PHY 712 Electrodynamics
9-9:50 AM MWF Olin 105
Plan for Lecture 8:
Finish reading Chap. 3 and start Chap. 4

Multipole moment expansion of
electrostatic potential —

A. Spherical coordinates

B. Cartesian coordinates
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Two colloquia next week:

Colloquium: “Novel Material Platforms and
Transdimensional Lattices for Metaphotonic
Devices” — February 5, 2019, at 2:00 PM

Posted on January 30, 2019

Viktoriia Babicheva, PhD,

College of Optical Sciences, University of Arizona
George P. Williams, Jr. Lecture Hall, (Olin 101)
Tuesday, February 5, 2019, at 2:00 PM

Colloquium: “Light-Driven Self-Organization of
Nanoparticles into Artificial Materials” Wednesday,
February 6, 2019 at 4:00 PM

Posted on January 30, 2019

Zijie Yan, PhD,

Chemical & Biomolecular Engineering, Clarkson University
George P. Williams, Jr. Lecture Hall, (Olin 101)
Wednesday, February 6, 2019, at 4:00 PM
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Course schedule for Spring 2019

(Preliminary sche

ule -- subject to frequent adjustment.)

Lecture date JDJ Reading Topic [HW|  Due date
1_Mon: 01/14/2019 |Chap. 1 & Appen. _Introduction, units and Poisson equation |#1 [01/23/2019
2 Wed: 01/16/2019 Chap. 1 Electrostatic energy calculations Hﬁ [01/23/2019
3 Fri:01/18/2019  |Chap. 1 Electrostatic potentials and fields H&_S [01/23/2019

Mon: 01/21/2019 |No class Martin Luther King Holiday
4 Wed: 01/23/2019 Chap.1-3 Poisson's equation in 2 and 3 dimensions
5 |Fri: 01/25/2019 |Chap. 1-3 Brief to numerical methods #4 |(01/28/2019
6 Mon: 01/28/2019 |Chap.2 &3 Image charge constructions #5 01/30/2019
7 \Wed: 01/30/2019 [Chap. 2& 3 Cylindrical and spherical geometries I
8 [Fri.02101/2019 Chap. 344 ‘Spherical geomelry and mullipole momenis | #6 02/0412019

9 Mon: 02/04/2019

10 Wed: 02/06/2019
11 Fri: 02/08/2019

12 Mon: 02/11/2019
13 Wed: 02/13/2019

14 Fri: 02/15/2019

15 Mon: 02/18/2019

16 Wed: 02/20/2019

02/01/2019
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Poisson and Laplace equation in spherical polar
coordinates
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Poisson and Laplace equation in spherical polar
coordinates -- continued

Laplace equation for electrostatic potential (D(r, 4, ¢):
2
liz(,@)+i2 #i[sinaij+%iz D=0
ror r=\sin@ 06 060) sin“ 6@ 0¢
©(r,0,6)= 2 R,, (1)Y,,(0.9)
Im
Spherical harmonic functions :

[ 10 (sinﬁ aj+ 1 o jY[n1(9,¢):,1(1+1)Y,m(9,¢)

sin@ 90 20 sinzﬁé’Tﬁz
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Properties of spherical harmonic functions

Y, (9,(/7) = (—l)m Y,HI)X (49,;0) (standard Condon-Shortley convention)
[a%x, (6.0),

I'm'

(0.0)= [sin0.d0 dg ¥, (0,0)Y,, (0.9) = 5,0,
Completeness:

Y, (0.0)Y, (09" =5(F-') = 5(cos0 - c0s0")5 (0 - ')
Im

Relationship to Legendre polynomials:

20 +1
Yy (0.9) = |7~ (cos0)

Relationship to Associated Legendre polynomials:
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Legendre and Associated Legendre functions
Legendre differential equation :

d d

—| {l=x?)— |[+1({+1) |P(x)=0

({0} o100 o

Associated Legendre differential equation :
2

(Zx[(l—xz)%jﬂ(lﬂ)—lm JP/I(X):O

e 2
—-x

Form=0
B ()= (—l)m(l—sz'z[ = P,(X)]

