PHY 745 Group Theory
11-11:50 AM  MWF Olin 102

Plan for Lecture 3:

Representation Theory
Reading: Chapter 2 in DDJ

1. Some details of groups and
subgroups

2. Preparations for proving the “Great
Orthgonality Theorem”
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Groups and subgroups

» Asubgroup S is composed of elements of a
group G which form a group

» Asubgroup is called invariant (or normal or
self-conjugate) if

for each element of the original group X,
X7'SX =S. Your text uses the symbol

A to denote such a normal subgroup.
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Example of a 6-member group E,A,B,C,D,F,.G

AE W
A A A
Group multiplication table A5 .

Group of order 6 i-t B ¢ g
by Y “
|E|A|B|[C|D|F - “

[ |“.'.- A Ii. C .]'} [ F C
: k By~
allale[p|[r[B]c / \ y % Q
Be|F|E|[D|C|A = .
clc[p[r[ela]s /\ D /;
p[plclalB|F|E AR A8 \
FIB|C|A|E|D
/\ /g F A
y N
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Note that this group (called P(3) in your text) can be also
described in terms of the permutations:

123 123 123
E= A= B=

123 132 321

123 123 123
C= D= F=

213 312 231
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_- E A|B|C D ”!"
E|elalB|c|/p|F Subgroups:
A||lA|E|D|F|B|C E (E,A) (E,D,F)
B|B|F|E|D|C|A (E,B)
C|C|D|F|E|A|B (E,C)
PDllp|c|A|B|F|E Invariant
F|F|B|C|A|E|D subgroup
Classes:
C=E
G =4,B,C
é=D,F
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Groups of groups —

The factor group is constructed with respect to a normal
subgroup as the collection of its cosets. The factor group is
itself a group. Note that for a normal subgroup, the left and
right cosets are the same.

Group properties:
Denote group elements by X,Y, E (identity)....

1. Identity of factor group: EAN =N

2. Inverse: (XAM)X ' W) =(N X)X ' W) =N =N

3. Multiplication: (XA )WY AH)=(XY) N

4. Associative property:((X A )YY M) (ZN )= (XMN)Y N NZN)
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Factor group

DlF|B|C ‘/I/:E,D,F

AlE
slle|lrlE|D|C|A
clc|p|F|E|A|B —
& = 4,B,C
DID|C|A|B|F|E
F||F|B|C E|D

Multiplication table for factor group:
N _

NN a
al\la v
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Representations of a group
A representation of a group is a set of matrices (one
for each group element) -- I'(4),I'(B)... that satisfies
the multiplication table of the group. The dimension
of the matrices is called the dimension of the

1/18/2017

representation.
Example: ] )
EIAIBlCID|E Identical Representation:

: 1 _7l _r!
E|E|(A|B|C|D|F () =T (B)=T'(C)
AlalE|D]|F|B|C =I'(D)=I'"(£)=I"(F)=1
i CAEAE AR AL Another Representation
cllc|p|F|E|A|B R R :
D(pD|Cc|A|B|F|E ) =r"B)=I()=-1
F|F|B|C|A|E|D I*(E)=T*(D)=T*(F)=1

The great orthogonality theorem on unitary irreducible
representations
Notation: 4 = order of the group

R = element of the group
F[(R)aﬁ = ith representation of R
wvap dENOtE matrix indices

[, = dimension of the representation

) o h
Z(Fl (R)”V ) I (R)U’ﬁ = Zé‘z‘jé‘ﬂaé‘vﬁ

R
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) * h
(TR, ) T (R =78,0,48,

R i
Example:

') =r'B)=r')=r'D)=r'(E)=r'F)=1
(4 =I*B)=Ir*C)=-1 FZ(E)=1"2(D)=1"2(FJ)=1

T O B T

0 1 0 -1 g %

1 B _ B 1 B
o3 {3 el
> T'RT'(R) =6 DIXRI@R)=6 Y T'(RIT(R)=0
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Special types of matrices -- unitary
UU'=UU =1

