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PHY 712 Electrodynamics
9-9:50 AM MWF Olin 105

Plan for Lecture 22:

Continue reading Chap. 9 & 10

A. Electromagnetic waves due to
specific sources

B. Dipole radiation examples

C. Scattered radiation
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Review:

Maxwell’s equations

Microscopic or vacuum form (P =0; M =0):

Coulomb's law : V-E=p/sg,
Ampere-Maxwell'slaw: VxB-— Ciz Z—l;: = u,J
Faraday's law : VxE+ %3 =0
No magnetic monopoles: V-B=0
SN
Eoly
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Review:

Formulation of Maxwell’'s equations in terms of vector and
scalar potentials:

Lorentz gauge form - - require : V-AL+L26;DL =0
¢ ot
1 ’®
—V2®L +C772L:p/50
1 °A
—VZAL+C—2 azzL = u,d
O0A
B=VxA E:—Vq)—ai
t

Note that the Lorentz gauge is consistent with the

source continuity condition : M +V-J(r,6)=0
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Review:
Electromagnetic waves from time harmonic sources

Charge density :  p(r,7)= ‘R(ﬁ(r, w)e ™ )
Current density :  J(r,7)= ‘R(j(r, w)e ™ )
= Scalar potential :  ®(r,7)= ‘R((T)(r, a))e”"”’)
= Vector potential :  A(r,z)= ER(K(r, a))e"“”)
For k=2

c

ik|e—r|

B(r,0) =, (r.0)+—— [d'r — A" 0)
4re, ‘rfr'

- - ik|r-r| .
A(r,a)):AO(r,a))wLﬂjd:’r'e I(r', o)
iz Ir—r
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Review:

Electromagnetic waves from time harmonic sources —
continued:

Useful expansion :
ik|r—r|
ﬁ = 1, )

(D(r 2] r a) z¢,m r a))Y,m

b (r. ) ffd3r‘pr @), Uk i U )Y "1 ()

A(r @ r a) Za,m v w)Y, (

a,m(r 10} zk,u(,‘[d r‘J (r, a))z,(th,( )Y*[m(i:')
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Review:

Forms of spherical Bessel and Hankel functions:

() =) ()=
X ix

Ji(x)= smgx) _ cos(x) I (x)= _(1 . ij e
X X xX)x

jz(x):[i,ljsm(xy&i(x) hz(x):i[uiizji
X x X x x ) x

Asymptotic behavior:

reh =a ) G
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x>l =i (x)=(-)" &
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Example of dipole radiation source
I(r,0)=2J,e"'} plr,w)= JOR cosfe'*

X(r,a)): zJ, (ik,uo)jr'z dr'eirwkho(kﬁ)jo(k&)
0

O(r,w)=— EJZfR cos H.[ 2 drte™" ™ iy (ke )j, (k)
0

A(r,0) = z.]muo[k jr dr'e””"* sin(kr ‘)+Sm( )I ‘drie”"" "J

" 2RK’R?
L]Ulu() 252 2
=R kr (KR +1)
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Example continued

0.3
= 0.2] |¢= gsymptotic

.G A
\16 20 30

~0.2 exact

Im(A(r,®))
(=]

P . | 20 30
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Review:

Electromagnetic waves from time harmonic sources —
continued:

Dipole radiation case :
Define dipole moment at frequency @ :

p(w)szBr rﬁ(r,a)):fi‘[aﬂr I(r,0)

For fields outside extent of source and Ar' << 1 within the source :

. ikr
Alr.0)= -1 (0) "

ikr

B(r )= - p(w).f(nkijer

4rwe, r
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Review:
Electromagnetic waves from time harmonic sources — continued:

E(r,w) =-Vd (r.o)+ iw[&(r,w)

1 e {kz((f‘xP(w))Xf)‘*[WJ(l_ikr)j

4rme, r

ﬁ(r,w): Vx[&(r,w)

LA (¢ xp(w))(l —i]

4dnec v

Power radiated for kr >>1:

P _ i (s)

S —%f‘-ﬁ?(ﬁ)(r,w)xﬁ*(r,w))

ag 2

I 2 TN N
:ﬁ\/(;:(rxp(w))xr‘
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Properties of dipole radiation field for kr >>1:

1 ikr

Example:
re 9
N Note that vectors r, E, B
are mutually orthogonal
X
2 9 B PH' 1 Is g 9 i 2

