2/13/2017

PHY 712 Electrodynamics
9-9:50 AM MWF Olin 103

Plan for Lecture 15:

Finish reading Chapter 6

1. Some details of Liénard-Wiechert results

2. Energy density and flux associated with
electromagnetic fields

3. Time harmonic fields
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Solution of Maxwell’s equations in the Lorentz gauge -- continued

Liénard-Wiechert potentials and fields --

Determination of the scalar and vector potentials for a moving
point particle (also see Landau and Lifshitz The Classical
Theory of Fields, Chapter 8.)

Consider the fields produced by the following source: a point
charge g moving on a trajectory R,(1).

Charge density: p(r,t) = g5’ (r— R,(®)

dR, (1)

Current density: J(r,£)=gR ()5’ (r—R,(t)), where R, ()= "

R.(t)
RO A
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Solution of Maxwell’s equations in the Lorentz gauge -- continued

O(r,1) = 4;;0 ”d~‘r'dz'|‘;(i%']')‘5(ﬂ—(z—\r—r'| /e))

1 J(rt)
A(r,0) = dr'dt—=—=—5(t'-(t-|r-r'|/c)).
(r.0) 4moc2” P (= r x| f0)
We performing the integrations over first d®r’ and then dt’
making use of the fact that for any function of ¢,

- (NS f@)

dr' f@)S(t'—(t—|r =R, ()| /¢)) = ———-LrL —
L. ( (1) | R,0) (R, ()
clr=R ()]
where the “‘retarded time" is defined to be
IR

r

c
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Solution of Maxwell’s equations in the Lorentz gauge -- continued

Resulting scalar and vector potentials:

q 1
O(r,) = —— .,
®1 dme, p_ V- R
c
q v
A(r,t)= —_—,
0 47reoczR_v~ R
c
Notation: R = r— Rq(tr) Ir— Rq(t )|
. =r——7""
r
V=R, (), ¢




Solution of Maxwell’s equations in the Lorentz gauge -- continued

In order to find the electric and magnetic fields, we need to

luati
evaluate E(r.) = —V(r.1)— 6Aér,t)

B(r,t) =V xA(r,¢)

The trick of evaluating these derivatives is that the retarded
time f, depends on position r and on itself. We can show the
following results using the shorthand notation:

R o, R

Ty @ VR
c{R—v R) and {R— . j
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Solution of Maxwell’s equations in the Lorentz gauge -- continued

2 .
vorn-—2 L | p[1- | Y g R g¥-R|
3 2 2
47[6”( _v»R] c c c c

R
c

A _ g 1 [VR(v v-R_¥-R —ﬁ[R—V‘Rj
ot 4re, [R v- RJKL ¢\ Re I ’

c

gy o GG G|

c

R PR .
B(r,1) = q Rxv 3(1—L+V RJ_ Rxv/c :RxE(r,t)
) i

47[(062 (R_V-R R_v-RJZ cR
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Maxwell’s equations

Coulomb's law : V-D=p,,
' oD
Ampere - Maxwell'slaw : VxH - o =J
0
Faraday's law : V><E+%3:0
0

No magnetic monopoles: V-B=0

Energy analysis of electromagnetic fields and sources
Rate of work done on source J(, ) by electromagnetic field :
W _ s () gy

dt dt

Expressing source current in terms of fields it produces:

aw jd% E~[V><H—6—DJ
ot

i -
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Energy analysis of electromagnetic fields and sources -
- continued

dl:jaﬂr E-J=[dr E-(VxH—aDj
dt ot

=—[d*r [ (ExH)+E- D aBJ
or or

Let S=ExH "Poynting vector"
1 .
u= E(E ‘D+H-B) energy density

a—u+V S=-E
ot
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Energy analysis of electromagnetic fields and sources -
- continued

dEW =[d’rE-J

. . 1
Electromagnetic energy density:  u = E(E -D+H- B)
E g = J.dSr ulr,z)

Poynting vector: S=ExH

. .0

From the previous energy analysis: a—L; +V-S=-E-J

SL‘;{’";”’ +7db;;”“ :—J'd r V-S(r,t)=—fd’ri-S(r )

Momentum analysis of electromagnetic fields and sources

de(’C —
Tujd% (PE+J xB)

Follows by analogy with Lorentz force :
F=g(E+vxB)
Piw= goj.dsr (E x B)

Expression for vacuum fields :

deec el
[dth < ] X[

Maxwell stress tensor :

QEgO(EE +*BB, -5, (E E+cB- B)j

ww;,n




Comment on treatment of time-harmonic fields
Fourier transformation in time domain :

By —— j doEr o) e™
2 2,

Erao) = Tth(r,t)e’“

-0

Note that E(r,¢)isreal = E(r,@)=E'(r,— o)

These relations and the notion of the superposition principle,

lead to the common treatment :

E(r)=R (B we™ )= %(]NE(r, e +E (1, w)e™)
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Comment on treatment of time-harmonic fields -- continued

Equations for time harmonic fields :

~ » 1 (~ » ~ .

