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PHY 712 Electrodynamics
12-12:50 AM MWF Olin 103

Plan for Lecture 7:
Start reading Chapter 3

Solution of Poisson/Laplace equation
for special geometries —

A. Cylindrical
B. Spherical

PHY 712 Spring 2020 — Lecture 7

Course schedule for Spring 2020
(Preliminary schedule -- subject to frequent adjustment.)
Lecture date JDJ Reading Topic HW Due date

1 Mon: 01/13/2020 |Chap. 1 & Appen. |Introduction, units and Poisson equation #1  01/17/2020
2 |Wed: 01/15/2020 (Chap. 1 Electrostatic energy calculations #2 101/2212020
[3 [Fri: 01/17/2020 |Chap. 1 Electrostatic potentials and fields #3  [01/24/2020

Mon: 01/20/2020 |No class Martin Luther King Holiday
!4 |Wed: 01/22/2020 |Chap. 1-3 Poisson's equation in 2 and 3 di #4 01/27/2020
5 |Fri: 01/24/2020 Chap.1-3 Brief introduction to numerical methods #5 101/31/2020
6 Mon: 01/27/2020 |Chap. 2 & 3 Image charge constructions 02/03/2020
[T [Wed: 01/20/2020 [Chap. 28 3 Cylindrical and spherical geometries #7  oos020 ||
8 |Fri: 01/31/2020 [Chap.3 & 4 Spherical geometry and multipole moments [
9 Mon: 02/03/2020 (Chap. 4 Dipoles and Dielectrics
10 Wed: 02/05/2020 |Chap. 4 F ization and Dielectrics
11 |Fri: 02/07/2020  |Chap. 5 Magnetostatics
12 Mon: 02/10/2020 (Chap. 5 Magnetic dipoles and hyperfine it
13 \Wed: 02/12/2020 |Chap. 5 Magnetic dipoles and dipolar fields
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Colloquium: “First-Principles Multiscale
Modelling of Quantum Materials ”

George P Williams

Vednesday, Jar

https://www.physics.wfu.edu/events/dr-steve-winter-institute-

for-theoretical-physics-frankfurt-germany/
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Solution of the Poisson/Laplace equation in various
geometries -- cylindrical geometry with no z-dependence
(infinitely long wire, for example):

Corresponding orthogonal functions from solution of
Laplace equation : Vo =0
PA1 o o0) 1 0
R Nl
p op P o

P o
®(p.¢)=(p.¢-+m2r)

General solution of the Laplace equation
in these coordinates :

®(p,¢)= A, +B,ln(p)+ Z(Amp’" +B,p™" )sin(m¢+ a,)

©
m=
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Cylindrical coordinates with trivial z-dependence —
some details: ®(p,4) = /(p)g(¢)

L)
dg’

Suppose m-g(@)

g(p)=sin(mg +a,,)

3 ii[pdf"’(p)jfm—zﬁ,(p):o
pdp dp p
1
Slp)= {1 Fro=p"
np

= General solution of the Laplace equation

in these coordinates:
©

O(p.p)=A,+ Boln(p)+Z(Amp”‘ +Bmp’”‘)sin(mgo+am)

m=1
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Solution of the Poisson/Laplace equation in various
geometries -- cylindrical geometry with no z-dependence
(infinitely long wire, for example):

Green's function appropriate for this geometry with
boundary conditions at p=0 and p=o0:

10 0 1 &
— | p—= — —— |G(p,p'. 4. 8") =
[pap[papj+ pza¢zj (p.p'.9.¢")

—ax =24 )
P

G(p.p' 6.4 :fln(pf)uii[fj cos(m(g—¢")
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Comments and details Change notation

p=r

Glr,r',0,0") = —1n(r>2)+2ii[rij cos(m((/)fqo'))

m=1 M\ 1,
i 2
O(r,p) =—— [ do' [r'dr'Gir,r,0,0)p(r',0)
4re, 0

Note that:  For this extended charge distribution,
Coulomb's law in its original form diverges:

d(r) = 1 jdzr,p(r)
4re, \r—r'
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Example — uniform cylindrical shell:

z .
Top view:
0 r<a
p(r)y=<D a<r<b
0 r>b
vip=-£
GU
Y Vaogrg-L12,000.4) 10 (DE”"D
r ror or r o
X
o 1(rY)
G o0 = —In(r2)+ 25 —| = o
(r,r',0,0") n(r> )+ ;m[g] cos(m(go (0))
l 27 £
O(rp) =— [ do' [r'dr G(r,r',p.0)p(0)
4re, v
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Some details
a1(r)
G(r,r',(p,(p'):—ln(r>z)+22;[f] cos(m(p-9")
m=1 >
1 2” Vw ' \ ' " ! ’
O(r,p) =— [ do'[r'dr G(r,r',p.0) p(r'.0')
drey v
27D ¢ s D
In our case: ®(r,p) = r'dr'(—=In(r))) =—|r'dr'(—In(r,
(r.0) 4%! (-In(2)) fj (~In(r))
Dh
For 0 <r<a: <I>(r,(p)=7.[r'dr'(—ln(r'))
€%
D r b
For a <r<b: CD(r,(p):—[Ir'dr'(—ln(r)+Ir'dr'(—]n(r')j
€\ ”
Db
For r>b: @(r,w):fj.r'dr'(—ln(r))
6\] a
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Example continued -- m=0 only --

Top view: 0 O<r<a
p(r)=<D as<r<b
0 r>b

m=1
1 2 3 L,
O() = [ do' [r'dr G, 0000, 0)
4re, 4 v

2(!)2 —a’ -’ In(b*)+d’ ]n(az)) O<r<a
4e,

O(r) = 2(};2 =r* =’ In(b’)+a’In(?)) a<r<b

4e

0
D
(aszz)ln(rz) r>b
4€y
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G(r,r',p,p")= —ln(rf)#— Zii(:ﬁ] cos(m((p— (p'))

1/28/2020
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Example continued -- m=0 only --

a b r

(=)
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Solution of the Poisson/Laplace equation in various
geometries -- cylindrical geometry with z-dependence

Laplace equation : Vd=0
1o ad), 1 0@ &0
|\ P |t 5 Ttz =0
pop\’ Op p° 0@ 0z

®(p.4.2)=R(p)0(p)2(z)
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Cylindrical geometry continued:

Laplace equation : VD=0

®(p.4.2)= R(p)O(9)Z(2)
One possibility :

i

d*Z
dz*
d*Q
dg*
d*R 1dR
a7 pdp
p° pdp

-kZ=0 = Z(z) = sinh(kz), cosh(kz), e**

+m0=0 > 0(¢)=e"

2
+[k2 7%JR =0 =J,(k)N, (k)
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Cylindrical geometry continued:

Laplace equation : V® =0

®(p.4.2)=R(p)0(¢)2(2)
Another possibility :

i

d*z
dz*
d*Q
dg*
d*R 1dR
a7 pdp
p° pdp

+k*Z=0 = Z(z) =sin(kz),cos(kz),e**

Q=0 0@ =e"

2
{#&}a:o = 1, (kp). K, ()
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Solutions of Laplace equation inside cylindrical shape
Example with non-trivial boundary value at z=L

O(p,4,z=L)=V(p,9)
O(p,p,z) =0 on all other boundaries

(p.¢.2)= Y 4,,J,(k,,p)sinh(k,,z)sin(mp+a,, )

nm

where J, (k,,a)=0
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Solutions of Laplace equation inside cylindrical shape
Example with non-trivial boundary value at z=L

2:0.2=L)=V(p,0)
®O(p,0,z) =0 on all other boundaries

O(p.p.2) =Y A, (k,,p)sinh(k,,z)sin(mp + a,, )

If V' (p,9) is an even function of ¢ so that &, =7/2:

27 a
[ docos(mp) [ pdpJ, (k,p)V (p.0)
0 0

A =

mn

27 a
sinh(k,, L) j dgcos’® (mgo)jpa’me2 (k,,p)
0 0
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Solutions of Laplace equation inside cylindrical shape
Example with non-trivial boundary value at p=a
(p=a,4,2)=V(4,2)
O(p,p,z) =0 on all other boundaries
0069 =L Al "2 oo " Jsin(ng+a,.)
4
1,(kp)
wkp) ol
' = - _-m=2
" -
0 1 2 3
) kp
17
Solutions of Laplace equation inside cylindrical shape
Example with non-trivial boundary value at p=a
p=a,0,2)=V(p,2)
®(p,0,z)=0 on all other boundaries
(p.p.2)= Y 4,1, [?jsin(%)sin(mw a,,)
If V(z,¢) is an even function of ¢ so that a,,, = 77/2:
2z L
I d(pcos(m(p)jdzsin(ng(z,(p)
A = 0 0 L
" nra \F ) f ,( nrz
I,| — || dpcos” (mp)|dzsin®| ——
'"[LM‘” (no)] (L)
18



Green’s function for Dirchelet boundary value
inside cylindar:

z=L)=V(p.$)

