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PHY 742 Quantum Mechanics
1-1:50 AM MWF Olin 103

Plan for Lecture 15:

The Dirac equation

Chap. 16 in Professor Carlson’s textbook:

1. Di
2. Di

rac equation for a free particle

rac equation for a hydrogen atom
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8 [Fri: 01/31/2020 [Chap. 12 |Variational and other approximation methods #  [02/07/2020
9 Mon: 02/03/2020 [Chap. 2.6 |Single particle states of molecules and solids #9 021012020
10 Wed: 02/05/2020 |Chap. 2,6 |H," molecular ion; Born Oppenheimer approximation #10 02/12/2020
11 [Fri: 02/07/2020 [Chap. 15 [Time-dependent perturbations #11[02/1412020
12 Mon: 02/10/2020 [Chap. 15 |Time-dependent i #12[02/1412020
13 Wed: 02/12/2020 [Chap. 15_|Time-dependent #13_[02/17/2020
14 Fi ‘92/19/2020 | Crhapr 157 Ihs D\ra{: sql}a!\f{n _ ‘ _
15 IMon: 02/17/2020 {Chap. 16 |Tha Dirac equation #14 02119120201
[16 Wed: 02/19/2020
[47 [Fri: 02/2112020
[18 Mon: 02/24/2020
[19 Wed: 02/26/2020
[20/Fri: 02/28/2020
Take
Mon: 03/02/2020 |No class |APS March Meeting Home
Exam
Take
Wed: 03/04/2020 |No class | APS March Meeting Home
Exam’
Take
Fri: 03/06/2020 [No class |APS March Meeting Home
Exam
Mon: 03/09/2020 [No class |Spring Break
No class [Spring Break
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P. A. M Dirac 1902-1984
Won Nobel Prize in Physics in 1933
together with Erwin Schrédinger

The quantum theory of
the electron

Paul Adrien Maurice Dirac
Published: 01 February 1928
https://doi.org/10.1098/rspa.1928.0023
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Energy €=>»>Momentum relationships in classical and quantum mechanics
Focusing on treatment of Fermi particles

Non-relativistic mechanics Relativistic mechanics

E-pc :(mcz)2
P’ . ,
Classical E= om U (with some license) i
U (E-p-oc)(E+p-oc)=(mc’)
Quantum iha%‘i’ =HY v

0 0 2)2
ih——p- ih—+p-oc |¥=(mc") ¥
(z % P GL‘](I % P cc) (mc )
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Relativistic relationships — continued
Ref: J. J. Sakurai, Advanced Quantum Mechanics

0 .0 2\2
(zha—pﬁcj(zha-%—pﬂc)‘l‘:(mc ) v

Let ([h§+p-cc)‘{’zmczlyk g
t

Factored equations:
(ih2 +p- ccj‘i"‘ =mc™P*
ot

(ihg—p ~60)‘I‘R =mc*P*
ot

Wi
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Relativistic relationships — continued

Ref: J. J. Sakurai, Advanced Quantum Mechanics
Factored equations:

Eih£+ p- cc]‘i’L =mc™P*
ot

(ihg—pﬂc)‘l"? =mc™P*
ot

Dirac's rearrangement:

¢U — \IJR +lPL
(pL R _wpt
i}*‘zﬁ —p-6c ¢’ ¢’
ot _ 2
s =mc
p-oc —ih— L L

at(/’ 4




Relativistic relationships — continued

il poecl(e" 9"
ot 2
=mc
p-oc —ihﬁ ;g" ¢L
ot

Further rearrangements:
y:l o) (md p-oc) o’
o\ gt p-oc —mc’ )\ p"

ihg‘l’ =HY
ot
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Four component wavefunction of free Fermi particle

ihg oV _ mc*  p-oc ¥
ot " p-oc -mc’ )\ ¢

U U
Assume [wL]:[ZL(k)JelkvrﬂEt/h
? (k)

7k -6c

= 7' k)= L(k

v )=r— = &)
7Kk -6c

7H (k)= 1" (k)
E+mc

E* =’k +m’c*

E =R’k + m*c’
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. . 0 1 0 —i 1
Pauli matrices: o, = o, = o, =
10 J i 0 0
k k. —ik .
6= : © T Define: k, =k_=xik
k-o [kg—ik‘, -k ] 0Ty
hk-oc 7k -6c

