PHY 712 Electrodynamics
9-9:50 AM MWF Olin 105
Plan for Lecture 21:
Sources of radiation
Start reading Chap. 9

A. Electromagnetic waves due to
specific sources

B. Dipole radiation patterns

9 - Lecture 2

3/17/2019

\Wed: 02/20/2019 |Chap. 7

16 E plane waves #13 [02/22/2019
17 ||Fri: 02/22/2019  |Chap. 7 Electromagnetic plane waves #14 02/25/2019
18 |Mon: 02/25/2019 |Chap. 7 Refractive index
19| Wed: 02/27/2019 Chap. 8 EM waves in wave guides
20 |Fri: 03/01/2019  ||Chap. 1-8 Review
Take
Mon: 03/04/2019 |No class \APS March Meeting Home
Exam
Take
|Wed: 03/06/2019 |No class APS March Meeting Home
Exam
Take
Fri: 03/08/2019  |No class \APS March Meeting Home
Exam
Mon: 03/11/2019 |No class Spring Break
|Wed: 03/13/2019 |No class Spring Break
Fri: 03/15/2019  |No class Spring Break
21 |Mon: 03/18/2019 Chap. 9 Radiation from localized oscillating sources  #15  3/22/2019
22 |\Wed: 03/20/2019 [
23 |Fri: 03/22/2019 [
24 |Mon: 03/25/2019
25 |\Wed: 03/27/2019
26 ||Fri: 03/29/2019
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Maxwell’s equations

Microscopic or vacuum form (P =0; M =0):

Coulomb's law : V-E=p/sg,
Ampere-Maxwell'slaw: VxB-— Ciz Z—l;: = u,J
Faraday's law : VxE+ %3 =0
No magnetic monopoles: V-B=0
SN
Eoly
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Formulation of Maxwell’s equations in terms of vector and
scalar potentials

V-B=0 = B=VxA
VxE+a—B=0 :VX(E+8AJ=O
ot ot
E+6—A=—VCD
ot
or E=—VCD—6—A

Ot

Formulation of Maxwell’'s equations in terms of vector and
scalar potentials -- continued

Lorentz gauge form --require: V-A, +%62L =0
c
1 0’0
—VZ¢L+C—272L=,)/ )
1 &°A
—VZAL +772L=,u0_]

General equation form :

[vtia—z}{':w_zf

ctor (r,1) p(r.0)/ (47e,)
PR PN A CONCES

Fn= A4,(r,0) Jen u,J (x,0)/ (47)

A (r,1) Mo, (x,1)/ (47)
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Solution of Maxwell’s equations in the Lorentz gauge -- continued

G(r,t;r',t')z 5(t'—(t—|r—r'|/c))

[r—r]

Solution for field LIJ(r,t):
¥(r,t)= Y, (r,0)+

[ar[ar ! §t'7(zfl\r7r'
Ir—r c

Df(r',t')
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Electromagnetic waves from time harmonic sources
Charge density :  p(r,7)= ‘R(ﬁ(r, )™ )
Current density :  J(r,7)= ‘R(j(r, w)e ™ )

Note that the continuity condition :

%+V-J(r,t):0 = —iop(r,0)+V-J(r,0)=0

General source:  f(r,¢)= 93(7(": a’)eﬂm)

For f(r,0)= L/3(!‘, ®)
4re,
or f(r,0)= ﬂ.7‘(1‘,60)
4n

Electromagnetic waves from time harmonic sources —
continued:

‘I—‘(r,t) =¥, (r,t)+

J'd"r""dt' ! é‘t'f[tfl‘rfr'
Ir—r ¢

Pr,w)e™ =F,_,(r,0) ™ +

[arar L s tv,(,,l‘r,rv
Ir—r ¢
i2e—r|

e

jjf(ruf>

Df(w)

=9, ,(r,o)e ™™ + Jd3r' (e, @)™

[r—r]
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Electromagnetic waves from time harmonic sources —

continued: . 2]

For scalar potential (Lorentz gauge, k =—)
C

iklr-r/|

- ~ 1 -
O(r,0) =®0(r,a))+?80 d3r';—r"p(r'7w)’

