PHY 712 Electrodynamics
9-9:50 AM MWF Olin 105
Plan for Lecture 27:
Continue reading Chap. 14 -
Radiation by moving charges
1. Motion in a line
2. Motion in a circle

3. Spectral analysis of radiation
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Radiation from a moving charged particle

Variables (notation) :
. dR,(t,)
R A
] )= Bl

P

R(,)=r-R,(t,)=R
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Liénard-Wiechert fields (cgs Gaussian units):

19)
_a| -Rxv v v-R)  Rxv/c
B(r.t) = B {(R— Q)g (1 o o ) 7(]2_ Q)Q} . (20)
In this case, the electric and magnetic fields are related according to
B(r.() = R%(”) @n
. dr, (¢, d’R, (1,
R()= Rl Ly R )aror (o)eR e TRl
dt, dt,
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Electric field far from source:
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Poynting vector:

S(r.0) = ~(ExB)

Note: We have used the fact that
R-E(r,7)=0
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Power radiated

S(r)= RE(ro)] = TR =)
dP s , 2 Rx[(ﬁ—ﬂ)x[}}‘z
E_ _472'(3 (17[3 R)ﬁ

In the non-relativistic limit: £ <<1

P _ TR =L fif sin®
dQ_4;z-c‘RX[RXBJ‘ _4”C3M sin’ ©
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Radiation from a moving charged particle

Variables (notation) :

. dr,(z,)

R =—1 "=
, ,t) i ="

R(,)=r-R,(t,)=R

When v<<c:

AP q* .2 .,
@0 g e
y




Radiation power in non-relativistic case -- continued

2
% = 4‘;63 Mz sin’ ®
2
P= jdgj—g = %q—}\v\z
[
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Radiation distribution in the relativistic case
~ n .12
Rx[(Rfﬂ)xﬁ]

A \O
(I_BR) t,=t—-R/c

This expression gives us the energy per unit field
time t. We are often interested in the power per
unit retarded time t,=t-R/c:

4P _ g Re - q
dQ 4re

) _dr()di oo
dQ dQ dt, /t
i) RAR)o] |
dQ  4xc (l,ﬁ,ﬁ)s
t,=t-Ric

Radiation distribution in the relativistic case -- continued

N N .12

a1 g [R((R-p)b]

dQ  dxe (17[3.1%)5

t,=t-R/c
For linear acceleration: B ><B =0
A a2

dR(tr): q2 RX(RXB) _ q2 ‘v‘z sin’ @

dQ dre (1_p.R) 4z (1= Peoso)

t,=t-Rlc




Power from linearly accelerating particle
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NN
i) g RAR] g e
dQ  4ze (I_B,ﬁ)s 4z’ (1- Beosd)
t,=t-Ric
o $=0
Polar plots: . o
dB (1) _ ¢ RX(RXﬁ)H L4 p 0
4rc’ (1- Bcos 9)5

Power from linearly accelerating particle

a2
dR(tr):LZRX(RXﬁ)‘ — qz ‘V‘Z Sin20
dQ  4rc (1,ﬁ,ﬁ)5 4z’ (1- Beosd)
t,=t—R/c
ap.(t), . 24, o
P,-(t,)=.|.WdQ=§c—3M y®  where y= 5
EFmc’




Power distribution for linear acceleration -- continued

g P sin* @

dQ  4rc (l,p,ﬁ)‘i 4z’ (1- feosd)
t,=t-Rlc
2
P,(tr)—J‘aUZ*(tr)dgzgq—s‘v‘zyé where y = !
Q 3¢ 1-p°
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Power distribution for circular acceleration

.,.(r,.) 7R (R-p)<b] |

x V40 4xc (1-p-R)

t,=t-R/c

g OB Ry (R (1-77)

= —

™ (1-8-R)
dp 24%.
4 PI ([r) ) J.dgi ‘;gr,):;3z3wvz }/4 1
Power distribution for circular acceleration
an (1) g B (-BR) -(RB) (1)
dQ  4ze (I_B,ﬁ)S
t,=t-Rlc