Yk)=—— 1" (k Hk)= Y(k
v =p— =) =7 &)
Positive energy solutions: E =Nk +mict

v 1 . K. B hk.c
7 ®=N 0 nk)y=N ©  E+mc
! Tk ¢

;(f(k):./V[(l)J ;(f(k):./\/(l(’j = me

—K,

- Decture

0
-1

)




. . 0 1 0 —i 1 0
Pauli matrices: o, = o, = o, =
1o i 0 -0 -1

kﬂ:[ koo _ik—"] Define: k, =k, +ik,
k ik, —k, S

7k -oc nk-oc 4
(k)— s k) gy (k)— > 2" (K)

E+mc

Negative energy solutions: E = WK +m’ct
v v K, L K 1 . = hkc _ hkc
Zr(k)— K, /'t"r(k)— 0 T E—me? ‘E‘+mc2

P 0) « = hk.c ___ hkc
;{f(k):./\/[_l;] Zf(k)=-/v(lj f T E-mc® ‘E‘ercz
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What does this all mean?
Positive energy solutions: E =K +m’c!
U 1 L K,
7 (K)=N o 7K)=N . = Tk c
Ky  E+mc?
Uk—./VO L) = K K=hktc
;ﬁ()— 1 l@( )= —x. T me?
: 2 \k\z
For hc‘k‘« mc E~mc +———
Y- | o]
Xt = 0 Xy 0
, 0 0
z (k)=JV[J ;a(k) N(O)
11
Dirac equation for free particles — slightly more convenient notation
U 1 L ’?1
soral) el
2 2,2 2 4 K
e R G B
T |E|+ mc?
"""""""""""" . _ ke
B ‘E‘ +mc?

-mc? oo E oo}
E=—nck* +m’ct HnW=M | wmw= [0]

v K B 0
n@=N |z k)=N
K. 1

For free particle, E>0 and E<0 solutions represent distinct physical situations.
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Dirac equation for a free particle
_ha oV me®  p-oc | @”
ih— =

o\ ot p-(sc‘—mc2 0"

ihg‘l’ =HY
ot

Other convenient notations in terms of 4 x 4 matrices

(0 @ (1 0 H - 0c 4 me
u—c o /3—0_1 =p-oc+mc’f}

01 0 —i 10 1o
o, = o, =| . o, = I=1,=
1o S0 o -1 01

13
Dirac equation for Fermi particle in a scalar potential field
For free particle: H =p-ac+mc’f
0 o 1 0
where: o= s and where:
c 0 0 -/
0 1 0 —i 1 0 10
o, = o, = . o.= I=1,=
10 i 0 S0 -1 0 1
Dirac's suggestion for representing a scalar potential field:
I, 0
H=p-ac+mc’B+V (), where I, =[0' ; j
2
14
Dirac equation for electron in the field of a H-like ion
H=p-ac+mc’B+V(r),
For H-like ion with nuclear charge Z :
zZe*
Vir)y=V(r)y=——
»
ih—Y=HY
ot
Stationary state solutions:
U
W(r,r)= [(PL (r)]e—,mm
P"(r)
me V@) poe \¢'m)_ 0" ®)
p-oc  —mc*+V(r) 9" (r) ¢t (r)
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Dirac equation for electron in the field of a H-like ion -- continued
me 4V peee Yo' _ 0"
p-oc  —mc*+V(r) \p"(r) ¢'(r)

\_'_I

H

In order to find an efficient functional form for the eigenfunctions,

it is helpful to determine the constants of the motion:

Total angular momentum: J :L+§c in terms of J, and J*

. o-L+7l, 0
Special K operator: K= -

0 —¢-L-7l,
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Digression — useful identity for operator vectors A and B

(6-A)(c-B)=A-B+ic-(AxB)

4, 4-id)\( B. B.-iB)\ (A-B+iC. iC,+C,
A +id, -4, \B+iB, -B. ) | iC,-C, A-B-iC,
where

A-B=AB +AB +AB and C=AxB
C,=AB -AB, C,=AB -AB_ C.=AB —AB,

Note that: ,

(o«r)go»r):l

It follows that: (¢-r)(c-p)= (i‘;r)(c r)(e-p)= (c:zr) (—ihrg +ic- L)
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Dirac equation for electron in the field of a H-like ion -- continued
me* +V(r) p-6c