P(p=a,4,2)=0, O(p,4,2=0)=0

Expansion in terms of Bessel function zeros: J,, (k,,,a) =0
G(p.p'.¢.¢'.2,2") =

87 S+ $ @, (oM (kP sinh by 2 sinhik,, (L= ))

2

ra® 1, o (s (k) sini (i, L)

I
O(p.,2) = —[df p'dp'dz Glp, p'.4.4,2,2)plp' 2
0r

+4L | d¢'p'dp'7ac(p’pl’¢’¢I’z’zl) V(p'.4)
T

'
Siz'=L oz =L
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Comments on cylindrical Bessel functions

a 1d m* ) ..
—+——+|El=— | |F, (u)=0
[du2 u du [ u’ JJ n ()

Frw)=J,u),N,w),H,w)=J,w)*iN, (u)
F (w)=1,u),K, )

11—

0.5 Ko ‘ 1/50

No
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Comments on cylindrical Bessel functions
a 1d m* ) s
—+——+|El=— | |F, (u)=0
[du2 u du [ u’ JJ n @)
Frw)=J,w),N,w),H,w)=J,w)*iN, (u)
F, ) =1,u),K,u)

1
Ky m=1

0.5 %
0 T ; | |
1 3 N

-0.59 Jq
N,
-1l
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Some useful identities involving cylindrical Bessel
functions

2 2
d7 +li+ l—m—2 J,(u)=0 for integer m
du®  udu u

Properties of Bessel functions in terms of zeros: x, J,(x,,)=0

mn>

2

[P0 50 1 @50/ )= (5 )
0
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Poisson and Laplace equation in spherical polar
coordinates
2
. ?
o
" x=rsinfcos @
o .
. : N y=rsinfsing
s i z=rcos6
~
. E z
i A
- y
csidj
b %
A ¥
X
R il
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Poisson and Laplace equation in spherical polar
coordinates -- continued

Laplace equation for electrostatic potential (D(r, 4, ¢):

12 o)t Li[smgi}Li ®=0
ror? r*\sin@ 86 00) sin’0 6¢2
o(r,0.4)= R, (Y, (0.¢)

Im

Spherical harmonic functions :

[ 1 0 (sinﬁ aj+ 10 jY[n1(9,¢):,1(1+1)Y,m(9,¢)

sin@ 90 20 sinzﬁé’Tﬁz
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Properties of spherical harmonic functions

IdQ I )Ylm* (9150) jsm 0dodyY, (9 (0)Yt'm'* (9"0) 34O
Completeness :
2, 0.0)1,(0.9)= 56 )= 5(cos 0 - cos 0)5(p - ¢')

Im

Relationship to Legendre polynomials :

20 +1
Yo(0:p)= /= —Rlcos0)

1/28/2020

Y, (6,4)=(-1)" Yl(fm)* (6,¢)  (standard Condon - Shortley convention)

25

Useful identity:

/

1 4 :
‘r r ]Z 2[ :Z_. 1 r7+1 Y;m (9’ qo)Ylm (0' 4 qD')

Example for isolated charge den51ty p(r) with

electrostatic potential vanishing for » — oo
(r)= 1 Jd3r' p(r)
4rz, r—r]
| S 00 09)
472'80 21+1 T Im Im

Im

26

Example -- continued

oe)=— " [ plr { e m(w)y,m*(exw]

4re, 20+ 1

Suppose:  p(r')= %e”'z <

Jaey, 0.)=320,0.,

(1)(1-)—47? 2 gl Le*/'z/az

4rey vt a’r?
_ 0 erf(r/a)
471'80 r

27
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Useful identity:
1 47 r<l i
r_rv| = IZ: 20 +1 - 1+1 Ylm(e’qa)Ylm (0 1(0)

Elements of "proof™:
1 1

S
r>[l+(<J -2
r>

1
1| r N oA
= PG
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Useful identity:

1 4 r<l S
|r_rv| =IZ:2[+1 . 1+1 Ylm(e’qa)Ylm (0 ,(0)

Elements of "proof" - - continued:

Sum rule for spherical harmonics :

)= 3y @)1, ()

20+1 57

Note that for £ =¢', (¢ -#) =1
4r
N
20+1 57
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Some spherical harmonic functions:

Yoo(f):

H-
3N

+ig

sind e

=~
()
=
=

Il

H

o

e

-
~—
Il

&
o
a
S

Yy () sin’ @ ***

I
w»—‘
N2

Yy (B)=F 15 Gnocoso e
87
. 5(3 5 1
Y, (F)=,—| =cos” 0 ——
o(F) 4z [2 2]
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