PHY 712 Electrodynamics
9-9:50 AM MWF Olin 105

Plan for Lecture 25:

Continue reading Chap. 11 —

Theory of Special Relativity

A. Lorentz transformation relations

B. Electromagnetic field transformations

C. Connection to Liénard-Wiechert potentials
for constant velocity sources
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Lorentz transformations Convenient notation :
v
B==
(4
y = 1
TS
y y’ Stationary frame Moving frame
ct = ylet+py)
X = y(x'+fet)
= v oy
X g y y
X B z = V4
y
p4 x
X
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Lorentz transformations -- continued
For the moving frame with v =vX :
e npB 00 7e =nB 00
00 - 00
e~ nh v el- nh
0 0o 10 0 0 10
0 0 01 0 0 01
ct ct' ct' ct
x X' X' | ox
=L =L
y y y
z z' z' z
Notice :
Ayt _yz = c2t|2_xy2_yy2_zl2
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Special theory of relativity and Maxwell’'s equations
. . op
Continuity equation: o +V-J=0
t
.. 1 od
Lorentz gauge condition: - —+V-A=0
c ot
. . 1 o’®
Potential equations: — = V'O =47p
¢ ot
1 0°A 4z
) 7 A= J
¢ ot c
. . 1 0A
Field relations: E=-VO-—— —
c Ot
B=VxA




More 4-vectors:

ct

. .. X
Time and position : =X

]

<~

Charge and current : =J”

<~

[

a

Vector and scalar potentials :

R NS

of
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Lorentz transformations

&S

=

=
o —- o o
- o o o

Time and space : xT=Lx" =Ly
Charge and current : JO=LJ =LP I’
Vector and scalar potential : A” = £ 4" = B‘,“/}A'ﬂ
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4-vector relationships

ct A°
Al

= r = (AO,A): upper index 4 - vector A4“ for (a = 0,1,2,3)
z A

Keeping track of signs - - lower index 4 - vector 4, = (A0 ,—A)

Derivative operators (defined with different sign convention):

) s
cot cot
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Special theory of relativity and Maxwell’'s equations

3/27/2019

Continuity equation : (;—"; +V-J=0 > 0./ =0
Lorentz gauge condition : 1 6?+ V-A=0 o 0,4" =0
2
Potential equations : Lz ¢ (ZD —V:® =4np
" o.0at =¥ g
. 2;? —via=iy ¢
c
Field relations : E=-VO- 1oa
c ot > ??
B=VxA
Electric and Magnetic field relationships
E=_v<p_laiA Ex=—ag—%=—(6°Al—6‘A°)
c ot ox cot
oD 04, 2
E =——-—=—(0"4"-0°4")
ay cot
:_52_61_ (50143 _a}Al))
0z cot
B=VxA 3 =% %z—(azAl—[fAz)
T
04, 04
) :7._7__(33141 _61A3)
0z Ox
:%_ o4, (a]AZ 62Al)
ox Oy
Field strength tensor 7 = (9" 4” -5/ 4" )
0 -E -E, -E,
o E. 0 -B B
E, B. 0 -B,
E. -B, B, 0
Transformation of field strength tensor
7 B 00
Fb —papm p® P = rvB, v, 00
' ' ! 0 0o 10
0 0 01
0 -F, -nlE+88.) -r(E-BB)
| 0 ~nBpE,) 7(B,-BE)
r(e+pB.) 7 (BApE,) 0 -B,
rle-pB,) -r(B.-BE) B 0




Inverse transformation of field strength tensor
7o -rnB 00
Frb — play o p-lp Pl 7.5, 7y 00
¢ ¢ ' 0 0 10
0 0 01
0 -E, ~7.(E,-BB.) -r(E+5B,)
o E, 0 -1,(B.-B.E,) 7.(B,+BE.)
7(E,~BB.) 7(B-BE,) 0 -B,
7(E.+BB,) ~r.(B+BE.) B, 0
Summary of results:
E' =E, B'. =B,
E', =y,(E,-BB.) B =y,(B,+BE.)
E.=y(E+pB,) B'.=7,(B.-BE,)
03/27/2019 PHY 712 Spring 2019 -- Lecture 27 13