—sind cos@

+ cos@ sinf \(cos@ —sind 10
vut=| ) =
—sin@ cos@ )\ sinfd cosO 0 1

0 —i

Example: U:( J
i 0

i Y AR B

cos@ sinf
Example: U=

Special types of matrices -- Hermitian
H'=H
0 —i .
Example: H=| =H
i 0

For every Hermitian matrix, there is a unitary matrix U which

can be used to transformation it into diagonal form:

d=U'HU
R LI
For our example: U=[‘/’z f] U*=[ﬁ, Iﬁ]
o e
" 1 0
U'HU =
0 -1

Here the diagonal elements are real.
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Digression: Note that unitary matrices themselves can
also be put into diagonal form with a unitary similarity
transformation. Last week we had the example:

cosf —sinf + = + *
Let M:[‘ ] U:{f ﬁ] U*:U":[f -
sinfd cos@ 5 7 + &
Lm0 L i -i0
+ | V2 7 e 0
UMU=U i -0 i it | i0
e s 0 ¢

In this case the diagonal elements have modulus unity.
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Proof of the great orthogonality theorem

+ Prove that all representations can be unitary
matrices

+ Prove Schur’s lemma part 1 — any matrix which
commutes with all matrices of an irreducible
representation must be a constant matrix

* Prove Schur’s lemma part 2

+ Put all parts together
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Proof of the great orthogonality theorem

* Prove that all representations can be unitary
matrices

+ Prove Schur’s lemma part 1 — any matrix which
commutes with all matrices of an irreducible
representation must be a constant matrix

* Prove Schur’s lemma part 2

+ Put all parts together

Note that for any representation F(R)of group elements R,
the similarity transformed representation I''(R) = S™'T'(R) S

is also a representation.
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Prove that all representations can be unitary matrices
Note that for any representation I'(R)of group elements R,

the similarity transformed representation I''(R) = S™'T'(R) S

is also a representation.

Suppose that representation T'(R) is not unitary: F(R)(F(R))% #1
Find § such that ['(R) = S"T(R)S and ['(R)(T'(R))' =1.

Answer:  S=Ud"

where d =U" [Z (Rt (R)]U
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Answer: S =Ud"
where d =U" (Z (R (R)]U
R

Summation over all
elements of group

Note that [Zr(k)r*(k)) :(ZF(R)F*(R)]
Details: (44" )/ =44 =Y 4,4,

(44’ )*” ~(a4'y , :;(A/kAf,\, ) = Z A A,
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Since (ZF(R)F*(R)] is Hermitian, we can find a unitary
R

matrix U to form d = U*[ZF(R)F*(R))U
R

Note that all elements of the diagonal matrix d are
real and positive.

Choose:  §=Ud"® and construct I'(R)=S"T(R)S
T(R)(I'(R)) = ST (R)S(S7T(R)S)
st=aMUt sT=d"U'
STT(R)S(S 'r(R)S)* =d""?U'T(R)Ud"*d"*U'T" (R)Ud "
=d""*U'T(R)U4U'T" (R)Ud""*
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I'(R)=S"T(R)S

F'(R)(F'(R)) =S§ T(R)S(ST(R)S)

ST(R)S(STT(R)S) =d"*U'T(R)Ud"*d"U'T" (R)U ™"

=d"U'T(R)UAU'T" (R)Ud ™

d :U"[ZF(R)F*(R)]U
S"F(R)S(S"F(R)S):d’”ZUT(R)[ZF(R')F*(R'))1"*(R)Ud" 2

Al [zr(R u)l—"!(Rn))Ud—l/Z
O
=d""*dd™"* =1
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Proved that all representations can be unitary matrices

Consider our example:

Consider the construction: Y T(R)I'(R):
R

. 5 6 0
For this example, ZF(R)F‘ R)= 0 6
R
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