B (x)=(-1)" g;: ; B (x)
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Useful identity:
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Example for isolated charge density p(r) with

electrostatic potential vanishing for » — oo
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Some spherical harmonic functions:

. 1
Yoo(r):ﬁ
Yiy()=7 % sing e

- 3
Yu)(r): ECOSQ
Yy (F) = 3175 sin’ @ ***

7
N[5 »

Y,(H)(r): F gsmﬁ cosfe

- 5(3 1
Y, ()= E[ECOSZ 675)
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General form of electrostatic potential with boundary value
r — w0, for isolated charge density p(r):

()= [arr2E)

4z, [r—r

= I+1
4re, - 7

Suppose that p(r) = p,, (r)Y,, (6.0)

Im

=0(r)= ZF/m (r)Y,,(6.p) where

Im

11 Lo, v RS '
BV = L (e L ey [T )

B
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T 241
In summary:
CD(r):LZ 1 y (040)( 1 J,vrm/dr.p (r')+r/'[wr"’/dr'p (ry)j
& 42011 in A1 o im . I
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Example:
qsin@ cosp  qr l\/g
= =, (Y, (0p)-Y, (6 <
Suppose p(r): Va Va[2 3 ( H( W) ”( (ﬂ)) r=a
0 r>a
1 1 1 2+ f f - ' '
00Xt 00 i o ) [ ()
For r<a
q (187 Lopr g [
o(r)= Var, [g T(YH (6,@—)’,,(0,(/)))](7.[0, e r _‘: r dr]
For r>a
o(r)=—1 (L B7(x (69)-7,(00)) ij"rwwj
Vag,\ 6\ 3 V1 ! 2o
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Example -- continued:

gx gqr|l |87
== —(Y_,(60)-Y, (6 <
Suppose p(r)=1Va Va[2 3 ( 1(60)= 1 w))] rea

0 r>a

For r<a

o) =n [ég(m(w)—Yu(avﬂ))l%f{r“‘dﬂw jj,vdrv)

- 6VLt1180 simS’cosq)(r(a2 —%rz))

For r>a

®(r)= VZE\, [%\/%(}'H(e,(p)—xl (e.q;))](rizj:w“ dr' ]

q_ i’
= sin @ cos
6Vag, (ﬂ[ r’ ]
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Example -- continued:

For r<a: @(r)= 6Vq sin&cosgo(r(az—gr ))
ag,

0

2.5 5
For r>a\®(r)= 9_sin@cosp 52 =% i}
Ve, r ISVe, r
©
02 i
~
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Notion of multipole moment:

In the spherical harmonic representation --

define the moment ¢, of the (confined) charge distribution p(r ):
G =[dr 7Y, (6%0)p(x")
In the Cartesian representation --

define the monopole moment ¢:

g= [d'r p(r)
define the dipole moment p:
p= [drrpr)
define the quadrupole moment components O, (i,j — x,,z):

0= J-d?’r' (3}",.}",—r'Z é',,.)p(r')
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Significance of multipole moments
Recall general form of electrostatic potential with boundary value
r — oo, for isolated charge density p(r):

Ofr)= e ‘f@“

o dsrvp<rv{z4iiy (a@nﬁ(w)j

I+1 ~Im
4re, 2 +1 7,

For r outside the extent of p(r):

1 4z Y, 000 50y v
o(r) = in Y C(0.0)o(r
)= o B [t ke

| 474, Yu(00) ]
1+1 Im

7472’6‘[) T 2l+1
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Multipole moments continued: 9 J'd3 'y (gv,q,-)p(rv)
For r outside the extent of p(r) : 0

4” qlm Ylﬂl (8’¢)