2
where (Vz + %](i)o (r,®)=0

. [0
For vector potential (Lorentz gauge, k =—)
¢

xk‘r r‘

A(r,0)= Jd

L),

2
where [VZ + %] A, (r,@)=0
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Electromagnetic waves from time harmonic sources —
continued:

Useful expansion :
I/t‘r*l'"
m lkZJ/ kr y’/ kr)lm( )Y ’”’( )

Spherical Bessel function : j, (kr)
Spherical Hankel function : &, (kr) = j, (kr)+ in, (kr)

O(r,0)= D, (r, o)+ Z%m (r,0),,(F)

b (r. ) ffd3rpr @), Uk U )Y "1 ()
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Electromagnetic waves from time harmonic sources —
continued:

Useful expansion :

Calll o )

Spherical Bessel function : j, (kr)
Spherical Hankel function : &, (kr) = j, (kr)+ in, (kr)

K(r, a)) = KO (r, a))+ % a,, (r, a))Y,m (f‘)

a,, (r, a)) =iky, J. d*r' j(r' s a)) )J, (kr< )h, (kr; )Y " (f")

4rje—r
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Forms of spherical Bessel and Hankel functions:

()= ()=
J (x) _ sil)ich) 3 coi(x) I (x) _ _[1 N é) e~

jz(x)z(%fljsin(x)*%i(x) hz(x):i(nﬁf%j%

X X
Asymptotic behavior:

x<<l = j(x)=

x>>1 :h,(x)z‘(—z)

3/17/2019

Digression on spherical Bessel functions --

Consider the homogeneous wave equation

[Vz +

Suppose @, (r,®) =, ()Y, (F)
=y, (r) must satisfy the following fork =w/c:

[£+Ei_l(l+1)
h

o)~
= ](I)U(r,a)) =0

0
dr*  rdr ]%’” ()=

General Bessel function equation:

d> 2d I(+])
R +1 =0
[abc2 x dx x* ()
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Electromagnetic waves from time harmonic sources —
continued:

(T)(r, a)) = (T)O(r, a))+ z a,m (r, o), (f‘)

Im

=—J.d v o', @), (ke Y, (ke )Y i ()
K(r,a)) Ao(rrw Zalm r,o /m(i:)
Im
4, (r, @)= ik, [ 3(', @), (e o (o )Y " ()

For r >> (extent of source)
3 r.0)~ bl )[ ' Bl ) ) e )
0

a, (r, a)) =~ ik, (kr)J. d*r j(r' s a))j, (kr')Y*zm (f")
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Some details:
O(r,0) )+, (r.o),
Im

P (r.0) *Id p(re) j (k) (k) Y, (F)
:;nfdQ’Y',m(f")[h,(kr)J.r dr'j, (kr") p(r', w)+],(kr)'[r'2drh(kr) (r w)j

For r >> (extent of source)
¢,m(r a))~—h () Id (', @), (k)Y 1 ()

a, (r, @)~ ikuyh, (kr)J. &I, o)), (k)Y m(#)
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Electromagnetic waves from time harmonic sources —
continued -- some details:

@, (r, ) jd (@) ji (ke )b (k)Y (BY)
= g—(h, (kr)jr'Z dr'p,,(r',),(kr') + j, (kr)J'r'Z dr'p,,(r',w)h (kr')]
0 0 YA

where p,, (r',w)= IdQ 0, (@)Y, (B')
note that for »> R, where p,, (r,0) =0, r>R

_ PN I
P (r.0)=—h (k) [r2 dr' p,, (v, @), (k')
0 o0

Similar relationships can be written 5}
for 4, (r,®) and J(r', o).
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Electromagnetic waves from time harmonic sources —
continued:

For r >> (extent of source)

~ ik ~ ot (A

G rs0)= (k) & B ), (i ()
0

a, (r, @) = ikuyh, (kr)Id3r'j(r', @)j, (k)Y m ()