3/27/2019

Comparison of the two transformations

7 B 00
F g g £~ 7B v, 00
0 0 10
0 0 01
0 -, -nlespp) -r(e-88)
| 0 -nlese) nlepr)
T\nlepp) r(BaBE) 0 -8,
7(E.-pB,) -7.8,-pE.) B, 0
7o nB 00
Fr o p 2= 7B v 00
0 0 10
0 0 01
0 -E -7,(E,~BB.) -7,(E.+BB,)
o E, 0 -7 (B.-BE,) 7.(B+BE.)
7(E~BB) r(B-BE,) 0 -B,
7(E.+B.B,) -7.(B,+BE.) B, 0
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Example:

Fields in moving frame :

E':’%(x'i+y'y): q=vt'3+b3)

((vey 4]

z Fields in stationary frame :
E =F, B =B
E =y(E,+8B.) B, =7.(8,-BE")
E=y(E-8B,)  B=r(B.+BE,)
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Example: Fields in moving frame :
B (05ey§)= q(-vt'3+by)

(vep+p2)”

Fields in stationary frame :
E—p - 407
’ ' ((—vt')z-*—bz)‘/z
gy anb)
) (Y

Bz—}/v(ﬂva)_ ((_vt,)z_'_bz)‘2

E =y,

¥ v
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Example:
P Fields in moving frame :

PO —vt'X+by
E,:%(X.“y,y):(q( vi'&+by)

(— vt')z + bz)s ’

B'=0

X X
Fields in stationary frame :
E =g, =40
(Corep )
Expression in terms of E =y (E,)= q(r,b)
consistent coordinates » =B ((7V},’t)z+bz)>/2
"=yt By (g )-—drBb)
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£ - a(rnb)  _ q(r.b)

(o) (G2 =)eer)”
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Examination of this system from the viewpoint of the
the Lienard-Wiechert potentials (temporarily keeping S| units

R . , . dR_ (1)
PIN=g8 r=R,(0) (50 =gR, (O xR, (1) R,()=—r
dxrt)——ggffjd3 dz‘“r’ia( (= r=r'|/c))
A= & dtJ“")s( —(t-r—r'|/c))
Evaluating 1ntegra1 overt'":

Ot e S (| . _ f@)
[ dr pays(e=a=1r =R, ()| /c)) = R0 R0
c|r-R, ()

03/27/2019 PHY 712 Spring 2019 - Lecture 27 19

3/27/2019

Examination of this system from the viewpoint of the
the Lienard-Wiechert potentials — continued (S| units)

1

O(r,0) =

47r€ o R_ v-R
c
v
Alnn= 47[€ o R— v-R
¢
dR (1)
where R=r-R,(t,) =—21
dt,
E(r,1) = —Vab(r, 1)~ 2AED
ot
B(r,7)=VxA(r,?)
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Examination of this system from the viewpoint of the
the Lienard-Wiechert potentials — continued (S| units)

ey (G GG ]

”%(R—
c
B(rt)—4 -Rxv 3[17%+V<2RJ7 R><v/c2
72'6“C (R—V‘R) c c (R,V‘R)
c c
B(r,t):RXE(r’[).
cR

PHY 712 Spring 2019 - Lecture 27 2




Examination of this system from the viewpoint of the
the Lienard-Wiechert potentials — (Gaussian units)

—Rxv v v-R Rxv/c
B(r,t):% 7113[ At ] RY
oy (=)
c C
B(r,r) = RXE@D
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Examination of this system from the viewpoint of the
the Liénard-Wiechert potentials — continued (Gaussian units)

2
E(r.t) =%[(Rfﬂj[1f%ﬂ
( R-— QJ ¢ ¢ For our example:
c A

R, (t,)=vtX r=by

R=by-vt % R=\Vt+b

~Rxv v
Br,=2 73[1—7J R
¢ (R,V'R 4 v=vk to=t——

c

¢
This should be equivalent to the result given in Jackson (11.152):

—vyIX + yby
(0 +om)?)”

7Bbz
5 2132

(b‘ + (vyt)“)

E(x,y,2,0) =E(0,5,0,0)=¢q

B(x,y,2,0)=B(0,0,0,t) =¢
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