PHY 745 Group Theory
11-11:50 AM  MWF Olin 102

Plan for Lecture 26:
Group theory and intrinsic spin; specifically, s=1/2
1. Dirac equation for hydrogen atom
2. Spin-orbit interaction*

3. Double groups*

*Chapter 14 in DDJ
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27/2017 PHY 745 Spring 2017 - Lecture 2€
Fri: 03172017 APS Meeling - no ciass

23 Mon: 0XZ2M2017  Chap. 7.7 Jahn-Teller Effect 415 0372472017

24 |Wed: 03/32:2017 Chap. 7.7 Jahn-Teller Effect

25 Fri: 03242017 Spin 112 #18 0372772017

26 |Mon: 03/27/2017 Dirac eguation for H-like atoms #17 03/29/2017

27 \Wed: 03/282017
28 |Fri: 033072017

28 Mon 04/03/2017
30 Wed 04/052017
31 Fri: 040772017

32 Mon 04102017
33 Wed: 041272017

Fri: 04/142017 Goaod Fridey Haliday — na cliss

34 Mon: 041702017
36 Wnd: 04/15/2017
36 Fri Q4212017

Mon: 0472402017 Presantations |
Wed: 04/26/2017 Prasantations H
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Dirac equation for describing the quantum
mechanics of an electron

Four-component Dirac Hamiltonian for an electron in a
spherically symmetric scalar potential V(r):

(V(r)+mc2)1 co-p

co-p (V(r)fmcz)l

In terms of two component matrices --

) e ) e )
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Other useful four-component matrices:

y_(L+hsr2 0
- 0 LI +%c/2

L-o+nl 0
K =
( 0 —(L~o-+h1)}

The following commutation relations can be shown:
[H.K]=0 [H.J?]=0 [H.J.]=0 [J.K]=0[J..J*]=0

In principle, it is possible to have eigenstates that are
simultaneously diagonal in H, K, J2, and J,, but K and J? are
closely related.
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Suppose that the simultaneous eigenvectors:
HY = EY KY=-h¥  JY=1jj+)¥  JY¥=mm¥
Take the form:
G(1) o ytmer
Tulm
iF(r)
T

y Lower

KY=-h¥ KY=nx"V¥
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L-o+hl 0 , 2(1 0
K*=(L-o+l)
0  —(L-o+nl) 07

2
(L-o+nl) = +hL-c+1 =JZ+%

2 2
K*Y = ik =[J2 +%]‘P = hz[j+%j ¥

@W”‘ (k=—j-1) @yuppw (e=j+1)
Either: V¥ = '1:( ) or ¥= 'F(r)
%ymw(’(: 1) %yww (x=-j-1)
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Also note that

J=L+§c
2

2
hL~6+h2]=J2]_L21_%62+h21

(hL-c+h21)‘I/:hz(j(j+1)—l(l+l)+i]y

:«[j(m)fzu(zu +1)+i]:,,(

[.j(_j+1)—lL(lL +1)+%]:K
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(j(j+1)—lv(lv+1)+%j=_,(
[/(j+1)—zL(zL+1)+ij=,(
Mz(ﬂlf

2
fo(ly +1) =1, (1, +1) ":+(f'+1j
2 U2

2 -
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Eigenfunctions of Dirac Hamiltonian for spherical
potential
o (V(r) + mcz)l c6-p yime (r) . i (r)
co-p (V(r) —mc? )1 Wy (r) v (r)
Relationships between eigenvalues
| I, |
-(j+3) k-1 -K

j+3 K k-1




K I, [
-(j+3) k-1 -K
j+3 K |
K J I, [
-1 7 0 1
1 Y 1 0
-2 % 1 2
2 ¥, 2 1
-3 % 2 3
3 % 3 2
4 |y 3 4
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Vine (F))_((G()/ r) Y

v (r) ) \GF@) /)Y

; lmts (1 l—m+5 [0 o
L e vrenn I Y A v an (AL P BT A
P [l=m+g (1 l+m+4 [0 o
Yo = 2rer e ®lo S e ey @y ) =

Radial differential equations:

hc(d—G+£G] =(E-V(r)+me*)F

r r

hc[%—%F} = —(E—V(r) —mcz)G
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Radial differential equations:

hc(‘i—G+5GJ =(E-V(r)+me*)F

r r

hc[%—%F} = —(E— V(r) —mcz)G

Normalization of wavefunctions for bound states:

Tdr(\c(r)\z + \F(r)\z) =1
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Radial differential equations:

dr r

hc(E + EG] = (E -V(r)+ mcz)F
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Example for the H atom Define fine structure constant:
2 2
V(r)= _Ze ¢ _ _
r he  137.035999679

In terms of Bohr radius:

h
a=——r0 r—rla

({45

dr r roa mc

({4
dr r r o« mc

Behavior for r — o0
G(r)~G,e” F(r)~F,e"

G
BT
a mc - -0
) >
2
Ni-¢g*

1 ( E j 1
=—,[1— > | =—~1-
a127001% me % PHY 745 Spring 2017  Lecture 2

Polynomial expansion:
N N
G(r)=er Za}.rj F(r)y=e"r Zb}.rj
j=0 =0

Assuming that the series truncates atj = N, N =0,1,...

(i+ KjG:[ﬁ+l(l+ EZJJF
dr r ra mc

1
Equating terms of order (7}
r

(s+1( aZ](aﬂiO P ey b, _ K+ -0’7’

-aZ s—k )\ b,
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Evaluating the coefficients of the polynomial of order N

Letn=N+|x]|, find
E 1

=g=

mc Z%a?
1+

— s
(n—\r«|+\)l(z —Zzaz)
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Eigenstate energies of H atom for principal quantum number 7 :

E 1
=€ 2 2
mc L+ Z'a
2
(n—|K|+x/K2—Zza2)
E ZZ 2
Forn = x| s=¢&=,/1- ?
mc n

Note that for a given principal quantum number n, the
energies for +x and —x are degenerate.

1
For n=1, k=-1: Cce#pli-za (0]
" r A=z
Za 0
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Paul Strange, “Relativistic Quantum Mechanics”, Cambridge
U. Press (1998), pg. 241
A EE S EfeV) - i d EeV)
S T ———
B
= “ow ——m
D nn [ ——
g W, Wi W —————
Fig. 8.3 The energy levels of the one-electzon atom with 2= 62, The bl relativistic
(8,43), They ace labelied by the quantum pumbsers », £, £, & 2nd their degeneracy 4, up o = 5, Also shown is the energy of each level in
ts. O i showw the lent ilh their =)
degoneracies. 23
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Summary of results for solution of Dirac equation
for H-like ion
E 1
me? 7’
I+
(n—\KH\/KZ —Zzaz)

where x =%(j+1)

E |z
mc’ 2n*

For Za<<1,

Spin-orbit splitting

AE
— P =e(n|x|+D)-&(n,| k)
mc
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