1/31/2020

PHY 712 Electrodynamics
12-12:50 AM MWF Olin 103

Plan for Lecture 8:
Finish reading Chap. 3 and start Chap. 4

Multipole moment expansion of
electrostatic potential —

A. Spherical coordinates

B. Cartesian coordinates
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Course schedule for Spring 2020

(Preliminary schedule -- subject to frequent adjustment.)

Lecture date JDJ Reading Topic \ HW Due date
Mon: 01/13/2020 |Chap. 1 & Appen. Introduction, units and Poisson equation \M 01/17/2020
\Wed: 01/15/2020 |Chap. 1 El ic energy i [#2 01/22/2020
Fri: 01/17/2020  |Chap. 1 [Electrostatic potentials and fields #3 01/24/2020
Mon: 01/20/2020 |No class Martin Luther King Holiday
\Wed: 01/22/2020 |Chap.1-3 Poisson's equation in 2 and 3 #4 01/27/2020
Fri: 01/24/2020  |Chap. 1 -3 Brief introduction to ical methods ’#775 01/31/2020
Mon: 01/27/2020 |Chap.2 & 3 Image charge constructions M 02/03/2020
\Wed: 01/29/2020 [Chap.2 &3 Cylindrical and spherical geometries i 7 02/05/2020
Fri: 01/31/2020 |Chap.3&4 |Spherical geometry and mullipole momenis  [#8  02/07/2020
Mon: 02/03/2020 |Chap. 4 Dipoles and Dielectrics
\Wed: 02/05/2020 (Chap. 4 Polarization and Dielectrics
Fri: 02/07/2020  |Chap. 5 Magnetostatics
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Poisson and Laplace equation in spherical polar
coordinates
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Poisson and Laplace equation in spherical polar
coordinates -- continued

Laplace equation for electrostatic potential (D(r, 4, ¢):

2
liz(,@)+i2 #i[sinﬁij+%iz D=0
ror r=\sin@ 06 060) sin“ 6 0¢

®(r,0,4)=Y R, (Y,,(6.4)

Im

Spherical harmonic functions :

[ 10 (sinﬁ aj+ 10 JYIW(Q,@:,;(IH)YM(@,@

sin@ 90 20 sinzﬁé’Tﬁz
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Properties of spherical harmonic functions

Y, (9,(/7) = (—l)m Y,HI)X (49,;0) (standard Condon-Shortley convention)
[dor,,(0.0)Y,, (0.9)=[sin0 d0 dpY,, (0.0)Y,, (0.0)=6,9,

'~ mm'
Completeness:
Y, (0.0)Y, (0.9")=5(F-) = 5(cos0 - cos0")5 (0 - ')

Im

Relationship to Legendre polynomials:

20 +1
Yy (0.9) = |7~ (cos0)

Relationship to Associated Legendre polynomials:

A1 (l-m)! .
O
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Legendre and Associated Legendre functions
Legendre differential equation :

(% [(1 —xZ)%)Jr 11+ 1)}3 (x)=0

Associated Legendre differential equation :

(%[(1—#)5 j+1(1+1)—1i122

X X

JPI"’ (x)=0
Form>0
P =(-1)"(1 —xZY'Z[;—:B(x)J

B (x)=(-1)" 8;: ; B (x)

0113112020 PHY 712 Spring 2020 - Lecture 8 6




Useful identity:

/
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Example for isolated charge density p(r) with

electrostatic potential vanishing for » — oo

@m:;%¢wq§j
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Some spherical harmonic functions:

A 1
Yio(F)= Tar
. 3 . ;
Yiy()=7 P 0™
- 3
Y, (r) = ar cosd
o [15
Yy (F)= Esm2 0
15 »
Yz(ﬂ)(r) =F i sind cosf e
Y, ()= iﬂ[gcosz 67%)
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General form of electrostatic potential with boundary value
r — w0, for isolated charge density p(r):

()= [ar2lE)

4z, [r—r

e S S e 00

o 2[+1 r>[+l Im
Suppose that p(r) = p,, (r)Y,, (6.0)
Im

=0(r)= /ZF/M (r)Y,,(6.p) where

im

11 Lo, v o '
B =L (L ey [T ()

In summary:
@(r)ziz 1 Y (€'¢)(Ljrrm, dr'p (r')+r/'[wr"’/dr'p (ry)j
& 42011 im A o In . m
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Example:
qrsinf cosp _ qr. l\/@ B <
oo ()| e 404 B 1 00) 1 (00) | r2a
0 r>a
1 1 Lo g . © e g |
0) = Z g 0) [ o () [ ()
For r<a
18 Lo g [
o(r)= V;Is[, [g\/%(Y,,l(a(p)f}’”(a(p))}(ﬁjn e r L r drj
For r>a
o(r)= -1 ifgg(wyymmmifwmq
Vag,\ 6\ 3 V" " P
01/31/2020 PHY 712 Spring 2020 - Lecture 8 10
10

1/31/2020

Example -- continued:

gx gr| 1 |87
=== (Y. (6p)-Y, (0 <
Suppose p(r): Va Val2\ 3 ( "'( '¢) n( q’))] rsa

0 r>a
For r<a
g (1 |87 Loprow I
o(r)= Vs, [g T(YH(&(p)—Y“(H,(p))](r—z.[“ e r J,~ r'dr )
q . 2
= SV, smé’cosq)(r(a —%rz))
For r>a
o)=L L[ (1 (00)-1,(00) | S |
Vag,\ 6N 3 * 7
q . EYS
= SV, sm@cosw[ 5r2 ]
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Example -- continued:
. _ . 9q : 2_3.2
For r<a: @(r)= Va, sm&cosgo(r(a ir ))
24 a®  x
For r>a\®(r)= 9_sin@cosp — |= q =
Ve, r 15Ve, r
[
02 i \
~
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Notion of multipole moment:

