PHY 745 Group Theory
11-11:50 AM MWF Olin 102

Plan for Lecture 11:

Introduction to groups having infinite dimension

Reading: Eric Carlson’s lecture notes
Additional reference: Symmetry Principles.. Melvin Lax, Wiley (1964)

1. 3-dimensional rotation group
2. Generators of the group

3. Algebraic relationships
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Course schedule for Spring 2017

(Preliminary schedule — subject 1o frequent adjustment. )

Lecture date DDJ Reading Topic HW Due date
1 Wed 01112017 |Chap. 1 Definition and properties of groups #1 017202017
2 [Fri: 0132017 [Chap. 1 Theory of representations
Mon: 11/16/2017 MLK Holiday - na class

3 [Wed 01182017 |Chap. 2 Theory of representations

n [Chap, 2 Froaf af Ihe Greal Orthanalily Thearem ] 017232017

5 Mon: 01/2312017  [Chap. 3 Motion of character of 3 representation W3 ozez0T

& Wed 01252017 |Chap. 3 Examples of paint groups m 01272017

T Chap. 4 &8 Symmetry of vicratonal modes i) 017302017

3 Chap 458  |Symmelry of vitralional modes m 020172017
Chap. & Vibrational excitations #T 02032017
Notes Canfinuous groups 45 02062017

11 Mon; 020062017  [Motes Group of three-dimensional rotations #9 02082017

12 Wed: 021082017
13 [Fri: 02110/2017

14 [Mon: 0213217
18 Wed. 021162017
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Notion of a generator for the three-dimensional rotation group
Consider rotation by an angle a about the z-axis

o
X
Let w(¢) denote the probability distribution for a quantum

system in terms of its angle ¢.

()= [dov(®) ov(9)

(#)+a=[dpy($) (9+a)y(9)
=[dp'y (¢~ )¢y ($-a)
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Taylor expansion:
b op(g) 1,0 ()
y (¢ —a)=y () e

= (@)
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_ 2
=0_y(¢)
a2
Generator operator for rotation: O_, =e %
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Connection to angular momentum in quagltum theory
Generator operator for rotation: O_, =e7 %
In terms of cartesian coordinates:

d d ) Recall the classical expression
2oy 2

o¢ ™ oy for angular momentum:

L=rxp
Classical expression Quantum operator in coordinate representation
0 0
L =xp, - L. =—i| x——y—
o = XD, — VP A 1 (Xay .Vaxj
. 0 0
L. =yp.-zp, L, =*th(y§*zaj
0 13}
L =zp, - L, =—ih| z——x—
= ZD —XP, y = (z o Xazj
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Generator operator for rotations -- continued
—iaL, /h
0, ,=e ¥=¢"

More "standard" notation --
operator for counterclockwise
rotation about the n axis by angle « :

OR(Ot, ﬁ) — e*iaL'ﬁ/h
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Commuter relations for rotation generator operators
[Lo.L, |=inL. [L.L]=iL,  [L.L]=ihL,
Additional relations:

[LZ,L‘]:O fori=x,y,z

It is convenient to find eigenfunctions of I* and L_ :
L|lm)=11(1+1)|Im)

L, ‘lm) = hm‘lm)

L,|lm)=h\JI(1+1)=m(m+1) ‘l(mil))
Eigenfunctions of rotation operator

Oy (a, h)=e ™"

O(ax, i)‘lm) =g ek ‘lm) =e "

lm>
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Irreducible representations in terms of angular momentum
eigenfunctions

Z(zx)—”;IUm‘OR(a, z)\lm>—";e "~ sin(a/2)

Note that: y'(a+27)=(=D* 4 (a)

The group of 3-dimensional rotations about
a point is called SO(3).
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Group of all unitary matrices of dimension 2 — SU(2)

a b 2 2
M:( j where ‘a‘ +‘b‘ =1
_h* g

=M =M(an=e""" :(; ?jcos(%)—m.ﬁsin(%)

0 1), (0 =), (1 0),

where o= X+ v+ z
10 i 0 0 -1
G,\

y o.




Group of all unitary matrices of dimension 2 — SU(2) --continued

Note that:

—ilaci

e :l+(—i%aﬂ'ﬁ)+2i!(—iza6'ﬁ)z +3i(—ilzac-ﬁ)3

10
since (o‘-ﬁ)zz(o lj’
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Generalization of angular momentum to include %z integers

[Jod, =it [J. =ikl [L.J]=id,
Additional relations:

[JZ,J‘]:O fori=x,y,z

It is convenient to find eigenfunctions of J* and J_ :
7| jm) =12 (j +1)] jm)

J, jm) = hm‘jm)

2L my =) ) | (m 1)
Eigenfunctions of rotation-spin operator

O, (a, h)=e "

O(ax, i)‘jm) = h‘jm) =e

Jjm)
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Irreducible representations in terms of angular momentum-
spin eigenfunctions

. . . .

/ Lo _Sin[a(i+3)]

2= (jm|Oy(a, 2)|jm)= 3 e sn(a2)

n=—j [y

Note that: 3/ (a +27) =(-1)* y/ ()




