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PHY 712 Electrodynamics
9-9:50 AM  MWF  Olin 105

Plan for Lecture 21:

Sources of radiation

Start reading Chap. 9

A. Electromagnetic waves due to 
specific sources

B. Dipole radiation patterns
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Formulation of Maxwell’s equations in terms of vector and 
scalar potentials
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Formulation of Maxwell’s equations in terms of vector and 
scalar potentials -- continued
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Solution of Maxwell’s equations in the Lorentz gauge -- continued
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Electromagnetic waves from time harmonic sources
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Electromagnetic waves from time harmonic sources –
continued:



3/17/2019

4

03/18/2019 PHY 712  Spring 2019 -- Lecture 21 10

Electromagnetic waves from time harmonic sources –
continued:
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Electromagnetic waves from time harmonic sources –
continued:
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Electromagnetic waves from time harmonic sources –
continued:
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Forms of spherical Bessel and Hankel functions:
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Electromagnetic waves from time harmonic sources –
continued:
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Some details:
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Electromagnetic waves from time harmonic sources –
continued  -- some details:

         3 *

0

2 2

0

*

0

( )

w

ˆ, ' ', '

              ( ', ( ',

ˆhere   ( ', ( ', ( ')

note that for   ,  where  (

' ) ( ) ( ) ' ) ( )

) ' )

l

l

r

l l

r

m l

m l l

l

m l

lm lm lm

l

l m

m

kr r dr j kr kr r d

ik
r d r j kr h

r

r h k

kr Y

ik
h j r

d Y

R

   


   

   







 





 
  



 



  





 



r r

r r

r r r

 

  2

00

)

,

,

) 0,

( ' ) ( )( ',l lm llm kr r
ik

r h dr j kr



  






  

r

r

   
Similar relationships can be written

 for ,  and ', . 

                                     
lm r  a J r

x̂

r R
ẑ
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Electromagnetic waves from time harmonic sources –
continued:
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Electromagnetic waves from time harmonic sources –
continued:
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


  J rr 
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Some details -- continued:

   
   

   

 

3 3

3

 

 )

Recall continuity condition:     , , 0

 , ,

1
  , ,

1
                        = , (

r r

i

i

d d
i

rd
i



   

   

 








   

   

  

 

 



r J r

r r r J r

r r r J r

J r p








(assuming confined source)

   

  0

H

(

er

We have also assumed that

li

e we have used the i

,

dentity:

m )
r

x

  




      



V V V

J r
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Electromagnetic waves from time harmonic sources –
continued:

     

   

   

3 3

0

0

 Lowest order contribution;  dipole radiation:

       Define dipole moment at frequency :

1
                      ,  ,

,
4

ˆ, 1
4

ikr

ikr

ω d r d r
i

i e
ω

r

ik i e
ω

kr r



  


 





  

 

      
 

 p r r J r

A r p

r p r







Note:  in this case we have assumed a restricted  extent 
of the source such that  kr’<<1.
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Electromagnetic waves from time harmonic sources –
continued:

     

          

   

  

    

   2

0

0
2

42

*

0

2
2

2
2

0

2
2

0

ˆˆ
32

                         

,
~

,
~ˆ

2

ˆ
ˆ

:1for  radiatedPower 

1
1ˆ

4

1
            

,
~

,
~

1
ˆˆ3

ˆˆ
4

1
            

,
~

,
~

,
~

rpr

rBrEr
r

Sr

pr

rArB

pprr
rpr

rArrE














 


















 





ω
kc

r
r

d

dP

kr

ikr
ωk

r

e

c

ikr
r

ωω
ωk

r

e

i

avg

ikr

ikr
















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Example of dipole radiation source

    RrRr e
Ri

J
eJ /0/

0 cos,~           ˆ,
~ 


 


 rzrJ

       

             ''cos ,
~

'' ˆ,
~

1

0

1
/'2

0

0

0

0

0
/'2

00























krjkrhedrr
R

kJ

krjkrhedrrikJ

Rr

Rr








r

zrA

   
         

Rk

R
 

kr

i

r

ekJ

Rk

R
 

r

e
J

Rr

ikr

ikr

222

3

0

0

222

3

00

1

2
1 cos ,

~

1

2
ˆ,

~

:for  Evaluation








 













r

zrA
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Example of dipole radiation source -- continued

   
   

     
Rk

R
 

kr

i

r

ekJ

Rk

R
 

r

e
J

Rr

ikr

ikr

222

3

0

0

222

3

00

1

2
1 cos ,

~

1

2
ˆ,

~

:for  Evaluation








 













r

zrA

Relationship to pure dipole approximation (exact when kR0)

     

   

   

3
3 3 0

0

0

81
ˆ  ,  ,

Corresponding dipole fields:     ,
4

ˆ, 1
4

ikr

ikr

R J
ω d r d r

i i

i e
ω

r

ik i e
ω

kr r

  
 

 





    

 

      
 

 p r r J r z

A r p

r p r