_q ki __cos’fsin’ ¢
47c* (1= feos(@))' | »*(1-Beos(8))’
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Spectral composition of electromagnetic radiation
Previously we determined the power distribution from

a charged partlcle ‘Rx R ﬁ)x ﬁ}‘

ﬁ_ ' 47Z'C (l_B R)

t.=t-R/c

o [ [Rx[(R-B)=b]
T

Time integrated power per solid angle:

where

t,=t-R/c

‘E_.[d - Hj‘d\a J;dw‘d(w)‘z
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Spectral composition of electromagnetic radiation -- continued

Time integrated power per solid angle :

—_jdt jd:\a o) —jdw‘a o
Fourier amphtude :

1 7 1 % ~
w)=—— |dtd(t)e'™ Alt)=— |dod(w)e™
) P I (¢) (¢) P j (
Parseval’s theorem
Marc-Antoine Parseval des Chénes 1755-1836

http://www-history.mcs.st-andrews.ac.uk/Biographies/Parseval.html
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Spectral composition of electromagnetic radiation -- continued

Consequences of Parseval's analysis :
U PR
dQ

jd aty jdw\d(mf
Note that : d (a)) = d ¥(— a))

1]
=3
QL

S
S

S
S

Il

© - - © 62
ot oo




Spectral composition of electromagnetic radiation -- continued

TR x li—ﬁ ><[3 ‘

For our case: a(t)z4’q—[(7A)3]
4re (1 _ B . R)

Fourier amplitude:

1,=1-Rlc

l Td’ e a(t)

1
(‘U)Eﬁm
= LZTdteilui RX[(ﬁ—ﬁ)XB:H

V87Z'2C'4C (I_B_ﬁ)3
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t,=t-R/c
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Spectral composition of electromagnetic radiation -- continued

Fourier amplitude :

P

A(w)= F jdza

\/7 ‘RXR B)x B]
SHCI 1BR .
\/7 dt‘RxR BXB]
SHCI "dt, 1I3R)3
\/7 ‘RXR B)x 13]
SHCI 1BR
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it
e

ew(/, +R(1,)/c)

t,=t-R/c

ei(a(r, +R(1,)/c)

t,=t-R/c

Spectral composition of electromagnetic radiation -- continued

Exact expression :
\/7 J ‘Rx R- Bx[}]
HEDE

Recall: Rq ()= 4R,

& io(t,+R(t,)/c)

For r>>Rq(t,_) R(tr)zr—f"Rq(t,_) where f=T
,

At the same level of approximation : R~f
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Spectral composition of electromagnetic radiation -- continued

Exact expression:

”‘C,w (1 B R)

Approximate expression:

t,=t-Rlc

- 2 © P x| (F—P)xp o )
(o)=L [ ai 5)2'3]‘ SR (1)
87’c 2 (1-B-F)

t,=t-Rlc

Resulting spectral intensity expression:

o'l — l]zz Tdtr |l'><|: XB || eim(z,—ﬁRq(z, )e)
c
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Example — radiation from a collinear acceleration burst

— Tdt | || eiw(f,.—f‘-RU(tr)/c)
8@09 47r cl’ 1 B'l‘)
t,=t—R/c
pav 0<t <71

Suppose that p=1 ¢7
0  otherwise

2

> 2 |IBx| ExBlav] | P
or_ 1_ l _[dt,,e"”(" I LetBof = Beosd
0wdQ)  4rc (1_[;.1”-)“1- ‘ ’
ol 4 Avsin@  sin(or(1- Bcosd)/2) |
0w0Q  An*c’ (1_/30050)2 (wr(1-BcosB)/2)
Example:

Suppose that p=1 ¢z 0<t <7

0  otherwise
2
o1 _ q ( Avsing  sin(wz(1- fcos8)/2)
0002 4ﬂzc3k(1_ﬁcose)2 (wr(1-Bcosb)/2)

r
[
Av
Example: “Bremsstrahlung” radiation
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Spectral composition of electromagnetic radiation -- continued

Alternative expression --
It can be shown that:

ix[(F-B)<B] _a (w(f B)]
(1-8- r) (1-B-F)
Integration by parts and assumptions about the integration

limit behaviors shows that the spectral intensity depends on

the following integral:
o’ q o8

aa)aQ 471_ - Jdt [rx I'XB( ))j| “u(t"_f'Rq(I,)/c)
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