PHY 745 Group Theory
11-11:50 AM  MWF Olin 102

Plan for Lecture 19:

Review of topics in group theory
Chapters 1-10 in DDJ

1. General concepts and definitions in group
theory

2. Representations of groups; great
orthogonality theorem

3. Point groups; space groups
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8 Wed (207217 Chap B Wibraticnal excitations. # n2oaszm 7
10 Fri; 02032017 Nates Cantinuous graugs #8 2062017
11 Mon D2A0EZ01T  Mates Group of three-dmensional ratabans 5 RA0AZ01T
12 Wed O2OBEHT  Nales Confinuous groups #1 w207
13 Fri. 02102017 (Chap. 5 Ao ortitals 2132017
14 Mon 02132017 (Chap. 6 Direct product groups 2152017
15 Wed: 0252017 [Chap. 7 Molecular orbital w13 2AT201T
16 Fri 02172017 Chap 9 Introduction to Space Groups K14 D2202017
17 Mon 02202017 [Chap 10 Graup theary for the penodc latice
18 Wed: 0222207 [Chap. 10 Group theary for the perodc attice
198 Fri; 02242017 Chap 1-10 Review — Distribube take.
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Group theory
An abstract algebraic construction in mathematics

Definition of a group:
A group is a collection of “elements” \,B,C....and a

“multiplication” process
Pa

tl
t
|}

The abstract multip
s two group elements, and associates the *
hird element. (For example (A B = (").) The elements and
1e multiplication process must have the following
roperties,

The collection of elements is closed nnder multiplication, That is, if elements
A and B are in the gronp and A - B =, element C' must be in the group,

Omne of the members of the group & a *unit element”™ (E), That s, for any
A=A

element A of the group,

4. For each element A of the group, there is another element A~ which is its
“inverse”. That s A- A '=A"" - A=E
1. The multiplication process is “msociative”. That is for sequential

2/2

mulplication of group clements A, B, and C, (A B) - C=A-(B- ).
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Some definitions:

Order of the group = number of elements (members) in

Subgroup

Coset

Class

the group (positive integer for finite
group, « for infinite group)

= collection of elements within a group
which by themselves form a group

= Given a subgroup g; of a group a
right coset can be formed by multiply
an element of g with each element of g;

=2>members of a group generated by the
conjugate construction €= X;'YX, where
Y is a fixed group element and X, are all of the

elements of the group.
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Example of a 6-member group E,A,B,C,D,F,.G

Group multiplication table

Group of order 6

E|A|B|C|D|F
E[elalB]c|D]F
AlA|E[D|F|B|C
BB|F|E|D|C|A
Cl||C|/D|F|E|A|B
D|D|C|A|B|F|E
F||F|B|C|A|E|D
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For our example:

e AlB[c|[D|F A=
EflelalB|c|D|F B'=B
All A . E|D|F|B|C c'=cC

3|F|E|[D|C _
BB L2 A D'=F
cllc|p|F|E[A|B Flop
D|D|C|A|B|F|E -
F|F|B|C E|D
Classes:

¢=E

G =4,B,C

& =D,F
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Representations of a group

A representation of a group is a set of matrices (one
for each group element) -- I'(4),I'(B)... that satisfies
the multiplication table of the group. The dimension

of the matrices is called the dimension of the
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representation.
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Example:
BRI TS Identical Representation:

r'4)=r'(B)=1'(C)
=T'(D)=T"(E)=T"(F)=1

. Another Representation
C C|D|IF|E|A|B ) ) )
D|D|C|A|B|F|E () =I"(B)=I"(C)=-1
FlF|B|c|a|E|D [(E)=T*(D)=T*(F)=1

rJ(E):(:) (1)) FJ(A):[; f)l] F3(B):[‘

1 ¥ 1 5
F3(C)—[ é Z]ﬁ(z))_[ 5 21] *(F)=

=
o= N‘g‘
~—

B

3 2

)=

Y N N‘ﬁ‘ 9
el -
| |
o]— N‘ﬁ‘
S
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The great orthogonality theorem on unitary irreducible
representations
Notation: /4 = order of the group

R = element of the group
I"(R),, = ith representation of R

wap denote matrix indices

[, = dimension of the representation

) o h
;(Fl (R)”" ) I (R)U’ﬁ = Zé‘z‘jé‘ﬂaé‘vﬁ

1




Great orthogonality theorem for characters

> (M'®),,) T/ (R),, _hss s

n / ij - ua VB

i
Letu=vand o=/ and perform summations

. L h
Z (Fl (R)Mu) Fl (R)aa = _51]' Z 5;1055;111
Rua l,‘ Ha

S (7 ®) 2 (R)=hs,

R

In terms of classes €, each with N, elements :

S Ne(7 @) 7@ =18,

2/24/2617
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Character table for P(3):
r'(4)=r'(B)=r'(C)=r'(D)=TY(E)=T'(F) =1
I’(4)=T*B)=T*(C)=-1 T*E)=T*D)=T*(F)=1

2 2
Classes: G=E € =4,B,C ¢ =D,F
e
! 1 1 1
Pl 1 Al 1
» 2 0 1
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The characters ¥ behave as a vector space with the
dimension equal to the number of classes.