In the spherical harmonic representation --
define the moment ¢, of the (confined) charge distribution p(r ):
G =[dr 7Y, (6%0)p(x")
In the Cartesian representation --
define the monopole moment ¢:
g= [d'r' p(r)
define the dipole moment p:
p= [drrpr)
define the quadrupole moment components O, (i,j — x,,z):

0= J-d?’r' (3}",.}",—r'Z é',,.)p(r')
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Significance of multipole moments
Recall general form of electrostatic potential with boundary value

r — oo, for isolated charge density p(r):
o(r)= 1 Id3r' p(r)
4re, ‘rfr“

1 ar v/ .
=—|d* p(r' < vy (00)Y (0.0
472’6‘[)'[ r p(r{% 24177 /m( ,(p) im ( :‘/’)j

For r outside the extent of p(r):

1 az Y, 00)F 5,y -
q) = Im d~ 1 VY 0!, { ]
)= o B [t ke

_ 1 4rg, Y,(00) q
1+1 Im

7472’6‘[) T 2l+1
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Multipole moments continued:
For r outside the extent of p(r) :

1 4z q,, Y. (0
U R Vv lr(”l)

47[50 Im
Relationship between spherical harmonic and

Cartesian forms of multipole moments:

0

3
23, = 15
0= CFip, N
T = 8”(” #ip,) Do +,/72”(Q,;+1Qy;)
3
_ 5
G0 = - o = 4| ——
'y eN) IGIZ'QZZ
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4, = [y, (0,0")p(r')
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Consider previous example:

gx qr| 1l [87
) Yo~ Va 5\/;(144(9'(0)_)11(9107))] r<a
r)=

0 r>a

We previously showed that for »>a

4>(r)=VZ£0[é\/?( L (6.9) - .l(ew))](—j e drt j

q (1 (87 a’ q . 24°
= 0, 0, —= 4
Vas, [6\/ 3 (% (@0) =Y ( (p))]sﬁ Ve, s COWES/
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Note that: ¢,,, = q 1 8””
T3 s
1 (87 Ar q @
== + a2
PN (qu‘)‘ - ')‘ 3 Va's ‘
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General form of electrostatic potential in terms of
multipole moments:
For r outside the extent of p( )
1 47r Y ,
(D r) = Im (’-d?s 1 |I | 0 rv
()= Ame, o 21+1 " 2l ))

_ 1 471'%“ /m(e‘/’)
dze, 4 20+1

In terms of Cartesian expansion :

oo frrrize)

47r50
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Example of multipole expansion in evaluating energy of
a very localized charge density p(r) in a electrostatic
field ®(r) (such as an nucleus in the field produced by

electrons in an atom).
W= Id3r plr)(r)
~ "‘u”r p(r{@(O)Jrr»V(l)(r]I:D +l(r»V)Z<1>(r]I:0 +j

®(0)

=q(0)- ZQ" or,or,
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Simple examples of multipole distributions

1/31/2020

z
*q
y
X -q z
+q
p(r)=q(8 (r—d2)- & (r+d2)) <
p.=2qd y
p.=p,=0 x *+q
p(r)=q(5° (r-di)+ & (r+dz)-25°(r))
0, =4¢d*=-20,=-20,
19

Another example of multipole distribution

p(r) d (ijne” “sin’ @

“6am \a

Y4 3, 1 3.
Note that: ,[—Y,,(0,¢)==cos’ @ ——=1-=sin’ 0
2 tal09)=3 >=173

2 2 |Anm 2 |4x 2 |4
in*g==-= /—Y 0,4)== /—Y 0,4)-= /—Y 0
sin 3 3 5 20( ’¢) 3 1 UU( ’¢) 3 5 20( ’¢)

= P(r) = Poo (r)Ym,(H,¢)+ P (’")Yzo (05¢)
(D(r): Dy, (r)Y:\o(H’¢)+ (I)zo(r)Yzo (9’¢)

1 4 Lo . v A=l g i
L ooy [ )

" e, 241
2 a (1Y 2[4z 4 [r)
="\4r——| — =—= = -
Poolr) TV ,,[a]e Pso(r) R e bl K
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Another example of multipole distribution -- continued

3

1 Fq i 3r r
4= 1-e I+—+—+
4re, r( da 4a* 24a°

2 2 3 4 5
O R L P A A
- 4re, VS 1 a 2a° 6a’ 24a’ 144a
For r — o0;in terms for Legendre polynomials :

2 21+1
o) >4 [1—"13%%9)] 0(0.0) =\ Z R (cos0)
dng \r 1 4r

For r— 0;in terms for Legendre polynomials :

m(r)»i[ L e(cose)j

4re,\ 4a 120a°

(I)oo(r):

01/31/2020 PHY 712 Spring 2020 - Lecture 8 21

21




Another example of multipole distribution -- continued
For r— 0;in terms for Legendre polynomials

q 1 r?
o) > L _p(coso
(')_’4;%[4(1 200 208 )]

Implications for electric quadrupole interaction

w== ZQA/

-0y
For r— 0;in terms of Cartesian coordinates :

. Pz(cosﬁ):’—;coszﬁ—% 7l%(Szz—rz)
6r6r ’

2232 *}’2
( )H 47[50 (4(/1 2404’ ]
‘o(0) _o'@(0) _ 10°00)_ ¢ 1
ox’ o’ 2 8 4re, 120a’
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Another example of multipole distribution -- continued

Electric quadrupole interaction :

W Z Q‘/ 1 ( 0. *0(0) 2*®(0) achgo)]

= +0
or, Br ox’ 2,

For symmetric nuclei, Q_=0q = L o.= !

2%
P90
W -1

4zg, 240a°

0,
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