1
CD(I‘) = Z 21+1 rl+1

47[50 Im
Relationship between spherical harmonic and
Cartesian forms of multipole moments:

1
9o0 = Eq Grir = 2887 (Q«‘FZ’QW va)
+ =452\
T
3
_ |3 5
Qo = z 20 =477
4r =0\ 167%=
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Consider previous example:

%:%[;ﬁ( 1 (0.0)- 11(0,07))] r<a

r)=
) 0 r>a

We previously showed that for »>a

o012 1 0 001, 00 [ S

gl [8zda

Note that: 0 =F—=
D =H o3 s

1 (87 Az q a’
P;.721 37(H ‘11’1 ql*yl> ‘3 VgS
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General form of electrostatic potential in terms of
multipole moments:

For r outside the extent of p( )

1 y4 Y
(1) r) = Im (’-dB 1 |I rv
(r) dzg, 4= 20+1 ¢ i (0.9l ))
_ 1 Az q,, Im(e ‘/’)
dze, 4 20+1

In terms of Cartesian expansion :

o) - 1[4E y J

4re,
Lecture 8
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Example of multipole expansion in evaluating energy of
a very localized charge density p(r) in a electrostatic
field ®(r) (such as an nucleus in the field produced by

electrons in an atom).
W= Id3r plr)(r)
z"‘a”r p(r{q)(O)Jrr Vo r] 2 (r-vyo(r) 0+~-.j

®(0)

=4®(0 ZQ" or,or,
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Simple examples of multipole distributions

z
+q
y
X -q z
+q
p(r):q(é‘l( —dz)-6 (r+dz)) %
p.=2qd y
p.=p,=0 x *+q

p(r)=q(5° (r-di)+ & (r+dz)-25°(r))
Q. =4qd’ =-20,=-20,
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Another example of multipole distribution

plr)= Lw(ijne” “sin’ @
a

647a’
Note that : 147[ Y, (6,4)= 7cos 9—% l—gsinza

4r 2 [4n 4r
sin ‘97* 2 20’9’) 3 1Y1m’9¢ 3 5Y209¢

:>p(r)=pao( ) no(g ¢)+pzo( )Y (0 )
(D(r):qlao( ) no(‘g [ +(I)20(V) (9’

1 4z 1 2 -l g4 v
Ly, 2l+1( ol arener ’drp,m(r)j

2 q rz,,.(, 2 |4 ¢ rz,”,
e B e N e
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Another example of multipole distribution -- continued
Dy (r)= \/7(1 1-e"" 1+3—+ - r
N A, 4a a7 240

2 3 4 5
D, (r)=— 6 |4z qa l—e 1+ 2+ s r3+ L 3+—r -
- dzg, N 5 a 2a 6a’ 24a’ 144a

For r — o0;in terms for Legendre polynomials :

2 21+1
o) >4 [1—"1&(cose)j 10(0.0) =\ F R (cos0)
dng \r 1 4r

For r— 0;in terms for Legendre polynomials :

oe) > st

dngy\ 4a  1204°
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Another example of multipole distribution -- continued
For r— 0;in terms for Legendre polynomials :

m(:)»i[ ! Le(cose)]

4re,\ 4a 120a°

Implications for electric quadrupole interaction :
W= Z Qx/

For r — 0;in terms of Cartesian coordinates

1 222-x"-— y2
0fr) g [ L2
47[50 4a 240a

)
C0f0)_s'ol)__1000) g 1

ox o° 2 & 4mg, 1204

P,(cos@) =2cos’ 01

L)

=#(2227X27y2)

6r ar
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Another example of multipole distribution -- continued

Electric quadrupole interaction :

1 *0(0) 2*®(0) *®(0)

W= == . -

ZQ‘/ or, Br 6(Q'“ ox? +Q"‘ Byz 0. oz*

. . _ 1 1
For symmetric nuclei, Q_=0g=-=0, = 5%
2

a4 9 i

4re, 240a
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