=>»The number of characters=the number of classes

Second character identity:

(7€) 7€) -4,
(<%

i
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Example of H,O

Table 3.14: Character Table for Group Cy,

Cy, (2mm) E Oy o, o
PR A 1 1 1
Ty R. As | 1 -1 -1
Tz Byx | B |1 -1 1 -1
Yz Roy|B:| 1 -1 -1 1

“Standard” notation for
representations of C,,
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Symmetry analysis

4y,

3 AXy

Ay Ay,

AX3 Az,

z Axy

AZZ 3 R Ayz

Az,

Axg

Ay,

Azg
[AX, 100000000 AX4
Ay, 010000000 || Ay,
Az, 001000000 || Az
AXy 000100000 || Axy
E lay, |= 000010000 ||ay,
Az, 000001000 || Az,
Axg 000000100 || Axs
Ays 000000010 || Ay,
Az | |1000000001] LAz,

x(E)=9




Ax, ] [-100000000]| ax,
AYy 010000000 || Ay,
Az, 00-1000000|| Az
A, 000000-100|| Ax,
C,|ay, |=|000000010]]| Ay,
Az, 00000000-1|| Az,
Axg 000-100000|| Ax,
AYs 000010000 || Ay,
Az | [00000-1000/Laz,

x(C2)=-1

Similarly: y(c,)=3
X(Gv’)=1
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Decomposition of the displacement representation into

irreducible representations

2(R)=2 a7 (R)

a = Y7 ®) 2@

R
Table 3.14: Character Table for Group Cy,

Cay (2mm) E C o, o
27,22 [ 2 4,11 1 1 1
Ty R. Az | 1 1 -1 -1
2 Rz | B |1 -1 1 -1
Yz Rey|Ba| 1 -1 -1 1
7(R) 9 -1 3 1
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Table 3.14: Character Table for Group Cy,

Cay (2min) E C, o o
=y, 22 ]2 A, 1 T 1 1
ry R. As | 1 1 -1 -1
Iz Rz | B |1 -1 1 =1
y2 Rey |Ba| 1 =1 =1 1

Z(R) 9 -1 3 1

= Coordinate representation=34, + 4, + 3B, + 2B,

translations =4, +B +B,

rotations =4,+ B, +B,

vibrations =24, + B,
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Some properties of continuous group SO(3)

Taylor expansion:
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! ! 8l//(¢’) 1 2 azl//(¢,)
—a)= e e e A
w( -a)=y(4) oy 2% g7
o2
=e ““y(¢)
=R_y(¢)
Generator operator for rotation: =
9
O =e Yo — pial:/h

More "standard" notation --
operator for counterclockwise
rotation about the n axis by angle « :
OR (a’ ﬁ) — e—iaL-ﬁ/h

Eigenfunctions of rotation operator

0.(a, R) = giaLih
RS =

Op(a, 2)|Im)=e7=""|Im) = e

lm>

212412017 PHY 745 Spring 2017 - Lecture 19 20

Irreducible representations in terms of angular momentum
eigenfunctions

Z(a)—ﬂE/(lm‘OR(a, z)\lm>—m;e "~ sin(a/2)

Note that: y'(a+27)= (D> 4 (a)




Group of all unitary matrices of dimension 2 — SU(2)
a b 2 2
M= where ‘a‘ +‘b‘ =1
—b* q*
itaei _( 10 o
=>M=M(a,n)=e :(0 ljcos(%)—mmsm(%)
0 1), (0 =i\, (1 0),
where 6= 1 0 X+| | v+ 4

[ . O,
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Group of all unitary matrices of dimension 2 — SU(2) --continued
Note that:

:1+(—i%aa-ﬁ)+zi!(—i%ac-ﬁ)2 Jr%(—ilzous-ﬁ)3

+4l!(—i%ms-ﬁ)4 +..

10
since (6~ﬁ)z:(0 lj’

oy T4

0

:& quﬁ*”ﬁ““ﬂ
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