PHY 745 Group Theory
11-11:50 AM  MWF Olin 102

Plan for Lecture 17:

Group theory for the periodic lattice
Reading: Chapter 10 in DDJ
1. Bloch Theorem and reciprocal space
2. Group theory for reciprocal space
3. Examples

This lecture contains some materials from an electronic
version of the DDJ text.
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8 Wed (207217 Chap B Wibraticnal excitations. # n2oaszm 7
10 Fri; 02032017 Nates Cantinuous groups =4 020062017
11 Mon D2A0EZ01T  Mates Group of three-dmensional ratabans 5 RA0AZ01T
12 Wed O2OBEHT  Nales Continuous groups #10 w207
13 Fri. 02102017 (Chap. 5 Ao ortitals #i1 2132017
14 Mon 02132017 (Chap. 6 Direct product groups w1z 2152017
15 Wed: 0252017 [Chap. 7 Molecular orbital w13 2AT201T
18 Fri021702017  [Chap. 9 Intraduction to Space Groups #i4 02202017
17 Mon 022 T Chap 10 [Group theary for tha panokc lattice
18 Wed: 02222017 Chap 10 iGroup theory for the peniodc lattice
18 Fri; 02242017  Chap 1-10 Review — Distribute take-home exam
20 Mon 0202772017 Exam
21 Wed: 030172017 Exam
22 Fri. 030312017 Exam Due

Mon: D3062017 Spring break - no class

Wed: D3/0B201T Spring break - no cisss

Friogane2017 | {Spring break - no class

Mon: 03132017 WAPS Mesting - o class

Wod: 031 BT |APS Manhng - no class

Fri: 031772017 WAPS Meeting - o class

23 Mon D3202017
24 Wed: 03227207
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Space group _ \ o jattice translation

R |t +T}

tLattice translation

Consider the translation subgroup:

{elT)

T=nT, +n,T, +nT, forallintegers n,,n,,n,

Point operation

=> Subgroup is Abelian
= Order of the subgroup is infinite
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V(x)
Periodic Hamiltonian ]
e b0

H@r)¥Y(r)=EY¥Y(r)
Hr+T)Yr+T)=E¥Y(r+T)
Hr)Y(r+T)=E¥Y(x+T)
=>Yr+T)=C¥(r)
=C=¢"
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Accounting for distinct values of C = ¢
0=k-T

Y (r+T)=*"¥, (r)

Reciprocal lattice

Define G, T, =270,

General reciprocal lattice vector:

G =mG, +m,G, + m,G,
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Example
Simple cubic lattice in real space:
—a
2r/a
a
27/a
a 2m/a P
T, =ax G =—X
a
- 27,
T, =ay G,= =z
a
T,=az G, = 2z,
a
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Accounting for distinct values of C = ¢
0=k-T
Y, (r+T)=*"T¥, (r)
N()te that ei(k+G)-T — ei(k-T+M27r) — eik-T
= k takes unique values only

within the unit cell of the

reciprocal lattice

Bloch state ¥, (r) is a basis function
for the lattice translation subgroup.
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Unit cells of reciprocal space — Brillouin zones
=>»simple cubic lattice

v

Figure 2.17 Brillouin zone for the simple cubic lattice. Some high symmetry points are indicated
F=0X = (2n/fa)l /20,00 M= (2xfay1/2.1/2.00 R

(2w fa)1/2, 1/2,1/2)

2/20/2017 PHY 745 Spring 2017 -- Lecture 17

Unit cells of reciprocal space — Brillouin zones
=>face-centered cubic lattice

A

Figure 218 Brillouin 2one for the fuce-centered cubic lattice (tfruncated octahedron). Some
high symmetry points ave: [ = 00 X = 2afad1,0.0% L = 2x/ad1/2. /2,172 W =
2o fad(1/2,1,0)
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Unit cells of reciprocal space — Brillouin zones

=>body-centered fubic lattice

Figure 219 Brillouin 2«
high sy

for the body-centereil cubic latice

ymmetry points are also indicated: T = 0: N = 22 /ad1/2,
| ZRobf@y; H = (2mfal, 1, 0). PHY 745 Spring 2017 -

ecture 17 10
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Unit cells of reciprocal space —

=>hexagonal lattice

Brillouin zones

5 arne
OO0 @ =ixfad], 13,00 A = (mfedi, D, 1)
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Theory of Brillouin Zones and Symmetry Properties of Wave Functions in Crystals

L. P. BOUCKAERT,* R. SMOLUCHOWSKI AND E. WIGNER, The Institute for Advanced Study
Princelon University, Princelon, New Jersey and the University of Wisconsin
(Received April 13, 1936)

It is well known that if the interaction between electrons
in a metal is neglected, the energy spectrum has a zonal
structure. The problem of these “Brillouin zones” is
treated here from the point of view of group theory. In
this theory, a representation of the symmetry group of
the underlying problem is associated with every energy
value. The symmetry, in the present case, is the space
group, and the main difference as compared with ordinary
problems is that while in the latter the representations
form a discrete manifold and can be characterized by
integers (as e.g., the azimuthal quantum number), the
representations of a space group form a continuous mani-
fold, and must be characterized by continuously varying

parameters. It can be shown that in the neighborhood of
an energy value with a certain representation, there will
be energy values with all the representations the pa-
rameters of which are close to the parameters of the
original representation. This leads to the well-known
result that the energy is a continuous function of the
reduced wave vector (the components of which are pa-
rameters of the above-mentioned kind), but allows in
addition to this a systematic treatment of the “‘sticking’
together of Brillouin zones. The treatment is carried out
for the simple cubic and the body-centered and face-
centered cubic lattices, showing the different possible
types of zones.
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Effects of space group operations on Bloch functions
Y, (r+T)=*"¥, (r)
=Y, (r) ="y, (r)

where u, (r +T)=u,(r)

General space group element: {Ra “ra + T}

First consider symorphic case where t, =0

{R,|T}W, (r) = {|T}{R, |0} ¥, (r)
:{E‘T}{Ra ‘0} e u, (r)
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Note that {R,[0}r=R,r
= {R, [0} ™", (r) = ™ * ", (R,7'r)

:eiRak.ruRmk (r) — \I;Rak (l')

defining u, , (r)=u, (R, ')
{8|T} {Ra |0} Y (r)= eiRak'TlPRak (r)

=> The symmetry of the wavefunction depends on k
=> For each k, the spatial point symmetries must be
considered.
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k=0 in a cubic crystal

TasLE 1. Characters of small representations of T', R, H.
LRIE 3ce 6Ci 6C: 8C J 3G 6JCi 6JC: 8JCs
T 1 1 1 1 1 1 1 1 1 1
r, |1 1 -1 -1 1 1 1 -1 -1 1
T |2 2 0 0 —1 2 2 0 0 —1

13 —1 1 -1 0 3 —1 1 -1 0
Ty (3 -1 —1 1 0 3 -1 -1 1 0
Ty |1 1 1 1 1 -1 -1 -1 -1 -1

My |1 r -1 -1 1 -1 -1 1 1 -1

M| 2 2 0 0o -1 -2 =2 0 0 1
I's |3 —1 1 -1 0 -3 1 -1 1 0
Ty |3 —1 —1 1 0 -3 1 1 -1 0




Band structure diagram for fcc Cu (Burdick, PR 129 138-159 (1963))
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