zy = 3 A0

states

i i i L ePXim(n—E)

n1=0n=0n3=0

n=0 m=0 ny=0I=1 =1 \ =

1
Zy = [I{ 3 mlnel
n=0

1

_ Blu—e]
17[[1+e H ’]
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M = —ksTInZ,

kTS In [1 +e@[ﬂ*&1] .
1

—kBTV/dE D(&)In [1 + eﬂ[ﬂ—el] .

“Grand” potential

_ _ou
op
, , eﬂ;x—[}‘&"
- v / a€' D) T

=n = 5= /de'u(e')f(e’),

1/28/2015

1
P& = Zem
1
fi= .
S
©
<
1.0 A . f(&): kpT =.0054
08 I\ £(8): kaT = 025
0.6 exp[—B(E — p)]: ksT = .25p

04 b re): kyT =251
02 |

0.0

1

Figure 6.3: Sketch of the Fermi function f(€) for various values of kgT'.
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Element Z n kr Er Tr Vi ry/ag
2= (10%cm™") eV) (10*'K)  (10%cms™!)
Li 1 4.60 1.11 4.68 543 1.28 3.27
Na 1 2.54 0.91 3.15 3.66 1.05 3.99
K 1 1.32 0.73 2.04 2.37 0.85 4.95
Rb 1 1.08 0.68 1.78 2.06 0.79 5.30
Cs 1 0.85 0.63 1.52 1.76 0.73 5.75
Cu 1 8.49 1.36 7.04 8.17 1.57 2.67
Ag 1 5.86 1.20 5.50 6.38 1.39 3.02
Au 1 5.90 1.20 5.53 6.42 1.39 3.01
Be 2 24.72 1.94 14.36 16.67 2.25 1.87
Mg 2 8.62 1.37 7.11 8.26 1.58 2.65
Ca 2 4.66 1.11 4.72 548 1.29 3.26
Sr 2 349 1.01 3.89 4.52 1.17 3.59
Ba 2 3.15 0.98 3.64 4.22 1.13 3.71
Zn 2 13.13 1.57 9.42 10.93 1.82 231
Cd 2 9.26 1.40 7.47 8.66 1.62 2.59
Hg 2 16.22 1.69 10.84 12.59 1.95 2.15
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Jellium analysis of some metals
Element Z n kr EF Tr VE rs/ay
a2en=  (10%em™1) V) (10°K)  (10%cms™!)
Al 3 1807 1.75 11.66 1353 2.02 2.07
Ga 3 15.31 1.65 1044 12,11 1.92 2.19
In 31150 1.50 8.62  10.01 1.74 2.41
Sn 41483 1.64 1022 11.86 1.89 2.22
Pb 4 1319 1.57 9.45 1097 1.82 2.30
Sb 5 1654 1.70 1099 1275 1.97 2.14
Bi 5 14.04 1.61 9.85  11.43 1.86 2.26
Mn 4 3261 2.13 1728 20.05 2.46 1.70
Fe 2 16.90 1.71 115 1294 1.98 2.12
Co 2 1818 1.75 170 13.58 2.03 2.07
Ni 2 1826 1.76 1174 13.62 2.03 2.07
28/2015 PHY 7r2 Spring 2015 -- Lecture 6 19

How well does the jellium model work — analysis of
electronic contribution to specific heat

First consider the following tricka:c
(H) = / dEH(Ef ().

= [ a [Kmdeﬁ< :

Hy = /_' dEH(E)

)

*Z 2n1”(”]/ & (2:) {au}
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2n—
/_ dEH(E) +Za,, [kT)? "d —H (1)
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n = _/_mdx[_ﬁewrl](zn)!
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o 122,
V= var WV
S ! i3 ! ’
s = /dEf(E)ED(S)
" e 9
- / dS’S’D(S’)+W—(kET)Zd(“D(#)).
Jo 6 dp
ON
%‘ 7_5\“\7
a1 Wv= B_N‘ .
o I
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N=Y / dETF(END(E) =V /0 €’ DE) + V7 (a0 ()

o 7%, D(u)
= |yp=—=RT .
ar 1% 378" D(p)
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Specific heat table from Marder’s text:

Metal VA ~ (mJ mole~ T K~=?%) Metal VA 7 (mJ mole~T K—?%)
Expt. Eq. (6.78) Expt. Eq. (6.78)|

Li 1 1.65 0.74 Al 3 1 .35 091
Na 1 1.38 1.09 Ga 3 0 .60 1.02
K 1 2.08 1.67 In 3 1 .66 1.23
Rb 1 2.63 1.90 Sn 4 1 .78 1.41
Cs 1 3.97 222 Pb 4 2 .99 1.50
Cu 1 0.69 0.50 Sb 5 0 .12 1.61
Ag 1 0.64 0.64 Bi 5 0 .008 1.79
Au 1 0.69 0.64 Mn 2 12 8 1.10
Be 2 0.17 0.5 Fe 2 4 .90 1.06
Mg 2 1.6 0.99 UPt3 450
Ca 2 2.73 1.51 UBey3 1100
Sr 2 3.64 1.79
Ba 2 27 1.92
Zn 2 0.64 0.75 ,
Cd 2 0.69 0.95
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