PHY 745 Group Theory
11-11:50 AM  MWF Olin 102

Plan for Lecture 14:

Properties of direct product groups
Reading: Chapter 6 in DDJ
1. Definition of direct product group
2. Representations of direct product groups

3. Examples
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Definition of direct product group
Consider two groups:

G, having order 7, and G, having order 4,

E A4, 4.4, and E,B,,B,,..B,

Also suppose that forall i andj, 4B, =84

Then it is possible form the direct product group

G, ® G, having the order /4, :

E A, 4;,...4, B, B,,...B, (4,B,),(4,B,),..4,B,),...(4, B, )
Checking group properties of G, ® G,:

Consider (4,8,)(4,B) = 4,(B,4,)B, = 4(4,B,)B,

L]
=(4,4,)(B;5B,)
=4,B, ford, =44, and B,=B2B,




Irreducible representations of direct product groups

Direct products of matrices
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Theorem: The direct product of the representations of
groups G, and Gg forms a representation of their direct
product group

Dy (4)Dy (B)) = Dyio" (4.B))
Proof:

First consider

DV*P (4B, A4,B))=D\*"" (44,B,B,)

ps.qt ps.qt
D (4B, AB) =D DL (4Dl (4,B)
If the identity is corrett then:
Dy (4,4,)D;"(B,B)) =Y D\ (4)D, (B)Dys (4,)D;)" (B))

q pu sV
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ps.qt ps.uv uv,qt

DD (4B, A,B) = Y DY (48D (4,B))
If the identity is correct then:
Dy (44D (B,B) =3 Dy (A)D: (B)Dyy (4D (By)

=YD (4)D} (4,)Y. D% (B))DS(B)

=D (4,4,)D," (B,B))

D;; (A,)Djm (Bj) =Dyo" (AiBj)

pS,qt




Construction of direct product representations:
(A®B), _ 4, B,
D (4,B;))=D,:(4)D," (B,)

ps,qt
Construction of direct product characters:
(4®B), _ 4, B,
Dps,ps (AlBj) - szp (AI)ZD\A (B])
P s

ps

= 7"V (4B))= " (4) 1" (B))
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Example D, ®1i

D32 [ E 2C; 30y
A il hps=6
R, Ay | 1 1 D3
ez, ps) {r, ) 1 ol
(2 =y i) } (R, Ry | E |2 1 [i}
E (]
2y ry 1 1 I hi=2
1 1 =1
Dy = Dy @1 (3] o e R T T
a4 22 A, | 1 1 | 1 7 :
i, ] | (1] I A (=
(rz,yz) " =y oy) | (R R) | B 9 =1 i 3 ~1 0
Ay, | 1 1 I|=1 =1 =1
: Ax | 1 1 =1|=1 =1 1
eyl £, |2 -l 0|2 1 ]
h=12
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Example O®i @ E B, 3G 60 60,

(432}
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Application of symmetry analysis to point group analysis
Recall the Fermi Golden Rule for transitions between
initial and final states of a quantum mechanical system

Ri%f _ %K‘Pl |AH‘ ‘Pf>‘2 pf' density of

final states

Example of electronic states “P,.) - “P/ > due to coupling with

an electromagnetic field characterized by vector potential A
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Prediction of electromagnetic transitions
<‘P1 ‘ unitial state
AH  coupling to electromagnetic field o« p,p,,p.
“P j> final state
(W |AH|Y ) = > NE@) (7€) 2 (@) (@)
k
Example D,
] Iy {32) E 20y 3C;
P A1 1 1
Rz Ay | 1 | |
{es yz) [ETH] - | o
(a2 = 4, 1) } (. ) J o i
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Example D;
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ForA=Az2 " (€)= x"*(C)
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Example D;
) _ In(32) E 20y 3C;
[ et A1 1 1
Rz Ay [ 1 1 =1

{xz,yz) e,y .
2 1 El2 =1 L1}
= =y, 1Y) } (R, /) J
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v) - ‘ ¥, >

4, E

A, no transition
E 4,
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Example D, ®1i

Doy = Ds @1 (3m) |E 20y 3C i %Gy 30
2% 48 2t 4 | 1 1 1 1 1 1
i, Az | 1 I =l 1 1 -1
(rz, pz) o =9, oy) | (R, R) | E, e | 1] 2 =1 1]
A, | 1 I 1[=I =1 =1
x Ay 1 1 -1 -1 -1 1
(e | 2 =1 0|-2 1 0
For A=A,z 7M@)= 2" (@)

ForA=A& orA§  7Y(€)=7"(€)
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