Note that ,B(r‘ R a)) and j(r' R a)) are connected via the

continuity condition: —i® ,T)(r, a))+ \Y% -j(r, a)) =0

¢,m(r a))~£h k) jd 7o', @)j, (k)Y " (#)

=) @ (e 0) 5 )Y )
e,

03/18/2019 PHY 712 Spring 2019 -- Lecture 2 18




Electromagnetic waves from time harmonic sources —
continued:

Various approximations:

ikr
fr>>1 = by (k) = ()" %

. , kr'l
kr'<<1 :J,(kr)z(z(Hf)”

Lowest (non-trivial) contributions in / expansions:

. (r,a)) ~ ;ihl(kr)"'d3rv'5(r',a))%y*lm (f")

o (r,0) = ik iyl (k) [ d*r T (r',0) Yo ()
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Some details:
Lowest (non-trivial) contributions in / expansions:

1 (1-0) = RGN (5% 0) 5 (F)
A (r,@) m ik () [d*r 3 (r',) Yy (F)

In analogy to the electrostatic case --
electric dipole moment: p(w)= jd3r' r'p(rw)
1
Note that p(w)-F = 477[ > (Id3r'r',5(r',a))Y',m (f")) Y, (F)

m=-1

= 3 G0l )=k p(o) ¢

m=-1
Similarly: a4, (r,@)Y,,(F)= f—oik hu(kr)jdlr'j (r',w)
T
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Some details -- continued:  (assuming confined source)

Recall continuity condition:  —iw 5(r,®)+V-J(r,0)=0
—ior p(r,w) +rV<j(r,a})
s 1 -
drrp =—|d'rrv-J
J rrp(r,o) iar[ rrv-J(r,0)
1 -
=——|d*J =
ia)'[ rJ(r,0)=p()
Here we have used the identity:
V-(wV)=Vy -V+y(V-V)
We have also assumed that

}gg(xj(r,w)) =0
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Electromagnetic waves from time harmonic sources —
continued:

Lowest order contribution; dipole radiation:

Define dipole moment at frequency w:

p(0)=[d'r tp(r.0) :—ijaﬂr i(r.o)

ikr

4z r
- ik . ier
) = 1
(r,a)) 4”‘90[)(60) r[ +krj r

Note: in this case we have assumed a restricted extent
of the source such that kr'<<1.
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Electromagnetic waves from time harmonic sources —
continued:

E(r, )= -VO(r,w)+ ia)K(r, o)

S o) [FERR )

- dre, 1 r
l~3(r, a)) =Vx K(r, a))
1 e ” 1
= k 1——
472'8062 r (r xp(w){ ikrj

Power radiated for kr >>1:

dP . PR [~ ~.
o - ”2"'<S>avg = Z—Iu()r-ﬂ%’(E(r,a))xB (r,w))

(Fxple)x

274
kT py
= o
3277\ &,
03/18/2019 HY 712 Spring 2019 -- Lecture 2 23

Example of dipole radiation source

I(r,0)=2s e '® Ar,0)= T cos e '®
—iwR

B3

X(r,a)): zJ, (ik,uo)jr'z dr'eirwkho(kﬁ)jo(k&)

0

~ Jok
(D(r’w):ia' Z}R
0

cos 0.[ v drte™ by (ke )j, (k)
0

Evaluation for » >> R:
_ eikr 2R3
Alr,0)=2J uy— ——
(r.0)=2u ro(1+RR
ikr . 3
5(r,w):‘]—°kcosﬂ ¢ (1+L] 2R
£, r kr (1+k2R2)2
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Example of dipole radiation source -- continued
Evaluation for » >> R :

- ikr 3
Alo)=2n S 2
r (14 k2R
ikr . 3
O(r,w)= Jok cosﬁe—[l+ij R
£y0 r kr (1+k2R2)z
Relationship to pure dipole approximation (exact when kR=>0)
1 - 87R*J,
=[dr rp(r,0)=——[d’ J(r,0)=-""""03
p(w) j rrp(r,0) ia)I rI(r,o) L
. ikr
Corresponding dipole fields:  A(r, )= —lf:—owp(w) ¢
T r
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