Er)=R(Erwe™ )= E(E(r, e +E (r,w)e™)
Equations in time domain  in frequency domain
Coulomb's law : V-D=p,, v-D= P e
Ampere - Maxwell'slaw: VxH - % =J5. Vx H+ioD= j,w

OB 5=

Faraday's law : VXE+E:0 VxE—-iwB=0
No magnetic monopoles: V-B=0 vV-B=0

Note -- in all of these, the real part is taken at the end of the
calculation.
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Comment on treatment of time-harmonic fields -- continued
Equations for time harmonic fields :
i —i 1 (= —iot | T* i

Er)=R(Erwe™ )= E(E(r,a))e e
Poynting vector : S(r,t) =ETyxH(r1)
S(r,r)= i(ﬁ(r, e ™ +E'(r,w)e™ )>< (ﬁ(r, we ™ +H(r, a))e"“')

= %(E(r, o) xH'(r,0)+E (r,0)x H(r, a)))
+%(1~3(r, @)x A, 0™ +E (r,0)x H'(r,a)e™™ )

(s(.),,,, = m[% (B apx i, a)))j
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Summary and review

Maxwell’s equations

Coulomb's law : V-D=p,,
oD
Ampere-Maxwell'slaw: VxH- e J e
Faraday's law : VxE+ aa—B =0
t

No magnetic monopoles: V-B=0
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Maxwell’s equations

For linear isotropic media -- D=¢E; B=uH
and no sources :
Coulomb's law : V-E=0

Ampere - Maxwell'slaw: VxB—ue %—E =0
t

Faraday's law : V><E+‘Z—B =0
t

No magnetic monopoles: V-B=0

1512017 PHY 712 Spring 2017  Lecture 15

Analysis of Maxwell’s equations without sources -- continued:
Coulomb's law : V-E=0

Ampere-Maxwell'slaw: VxB—ue % =0

Faraday's law : VXE+ Z—B =0
t
No magnetic monopoles: V-B=0
Vx[VxB—ysa—E):—VzB—ya AV=E)
ot ot
o’B
=-V'B+ue—=0
"
VX[VXE+6—BJ =—V2E+M
ot ot
> O’E
=-V°E+ ue =0
™
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Analysis of Maxwell’'s equations without sources -- continued:
Both E and B fields are solutions to a wave equation:

2

VT—%a?zo

v- Ot

1 0’E
VE-——=

v: ot
where 17 = 2 Ho%o Ei

ue n’

Plane wave solutions to wave equation :
B(r, t) = m(BOeik""'“" ) E(r, t) — g{(EOeik-r—iax )

02115/2017 PHY 712 Spring 2017 -- Lecture 15 19

2/13/2017

Analysis of Maxwell’'s equations without sources -- continued:
Plane wavesolutions to wave equation :

B(r./)=R(B,e™ ) E(r.r)=R(E,e* )

2 2
‘k‘z = [a)j = [M) wheren = He
v c Ho&y

Note: &, 1, n, k can all be complex; for the moment we will
assume that they are all real (no dissipation).

Note that E; and B are not independent;
0B

from Faraday's law : VXEJth:O
0
=B, - kxE, _ nkxE|
@ c
alsonote : R-EU =0 and R-BU =0
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Analysis of Maxwell’'s equations without sources -- continued:
Summary of plane electromagnetic waves :

B(r,t)—g{[M)exkvrmJ E(r’t):m(EOeik~rdax)
c

2 2
‘k‘z = (gj = (gj wheren=_|-££ andﬁ-Eo =0
v ¢ Ho&y

Poynting vector for plane electromagnetic waves:

<S> . :%m Eoeik-riwrxl(nkxEo eik-riwf]
av P c

:n‘Eo‘Zl’%:l E‘E
2uc 2\ u 0
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Analysis of Maxwell’'s equations without sources -- continued:

Transverse Electric and Magnetic (TEM) waves
Summary of plane electromagnetic waves :

B(r,t) - SR[ nk Z E, oT mnj E(r,t) _ ‘R(Eoe'l"r mn)

2 2
‘k‘z =[£J =(ij wheren = | -#4- andﬁ-EO =0
v ¢ Ho&y
Energy density for plane electromagnetic waves:
1 ikr-ic ikr-ior |
(1), = e, ) )

=

l‘R 1 "IA(XEO glkrion "IA(XEO glhrion
4 U c c
1 2
=—¢|E
L)
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More general result (for homework)

Suppose that an electromagnetic wave of pure (real) frequency w is traveling along the z-axis of a wave guide
having a square cross section with side dimension a composed of a medium having a real permittivity constant € and
areal permeability constant . Suppose that the wave is known to have the form:

E(r.t):‘)l{ll(,e'“ o [(iﬂw)ﬁsin(ﬂ]j}}
m a
H(r,1) :ﬂ‘{lln el [7il\ﬁsin[ﬁj i+cos(EJ i}
7 a a

Here H, denotes a real amplitude, and the parameter K is assumed to be real and equal to

k= ;Auu:f[ﬁ]. for ;mu:>(z)
a a

a. Show that this wave satisfies the sourceless Maxwell's equations.
b. Find the form of the time-averaged Poynting vector

oM =%9z{E(r,1)xH’(r,n}

for this electromagnetic wave.
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