PHY 745 Group Theory
11-11:50 AM MWF Olin 102

Plan for Lecture 10:

Introduction to groups having infinite dimension
Reading: Eric Carlson’s lecture notes
1. Example — 3-dimensional rotation group

2. Some properties of continuous groups
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Course schedule for Spring 2017

{Preliminary schedule - subject fo frequent adjustment )

Lecture date | DDJ Reading Topic HW Due date
1 [Wed: 01/11/2017 |Chap. 1 Definilion and progeries of groups #1 012062017
2 [FA.01A32017  |Chap. 1 Thesey of repeesantalions
Mon: 01/16/2017 MLK Hollday - na clss

3 [Wed: 011182017 [Chap. 2 Theory of represantations

4 Fri: 01202017 (Chap. 2 Proaf of the Great COrthanality Thecrem #2 0vza2mM7
& |Mon: 08232017 [Chap. 3 Maotion of character of a reprosentation #3 01/25/2017
€ [Wad: 01252017 [Chap. 3 Examples of point groups 4 OvET2NT
T |FroM2T2NT  Chap 4 &8 Symmatry of vibrational modas s 0120Em T
B |Mon: 01302017 (Chap 4 &8  |Symmetry of vibrational moes 5 02012017
9 [Wed: 0201/2017 [Chap. 8 \iorational excastions u 00T
10 [Fri: 02032017 |Motes Conlinuous groups ] O20G0T

11 [Mon: D2/0612017
12 [Wed 0210812017
13 [Fri 021102017

14 [Mon: D213:2017
15 (Wed, 0211512017
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Consider a three-dimensional rotation. For example a

rotation by angle ¢ about the z-axis, transforms as follows:

X cosa sina 0)(x
R,|y|=|-sina cosa O]y
z 0 0 1)\ z

These rotations follow the multiplication rule
R,R, =R, where y=a+p

X cosff sinf O0) cosa sina 0)fx
RyR,| y|=|-sinf cosf 0| —-sina cosa 0] y
z 0 0 1 0 0 1)\ z

cos(a+pB) sin(a+pB) 0)(x

=| —sin(a+ ) cos(a+B) 0|y

0 0 1)\ z




Evidently, the set of all rotations o about the z-axis form a group
1. R,R, =R,
2. The identity exists: E=R,_,
3. Inverses exists: R, '=R_,

4. The associative relation holds: (RVR/,)RQ =R, (R/,Ra)

Thanks to Euler, we can generalize the notion to say that all
three-dimensional rotations form a group
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Spherical polar coordinates
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Spherical harmonic basisl functions:
Y, (F)=——
=7
R E
Yl(ﬂ)(r) =7F —ﬂsm@ e

o [15 .,
Yz(ﬁ)(r):\/ESInZQeJW

Yy (B) =7 % sin@ cos@ e
Y, (F)= % (%cos2 0 ffj




It can be shown that

RY,(0.9)= 3 M,,Y,.(0.9)

Apparently: Mg =1

Consider the case for/ =1:

+
f —smﬁe“‘”— /3 Zy
Y, (F)= —0059 3z

x cosa x +sina y
R,| y |=| —sina x+cosa y
z

z
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Case for /=1 — continued --
o 3 xxiy
R Y (4 (F)=% QR,Z (fj

_ [ 3 (cosa x+sina y)i(-sina x +cosa y)

87 r
3 - xxiy
=¥,/—| (cosa Fisina
i (mazism 2]
_ei‘aYI(i])(f)
e 0 0
=>M=/0 1 0 (m=1,0,-1)
0 eia

More generally, it can be shown that:
1 —ima
M,, =e™s,,
Considering the spherical harmonic functions as basis functions
of the three-dimensional rotation group, we can associate the
matrix elements M . as irreducible representations. In this

case, for each /, the dimension of the representation is (2/ +1).

a)y=e ™5, . for —I<mm'<l
D mm

From this result, we can determine the characters of these
representations:
£ sin[(l + %)a]

1l
IooN ima _ila _
Z@=3e ¢ e -1 sin(2)

m==1




Sanity check:
Note that the character of the identity class: y'(E)=2[+1

Now consider the great orthogonality theorem:

. h
> (D"(R),,) D" (R),, = I—a,m,a 5
R n

wuaCvp
For continuous groups, the summation
becomes an integral:

55,

I(Dr” (R)ﬂv )* D (R)aﬂdR z""l—‘)‘é“’ﬂj'dR

n
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I(ﬂ(r” (R))* 2" (R)dR =5m,J'dR

Procedure for carrying out integration over group elements

In general, there will be continuous parameter(s) which
characterize each group element R = R(a, f3,...)

IdR = J‘g(R(a,ﬂ...))dadﬂ..‘ where g(R(a, f...)) represents

the density of group elements in the neighborhood of R in the
parameter space of &, f3...
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In terms of the characters of the representations:

Digression — “generators” of the three-dimensional
rotation group

Consider rotation by an angle a about the z-axis
y

)
X
Let w(¢) denote the probability distribution for a quantum
system in terms of its angle ¢.

(#)=[dow 4y pw ()
(#)+a=[dpy($) (9+a)y(9)
=[dp'y (¢~ )¢y ($-a)
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Taylor expansion:
w(g -a)=y()-a o 2
= (@)

=R_y ()

Generator operator for rotation:
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