PHY 745 Group Theory
11-11:50 AM  MWF Olin 102

Plan for Lecture 4:

The “great” orthogonality theorem
Reading: Chapter 2 in DDJ
1. Schur’s lemmas

2. Prove the “Great Orthgonality
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The great orthogonality theorem on unitary irreducible
representations

Notation: 4 = order of the group
R = element of the group
F[(R)aﬁ = ith representation of R
wvap dENOtE matrix indices

[, = dimension of the representation

) o h
Z(Fl (R)”V ) I (R)U’ﬁ = Zé‘z‘jé‘ﬂaé‘vﬁ

R
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Proof of the great orthogonality theorem

+ Prove that all representations can be unitary
matrices

» Prove Schur’s lemma part 1 — any matrix which
commutes with all matrices of an irreducible
representation must be a constant matrix

* Prove Schur’s lemma part 2

+ Put all parts together
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Proof of the great orthogonality theorem

+ Prove that all representations can be unitary
matrices

* Prove Schur’s lemma part 1 — any matrix which
commutes with all matrices of an irreducible
representation must be a constant matrix

* Prove Schur’s lemma part 2

+ Put all parts together

Schur’s lemma part 1:

A matrix M which commutes with all of the matrices of
an irreducible representation must be a constant
matrix: M=sl where s is a scalar constant and / is the
identity matrix.
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Schur’s lemmas part 1:
A matrix M which commutes with all of the matrices of
an irreducible representation must be a constant
matrix: M=sl where s is a scalar constant and | is the
identity matrix.

Proof:

Suppose M is a diagonal matrix d, the premise becomes

dT"(R) =T"(R)d for all elements of the group R

=(r'®), =(r'®a),

4y (0'®), =(r'w), d,
(dy—d,)(T'(R)), =0 forallk,l and for all R

=d, =d, ifT’(R)isirreducible

2012017 PHY 745 Spring 2017 - Lecture 4




1/20/2017

Example irreducible representation:

i) vl ) ooy ]
Jred 7

2

Extension of proof to more general matrix M :
Note that M = H, +iH,
where H, =M + M"
H,=—i(M-M")

In these terms, the premise is:
(H, +iH,)T'(R)=T"(R)(H, +iH,) for all elements of the group R
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(H, +iH,)T'(R)=T"(R)(H, +iH,) for all elements of the group R
= HI'(R)=T"(R)H, and H,['(R)=T'(R)H,

Hermitian matrices can be diagonalized by a unitary
transformation U

UHT' (RU'=UT (RYHU'"  forall R
UHU'UT' (RU" =UT (RU'UHU"
dT"(R)= T"(R)d  forall R
where T'"(R) is an equivalent representation of the group

The same construction holds for /,,
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Proof of the great orthogonality theorem

» Prove that all representations can be unitary
matrices

+ Prove Schur’s lemma part 1 — any matrix which
commutes with all matrices of an irreducible
representation must be a constant matrix

* Prove Schur’s lemma part 2

+ Put all parts together

Schur's lemma part 2

Consider two irreducible representations of the same group
I''(R) with dimension #, and T'*(R) with dimensions ¢,.
Suppose there exists a rectangular ¢, x ¢, matrix M such that
MT'(R) =T*(R)M forall R. 1t follows that either M =0
or I''(R) and I'*(R) are equivalent.
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Schur's lemma part 2

Consider two irreducible representations of the same group
TI''(R) with dimension ¢, and T*(R) with dimensions /,.
Suppose there exists a rectangular ¢, x ¢, matrix M such that
MT'(R) =T*(R)M forallR. It follows that either M =0
or I''(R) and T"*(R) are equivalent.

Suppose MT'(R) =T*(R)M  forall R
(Mr'@®) =(r* @)
(I'@®) M'=m'(r*R))
C'RHM' =MT*R")  forall R
=T'(RM" =M'T*(R) forallR
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Schur’s lemma part 2 -- continued
MT'(R) =T*(R)M  forallR

r'RM" =MT*(R) forall R
MT' (R)M™ = MM T*(R) =T*(R)MM " for all R
MT*(RM =M ™MT'(R)=T"(R)M'M for all R l,

2
Af =
EZ
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Schur’s lemma part 2 -- continued
MM'T*(R)=T*(RYMM" for all R
MIMT'(R)=T"(R)M'M for all R
From Schur's first lemma: MM =51 (L,x0,)

MM =51 ({,x1,)
Consider the case where ¢, # /,, it follows that s, =5, =0

otherwise there is an inconsistency (MM ! )f =M'M
Consider the case where ¢, = (,, it follows that s, = s, *
For the case thats, #0:
MT'(R) =T*(RIM =T'(R)=M"T*(R)M forallR

= Representations are equivalent
For the case thats, =0:

MM'=0 = M=0
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Proof of the great orthogonality theorem

+ Prove that all representations can be unitary
matrices

» Prove Schur’s lemma part 1 — any matrix which
commutes with all matrices of an irreducible
representation must be a constant matrix

* Prove Schur’s lemma part 2

« Put all parts together

. * h
;(Fl (R)/“’ ) I (R)flﬁ = Zé‘i/'é‘ﬂaé‘vﬁ

1
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Construct a (, x {, matrix

M=YTHR)XT'(R™)
R
Note that: T>(S)M = MT'(S)  where S is a member of the group
Details: [*(S)M =Y T*(S)I*(R)XT'(R™)
R
=Y T*(SR)XT'(R™)
R
=Y TXSRXT' (RHC'(SHI'(S)
R

=S T (SRXT'(SR) '(S)

=MT'(S)
Proof continl_Jed: P h
Z(FZ(R)/N) r’ (R)aﬂ - [_é‘iié‘ﬂ“é“"g
A )

1
Construct a £, x £, matrix
M= T*R)XT'(R™")

R

Since: T*(S)M =MT'(S)  where S is a member of the group,
for ¢,#(¢, M =0 forarbitrary X. Choosing particular indices:

(ZFZ(R)XF'(R")J :Z(FZ(R))W(F'(R"))V/]

af

=X (), (r‘(R))*Vﬁ =0
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Ha=vp

; . o h
Proof continued: Z(Fl (R)W) r’ (R)aﬂ _ 1_51_/_5 S
Constructa £, x £, Qlatrix '

M=) T*R)XT'(R™)
R
Since: T?(S)M = MT'(S)  where S is a member of the group,
for 2=1 M =sI forarbitrary X. Choosing particular indices:
(ZF‘(R)XF'(R")] =55,
R wp
For particular choice of X : YT, (R)" ,(R™)=55,,D. =s(,5,,
Rp m

*

DT (RR) =", (E) = hS,, = 50,5,
R

h
=>85=—
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