=

p-oc —mc* +V (r)
N

. [(L+ino) 0 | (B+%l+he L 0
0 (L+1ino) 0 L+, +ho-L
Ko [0 ‘L+nl, 0 j Note that:
0  —oL-nl
e K=y +1n

Commutation relations:

[HI]=0 [KJ]=0 [KJ]=0 [H,K]=0, etc.
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Dirac equation for electron in the field of a H-like ion -- continued
mc+V(r)  p-oc o' (n)_ £ ¢’(r)
p-oc  —mc’+V () \ @' (1) ¢t (r)
We can @’ (r) _ [ 8 () Zons (F) J
show that: 1 A
p"(r) I (M) X one (F)
More details about spin-angular functions:
Eigenfunctions of J’and J_:  [JM)
P |IM)=n*J(J +1)|JM)
J.|JM)=nM|Jn)
K2 UM )= (J (T + 1)+ 2)|IM) =7 (J +1)° | IM)
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Dirac equation for electron in the field of a H-like ion -- continued

Eigenvalues of K operator:

o-L+7l, 0

K=
0 —6-L—-1l,

U U

K[(pL ] B 7hK[{pL ]
4 4
U U
2P |2 2| @

K [(pL]—h (J+1) [(pL]
It can also be shown that ¢V and ¢" are eigenvectors of L :

L'¢’ =1’l,(I, +1)p” and L'@" =711, +1)e"

(7 Lecture 15

2/17/202¢ F 2 Spring 202
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More relationships between the operators

L’'=)-ne-L-3n =3 ++n’—n(c-L+h)

Lo =n’l, (I, +D)g” and L' =0l (1, +1)p"

U

(6-L+n)p" =—x¢p” and  (o-L+h)p" =xp"

After some algebra --
LA, +)=1,1,+)-2K
LUy +)=jj+D)+x+7%
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Relationships between the upper and lower component functions:
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Summary of allowed combinations of eigenvalues
ly l,
K=— ] +i) ] 1 ] 4+ 1
2 2 2
k=+(j+1) j+1 -1
JT3 JT3 J ™3
Alternatively
J I
—_ 1
k=—(l,+1) [, +3 I, +1
— 1 —
K=+, I, -1 I, -1
22
Addition of angular momentum - orbital angular momentum
and spin angular momentum
Clebsch-Gordon coefficients
‘JMsj1j2> = Z ‘jlml’j2m2><jlml’j2m2 ‘JMsjljz>
oy
Jymy = Imy J=1+3
Jamy = 3m, or J=[-1
Clebsch-Gordon coefficients for this case:
j=t =s=t
I+M++ 1-M+% .
N e LI e e R )
1-M+1 . 1+M+1 .
L R e L e (LA B
21177202 PHY 742 Spring 2020 - Lect
23
Another representation of the spin-angular function in
terms of spherical harmonic functions and eigenvectors
of o,
I+M++ 1 I-M+1 [0
‘(l+%)M;l%>: 20+1 -Ylwf‘;y(r)(oj'*' 20 +1 zylmAlj\(r)[l]
,l—M+% 1 I+ M+1 (0
‘(17%)M;1%> =7 20+1 B Yqu{»(r)(O]Jr 20+1 B ervg)(r)(l]
21177202 PHY 742 Spring 2020 - Lect 2
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Consider: (¢ L+hL,)|[JM:14)=h(J(J + 1)~ I(I +1)+4) L, |IM;1%)
:ﬂr‘JM;l%)
Possibilities:
J=1+% Kk=—1-1
— 1 —
J=1-3 k=1
Combinations:
K=-1 j=1% 1=0
+1 1 1
-2 1 1
+2 3 2
-3 3 2
+3 3 3
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(pU (r) _ & (N Xy (F) ]
@*(r) Wy () X s (B)

Next time, we will show that the coupled

radial equations take the form:

dg x+1 1 P .
A =—(E+mc* -V

dr r hc( ne (r))f
df k-1_. 1 2
@ TR T 0)
Question:

« How do these results reduce to the Schroedinger
equation in the non-relativistic limit
« What new physics is contained more generally?
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