E(r,0) = —— S (*((F xp(w))xF))

dre, r

ikr

Blr.0)=———(Fxplo) v

dmec” v s Sy
Power radiated for kr >>1: 7 \\

p |

ar . K Hoja o “
dQ_r r-<S>avg Y Ji(rxp(w))xr‘ . 4

3/29/2019

Alternative approach
Fields from time harmonic source:

O(r,0) imr " A(r o)

A(r,0)= H“J'd‘ " ' ryj(r',w)
Forr>>r': [r—r'lxr—r-r'+..
O(r,0)~ Ine, %Mjlaﬁr‘ e p(rw)

ikr
A(r,w) ~ %%J‘dar‘ ok j(r',a))
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For our example:

I(r,0)=2s e '® Ar,0)=—"—cosGe™""*
—iwR
Forr>>r': [r—r'lxr—r-r'+..
o
(’1') ~ d3 ' ﬂkrr ~ '
(r,a)) 4re, rJ. p(r,a))

—r/trr
4” - jd3 I(r.o)

=>Results equivalent to Bessel function expansion
in the limit kr 2 oo,
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Other radiation sources using

““alternative approach”
z

Linear center-fed antenna AN

A(r,a))z

i
f—oe—jd%'e’”‘iﬁ j(r',a))
T r

I(rio)=1, sin[% —k|z |]§(x)5(y)i
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Alternative approach — linear center-fed antenna continued

ikr d/2
A(r,a))zi—‘uo]0 - J dz' e e sin(%—lﬂz'\)

Ar r 3,

4 | COS ﬁcos&’ —cos kd
My €™ 2 2

27 kr sin® @

=7
Time averaged power:

[kd ) (kdj
cos| —cos @ |—cos| —
di:IZ H 1 2 2

aQ Vg, 82° ‘

2

sin @

Alternative approach — linear center-fed antenna continued

Time averaged power:

(kd ) (kd]

cos| —cos @ |—cos| —

dP:]2 4y 1 2 2
&, 872'2‘

aQ ° sind ‘

2

e
AP ] cos (Ecosﬁj
for kd=n€: —=1 ﬂ—zi
\/ & 8w

dQ sin’ @
P 4 cos’ (% cos 9]
for kd =2r: 7:102 &7272
dQ & 87 sin” @
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Alternative approach — linear center-fed antenna continued
Time averaged power:

[kd j [kdj
cos| —cos @ |—cos| —
dP:12 4y 1 2 2

dQ *\g, 87° ‘

2

sin @
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Dipole radiation in light scattering by small (dielectric) particles

— @ Eec
l sc
Eim:
|'Iim:
A ikk g I~
E, =g£Ee™ H, =—KkxE;
HoC

In electric dipole approximation :
1
4re,

E =

s¢

sc

ikr
K ((Fxp)xF) H,=——ixE
p

0
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Dipole radiation in light scattering by small (dielectric) particles

— —E
SC

-~ Hsc
Ein(: l

Scattering cross section :

do (A,é;ﬁo’ AO)_ FL .<ch>”vg

€)==
dQ Ko (S )
20 2
_ r S'Esc _ k4 é p‘Z
=— = —[2-
£)-E,. (4”50E0)
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Estimation of scattering dipole moment:
Suppose the scattering particle is a dielectric sphere
with permittivity e and radius a:

cle,—1 A ikk T

P= 47211380[6‘/‘9({'.2]]3‘% Einc - SOEOE '

0
Scattering cross section :
do(, o+ . VZ‘Q'ESC‘Z k* N
E( ’8;k0’80)= - 7= 3 s-p\

¢, E,| (47,E,)
2
4 6l€lEy 1], & [’
slg,+2| 7 7°
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Scattering by dielectric sphere with permittivity € and radius a:

For E;, polarized in scattering plane:

do(x . » . 4 6l€l€,—1] 1. 2
—I\r,&k,.¢, |=—= 0 .
dQ( 0 0) elgy+2 0
=k'a® /&1 os’ @
elgy+2

Scattering by dielectric sphere with permittivity € and radius a:

For E;,. polarized perpendicular to
scattering plane:

2
Al A -1 . .
dj(r,g;ko,so):yaemio 8
Q eley+2
2
R elegy—1
elgy+2

Assuming both polarizations are equally likely, average

cross section is given by :

) 46 1P
92 ik ) L0 (o0
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Scattering by dielectric sphere with permittivity € and radius a:
Katlere, -1
= 0 (0052 0+ 1)
2 |elgy+2
6
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