PHY 745 Group Theory
11-11:50 AM  MWF Olin 102

Plan for Lecture 25:
Group theory and intrinsic spin; specifically, s=1/2
1. Dirac equation for hydrogen atom

2. Spin-orbit interaction
3. Double groups
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Dirac equation for describing the quantum mechanics
of an electron

Two component matrices --
Pauli spin matrices

0 1 0 —i 1 0
o = o, = o =
1o Tli 0 = lo -1

Identity matrix

g
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Four-component Dirac Hamiltonian for an electron in a
spherically symmetric scalar potential V(r):

[(V(r) + mcz)l cG-p ]
H=

co-p (V(r)—mcz)l

Other useful four-component matrices:

yo LI +%c/2 0
B 0 LI +%c/2
L-c+hl 0
K =
0 —(L-o+nl)
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The following commutation relations can be shown:

[H.K]=0 [H.J]=0  [H,J].]=0

Useful identity:

For two operators A and B and Pauli matrices ¢ :
(6-A)(c-B)=A-B+ic-(AxB)
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Eigenfunctions of Dirac Hamiltonian for spherical
potential

%4 2 I . Upper Upper
H\P_[( () eme')l cop J[W (r)}_E[wmh, (r)}

co-p (V(r) —mc? )1 Wy (r) v (r)

Relationships between eigenvalues

| I, |
-(j+3) k-1 -K
j+3 K k-1
4/2( PHY 745 Spring 2017 -- ure 2!




Vi (1)) _((G0) 7)Y
v () \GF@) )Y
; lmts (1 l-—m+5 [0 o
Yo =2t o) N ey e @y ) =
N (1 I+m+7 [0 o
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Radial differential equations:

hc(d—G+£G] =(E-V(r)+me*)F
r r
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Radial differential equations:

hc[d—G+£Gj =(E-V(r)+me*)F
dr r

hc[%—%F} = —(E— V(r) —mcz)G

Normalization of wavefunctions for bound states:
[ar(loe) +|F@f) =1
0

Non-relativistic limit:
Let EM = E—mc?
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Radial differential equations:

hc[d—G+£Gj=(ENR—V(r)+2mcz)F
r r
dF «
he| —-=F |=—(E™ -V ()G
(dr r ] ( ())
For EM™ -V (r) < 2mc’
hc(d—G+£GJz(2mcz)F
r r
2 2 +1
il s £
dr r)2mc\ dr r 2m\ dr r

~ 7(ENR — V(r))G
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= In non-relativistic limit - E™ -V (r) < 2mc* :
Upper component radial function satisfies

Schroedinger equation:

( n? (dZ (K+1)]V(r)]G(V)=ENRG(V)

2
dr’ r

Lower component is related according to:

F(r)~ —[£+£GJ

2me\ dr r

K I, [
-(j+3) k-1 -K
j+3 K k-1
K J I, [
-1 P 0 1
1 JA 1 0
) ¥ 1 2
2 ¥ 2 1
-3 % 2 3
3 % 3 2
—4 % 3 4
Example for the H atom Define fine structure constant:
ze* ¢ 1

V(r)=—

p The  137.035999679
Radial differential equations:

h(‘;—G+KGJ (E-V(r)+me*)F

(dl_fF

j (E-V()-me)G
[l
(&3
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In terms of Bohr radius:
n

a=——0 r—rla
ame

(o))
[
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